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Abstract. Based on an almost Kodaira-type vanishing result in mixed char-

acteristics of Bhatt, we show that, in the locally analytic completed cohomol-
ogy of a general Shimura variety, sufficiently regular infinitesimal weights can

only show up in the middle degree.
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1. Introduction

1.1. Main result. Let p be a prime number. Emerton introduced the (p-adically)
completed cohomology of locally symmetric spaces, and described it as “a suitable
surrogate for a space of p-adic automorphic forms” [Eme14]. This paper studies
the completed cohomology of Shimura varieties below the middle degrees. Let us
briefly recall Emerton’s construction. Let (G,X) be a Shimura datum. For a neat
open compact subgroup K ⊂ G(A∞) with A∞ denoting the ring of finite adeles,
let

ShanK,C = G(Q)
∖(

X×G(A∞)
)/

K

be the (complex analytic) Shimura variety of level K. Fix an open compact sub-
group Kp of G(A∞,p), where A∞,p is the ring of finite adeles away from p. For each
i ≥ 0, the i-th completed cohomology is defined as

H̃i := lim←−
n

lim−→
Kp

Hi(ShanKpKp,C,Z/p
n).

It is p-adically complete and carries a natural continuous action of G(Qp). Let
d be the dimension of X as a complex manifold. Similar to the cohomology of
usual automorphic local systems, it is believed (see [CE12]) that i = d is the most
interesting degree. Our main result supports this belief in terms of the infinitesimal
character of the G(Qp)-action. To state it, we need to introduce some notation.
Let C be the p-adic completion of an algebraic closure of Qp. Let g = LieG(C),
and let Z(U(g)) denote the center of the universal enveloping algebra of g. Fix a
Cartan subalgebra h of g, denote by Wg the Weyl group of g with respect to h, and
identify each character of Z(U(g)) with a Wg-orbit in the weight space h∗ via the
Harish-Chandra isomorphism. (Our convention is that the Wg-action is centered at
zero.) We say that a character Z(U(g))→ C or its kernel (which defines a C-point
of SpecZ(U(g))) is sufficiently regular if, for every weight λ′ in the corresponding
Wg-orbit [λ] and every root α of g with respect to h, we have

(1.1.1) (λ′, α∨) ̸∈

{
{1, 2}, if α is a shorter root, as in Definition 5.1.1;

{1}, otherwise.

Note that the shorter root can only appear in C-simple factors of g of types B
and C. When all C-simple factors of g are of types A, D, and E, an irreducible
representation of g of highest weight λ has sufficiently regular infinitesimal character
if and only if λ is regular in the usual sense; i.e., not fixed by any nontrivial element
of Wg. The set of non-sufficiently regular characters underlies a (reduced) closed
subvariety of SpecZ(U(g)) and defines an ideal I ⊂ Z(U(g)).

Let H̃i
C := H̃i⊗̂Qp

C, and denote by H̃i,la
C its subspace of G(Qp)-locally analytic

vectors. There is a natural Lie algebra action of g on H̃i,la
C via derivation.

Theorem 1.1.2. Let I be as above. Then In annihilates (i.e., acts by zero on)

H̃<d,la
C , for some n > 0. In particular, if [λ] : Z(U(g))→ C is sufficiently regular,

then the [λ]-isotypic part H̃<d,la
C,[λ] is zero.

Remark 1.1.3. In fact, Theorem 1.1.2 will follow from a similar vanishing result
in Corollary 6.1.4 under a slightly weaker regularity condition on the infinitesimal
characters of LieG (rather than g = LieG(C)), called “µh-sufficient regularity”—
See Definition 5.1.5(3) for this notion, and see Definition 5.1.8 for the corresponding
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improvement of I ⊂ Z(U(g)). As the name suggests, this regularity condition will
depend on the choice of a Hodge cocharacter µh. As we shall see in Example 5.1.7,
the µh-sufficient regularity condition for a Shimura curve will be weaker than the
one for the Hilbert modular variety associated with the same totally real field.

This result allows us to reprove the vanishing result for cohomology of automor-
phic local systems obtained by the first-named author in [Lan16]. See Remarks
5.1.9 and 6.1.6 below. As noted in [Lan16], by using automorphic methods, Li and
Schwermer [LS04] were able to prove the vanishing result only assuming that the
highest weight of the local system is regular. It is not clear to us whether our
method can reprove the same result when g has C-simple factors of types B and C.
On the other hand, our method can also handle “big” local systems which are not
necessarily finite-dimensional. See Corollary 6.1.7.

We shall explain in Section 4.4 that the action of Z(U(g)) on H̃i,la
C can be

extended to an action of Z(U(m)), where m denotes a Levi subalgebra determined

by the Hodge cocharacter, after fixing an isomorphism ι : C ∼→ C of fields. The

extra symmetry comes from the (partial) Sen operators on H̃i,la
C . Our actual main

result, Theorem 6.1.3, has a more refined version regarding this enlarged symmetry.
Very roughly speaking, if we fix an infinitesimal character [λ], it determines a list of
possible Hodge–Tate–Sen weights corresponding to ι, and the “sufficiently regular

ones” among them will not show up in H̃<d,la
C,[λ] .

In a follow-up paper [Pan25a], the second-named author shows that an extension
of our method in the case of Hilbert modular varieties allows one to produce ideals

of U(g) (not just ideals of the center) annihilating H̃<d,la
C . We believe similar results

should hold for more general Shimura varieties.

Remark 1.1.4. For each i ≤ d, there should be a notion of i-sufficiently regularity

for infinitesimal characters such that H̃<i,la
C,[λ] = 0 when [λ] is i-sufficiently regular.

Our method can give results in this direction, but we shall not purse them in this
paper. Similar to how we work out the sufficiently regular condition in Proposition
5.1.12 below, they should be reduced to combinatorial problems in Lie theory.

Remark 1.1.5. Since the pioneering work of Caraiani–Scholze [CS17, CS24], there
has been a lot of powerful vanishing results [Kos21, HL23, YZ25] concerning the
cohomology of Shimura varieties below degree. There are two major differences
between our work and these works. Firstly, these works allow torsion and hence
integral coefficients, while our work is completely rational. Secondly, the genericity
conditions in these works arise from the study of p-adic (or mod p) representations
of G(Ql) at a place l ̸= p, while our work studies p-adic representations of G(Qp).

Remark 1.1.6. H̃>d = 0. This is part of the Calegari–Emerton conjecture in [CE12],
and the first major breakthrough is made by Scholze in [Sch13b, Sch15]. Recently,

the rational analogue H̃>d
Qp

= 0 for general Shimura varieties is proved in [RC22],

and the original H̃>d = 0 for general Shimura varieties is proved in [He25]. See the
references in these paper for important partial results in special cases.

1.2. Overview of the proof. For simplicity of exposition, let us assume that the
Shimura variety is compact. (Otherwise, we need to introduce toroidal compactifi-
cations.) Let us also assume that the derived group Gder is simply-connected, and
that the center Z(G) has the same rank over Q and over R. Fix a level Kp at p,
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and let K = KpKp. After choosing any isomorphism C ∼→ C, consider the associ-
ated adic space SK of the Shimura variety over C. The tower of Shimura varieties
{SKpK′

p
}K′

p⊂Kp forms a pro-étale Kp-torsor over SK . Denote by C la(Kp,Qp) the
space of Qp-valued locally analytic functions on Kp, viewed as a Kp-representation
via left translation. It gives rise to an (infinite-dimensional) pro-étale local system

proétC la(Kp,Qp) over SK,proét. By using the primitive comparison theorem, we

obtain a natural isomorphism

H̃i,la
C
∼= Hi

proét(SK , proétC
la(Kp,Qp)⊗̂Qp

ÔSK,proét
).

Here comes the first main ingredient of the proof. Let L be an ample line bundle
on SK . We apply a Kodaira-type vanishing result in mixed characteristics of Bhatt’s
[Bha, Sec. 11.2] and deduce that

H<d
proét(SK , proétC

la(Kp,Qp)⊗̂QpÔSK,proét
⊗OSK

L−1) = 0.

Now the question is how to untwist this L−1. For simplicity, let us temporarily
write F = proétC la(Kp,Qp)⊗̂QpÔSK,proét

. We use an argument essentially due to

Beilinson–Bernstein in their work on localization [BB81]. Choose a finite-dimensional
representation V of G, and consider

H<d
proét(SK ,F ⊗OSK

L−1 ⊗ V ) ∼= H<d
proét(SK ,F ⊗OSK

L−1)⊗ V = 0,

where the last isomorphism uses C la(Kp,Qp) ⊗ V ∼= C la(Kp,Qp) ⊗ V , with Kp

acting on every term except for the last V . By making suitable choices of L and
V under our simplifying assumptions, we can arrange that F appears as a direct
summand of F ⊗OSK

L−1 ⊗ V on the sufficiently regular locus of SpecZ(U(g)). A

more careful study of the Z(U(g))-action gives our main theorem.
Such an argument is probably unsurprising for people who are familiar with the

Beilinson–Bernstein localization: there is a close relationship between twisting of a
line bundle and the translation functor (defined as a direct summand of the functor
of tensoring with a finite dimensional representation [BG80]) in the localization
[BG99]. We remark that it was first observed in [Pan22] and further generalized in
[RC22] that the sheaf F is annihilated by certain first-order differential operators
coming from geometric Sen theory, and hence can be regarded after pushing forward

along the Hodge–Tate period map as some sort of localization of H̃i,la
C on the partial

flag variety defined by the Hodge cocharacter.
The paper is organized as follows. In Section 2, we discuss Bhatt’s Kodaira-

type vanishing theorem, and make a slight generalization using some standard
cyclic cover technique. In Section 3, we recollect various standard facts about
locally symmetric varieties and their compactifications, and about automorphic
vector bundles and their canonical extensions. In Section 4, we summarize some
results of [RC22] on locally analytic functions over Shimura varieties at infinite
levels. In Section 5, under the simplifying assumptions that the derived group Gder

is simply-connected, and that the center Z(G) has the same rank over Q and over R,
we carry out the translation functor argument sketched above, and explain where
the sufficiently regular condition comes from. Finally, in Section 6, we explain how
to remove the simplifying assumptions by working with towers of closely related
locally symmetric varieties.
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Notation and conventions. We shall fix a prime number p. Let C be p-adic
completion of an algebraic closure of Qp, with ring of integers OC . We shall denote
by D(OC)

a the almost derived category of quasi-coherent sheaves on OC with
almost structure with respect to the maximal ideal of OC , as in [Bha, Sec. 3.3].

For any algebraic group H over a base field k and any k-algebra l, we shall
denote by Repl(H) the category of algebraic representations of H (or rather its base
extension H⊗k l) over l.

For simplicity, we will often omit “⊗” when denoting (possibly negative) tensor
powers of line bundles.

2. An almost Kodaira vanishing theorem of Bhatt

2.1. Bhatt’s mixed characteristic Kodaira vanishing result. Recently, Bhar-
gav Bhatt proved an almost Kodaira vanishing result over a mixed characteristic
base. See [Bha, Sec. 11.2]. We will state (a special case of) his result below. Let us
begin by introducing some notation.

Let X be a finitely presented flat OC-scheme. We shall denote by XC its generic
fiber; by Db

cons(XC ,Z/pn) the usual constructible derived category of étale Z/pn-
sheaves on XC ; by X̂ the p-adic completion of X, viewed as a p-adic formal scheme;
and by X its adic generic fiber. We have a natural “support” map η′ : X → XC

induced by taking the supports of valuations, and a nearby cycles map ν′ : X → X̂
defined by taking the centers of valuations. We shall denote by η : Xét → XC,ét the

morphism of étale sites induced by η′, and by ν : Xét → X̂ the composition of ν′

with the projection Xét → X .

Theorem 2.1.1 (Bhatt). Let X be a flat projective OC-scheme of relative dimen-
sion d, and L an ample line bundle on X. For any F ∈ pD≥0

cons(XC ,Z/pn) (i.e.,
coconnective with respect to the perverse t-structure for middle perversity, as in
[BBDG18, §4]), we have

RΓ
(
Xét, (η

∗F )⊗Zp
ν∗L̂−1

)
∈ D≥d(OC)

a,

where the pullback ν∗ is understood as the pullback of a line bundle with respect

to the integral structure sheaf O+
Xét

on Xét; and where L̂ denotes the p-adic formal

completion of L, which is a line bundle on X̂.

Proof. When n = 1, this is Bhatt’s “reformulation of almost Kodaira vanishing via
O+

X” in [Bha, Sec. 11.2]. The general case then follows by induction on n ≥ 1. □

Corollary 2.1.2. Let X and L be as in Theorem 2.1.1. Let j : U ↪→ XC be an open
immersion from a smooth subvariety. For every étale finite Z/pn-locally constant
sheaf F on U , we have

RΓ
(
Xét, (η

∗Rjét,∗F )⊗Zp
ν∗L̂−1

)
∈ D≥d(OC)

a.

Proof. Since j : U → XC is an open immersion, by [BBDG18, Prop. 2.1.6], Rjét,∗ is
perverse t-left exact. Therefore, Rjét,∗F [d] ∈ pD≥0

cons(XC ,Z/pn), and we can apply
Bhatt’s theorem. □

We will need a version of this corollary “completely on the generic fiber”. Let
us explain the arguments as follows.
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Construction 2.1.3. Let XC be an algebraic variety over C, and j : U ↪→ XC

an open immersion. Suppose K is a profinite group, and Ũ is a pro-étale K-torsor
over U . Concretely, this means that, for every open normal subgroup H of K, we
have an étale K/H-torsor UH over U ; and for open normal subgroups H1 and H2

of K such that H1 ⊂ H2, we have a K-equivariant map UH1
→ UH2

which satisfies
usual compatibilities when having a tower of open normal subgroups.

Let V be a unitary p-adic Banach space representation of K. Then the unit ball
V ◦ is p-adically complete and K-stable. For n ≥ 1, every vector of Vn := V ◦/pnV ◦

is fixed by an open subgroup of K. Hence, we can write

Vn = ∪M⊂Vn
M,

where M runs over all finite K-stable subgroups of Vn, and such M ’s form a direct
system. For each M , the action of K on it factors through a finite quotient K/H.
By descending the constant étale sheaf associated with M along the K/H-torsor
UH → U , we obtain a locally constant étale sheaf étM on U , which is independent
of the choice of H. We define an étale sheaf

étVn := lim−→
M⊂Vn

étM,

which we view as the étale local system associated with Vn. Note that the open
immersion j : U → XC is quasi-compact. By abuse of notation, let us define

étMXC
:= Rjét,∗ étM (even though this is not a sheaf in general), and define

étVnXC
:= Rjét,∗ étVn

∼= lim−→
M⊂Vn

Rjét,∗ étM.

Then {étVnXC
}n form a projective system as {étVn}n does.

Let Xproét denote its pro-étale site, introduced in [Sch13a]. Let

ηproét : Xproét → Xét → XC,ét

denote the composition of natural projections of sites. Still by abuse of notation,
consider

(2.1.4) proétVnX := η∗proét étVnXC
,

and consider the following derived limit

(2.1.5) proétV
◦
X := R lim

n
proétVnX = R lim

n
η∗proétRjét,∗ étVn.

Since V ◦ is p-adically complete and torsionfree, it follows from the construction
that there are exact sequences

(2.1.6) 0→ étVm
·pn

−−→ étVn+m → étVn → 0.

By applying η∗proétRjét,∗ to this, and by taking derived limit over m, we obtain

proétV
◦
X /pn ∼= proétVnX ,

for each n ≥ 1, where /pn is understood in the derived sense; i.e., ⊗L
Zp
(Z/pn).

Remark 2.1.7. We emphasize that we are pushing forward along the algebraic open
immersion j, which is quasi-compact, instead of the induced open immersion j̆
between adic spaces, which is not quasi-compact in general. Let η : Xét → XC,ét
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and ηU : Uét → Uét denote the canonical morphisms. Since étM is constructible for
each finite M , by Huber’s comparison theorem [Hub96, Thm. 3.8.1], we have

étVnX := η∗étVnXC
= η∗Rjét,∗ étVn

∼= lim−→
M⊂Vn

η∗Rjét,∗ étM = lim−→
M⊂Vn

Rj̆ét,∗η
∗
U étM.

Since j̆ might not be quasi-compact and étVn might not be constructible either, we

do not know whether étVnX is equal to Rj̆ét,∗η
∗
U étVn

∼= Rj̆ét,∗ lim−→M⊂Vn
η∗U étM .

Theorem 2.1.8. Let XC be a normal projective variety over C of dimension d,
and LC a line bundle on XC . Suppose that XC and LC are defined over a finite
extension of Qp. Let U ⊂ XC be a smooth open subvariety, K a profinite group,

and Ũ a pro-étale K-torsor of U (as in Construction 2.1.3). Assume that:

(2.1.9)
Lm
C is globally generated, for some m ∈ Z≥1 (i.e., LC is semiample),

whose global sections define a morphism ϕm : XC → PH0(XC , L
m
C );

and the restriction ϕm|U : U → PH0(XC , L
m
C ) is an immersion.

Then, for every unitary p-adic Banach space representation V of K, we have

RΓ(Xproét, proétV
◦
X ⊗̂Zp

η∗XL−1
C ) ∈ D≥d(C),

where ηX : (Xproét, ÔXproét
)→ (XC ,OXC

) is the composition of the natural projec-

tion of ringed sites (Xproét, ÔXproét
) → (Xét,OXét

) and η, and where ⊗̂Zp denotes
the p-adically completed tensor product. Then we can write:

proétV
◦
X ⊗̂Zpη

∗
XL−1

C
∼=

(
R lim

n
(proétV

◦
X ⊗Zp (Ô+

Xproét
/pn))

)
⊗Ô+

Xproét

η∗XL−1
C .

The assumption (2.1.9) in Theorem 2.1.8 holds if LC is ample. The essential
improvement here is that LC is no longer assumed to be extendable to a (semiample)
line bundle on some integral model of XC (over OC). The rest of this subsection
will be devoted to the proof of this theorem. Unsurprisingly, we will use some
technique of cyclic coverings to reduce it to Bhatt’s result.

Construction 2.1.10 (cf. [Laz04, Prop. 4.1.6]). Let X be a variety over a field of
characteristic zero, and L a line bundle on X. Suppose m ∈ Z≥1, and s ∈ Γ(X,Lm)
is a nonzero section, which defines a divisor D ⊂ X. Then there exists a finite flat
covering π : Y → X of degree m, where Y is a scheme such that L′ := π∗L admits a
section s′ ∈ Γ(Y, L′) satisfying (s′)m = π∗(s). Explicitly, Y is the relative spectrum
of the quotient of the quasi-coherent OX-algebra

SymOX
(L−1) := ⊕i∈Z≥0

L−i = OX ⊕ L−1 ⊕ L−2 ⊕ · · ·

by the OX-ideal generated by s(x) − x, for all x ∈ L−m, where s is viewed as a
morphism L−m → OX . By construction, there is a natural isomorphism

π∗OY
∼= OX ⊕ L−1 ⊕ L−2 ⊕ · · · ⊕ L−m+1

of OX-modules. Moreover, there is a natural action of µm on Y , defined by

u · a = uia,

for all u ∈ µm and a ∈ Li, for all i = 0,−1, . . . ,−m + 1. Clearly, µm acts
transitively on each fiber of π. If X and D are nonsingular, then so is Y .

The following proposition roughly says that it suffices to prove Theorem 2.1.8
after passing to a cyclic cover.
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Proposition 2.1.11. Same setup as in Theorem 2.1.8. Let m ∈ Z≥1 and 0 ̸=
s ∈ Γ(XC , L

m
C ), so that we have a cyclic covering π : Y → XC as in Construction

2.1.10. Let Y denote the adic space associate with Y , and let π̆ : Y → X denote
the induced morphism. Let U ′ := π−1(U), and let j′ : U ′ → Y denote the canonical
open immersion. (We shall use superscripts ′ to denote objects on Y .) By forming

fiber products, the pro-étale K-torsor Ũ over U pulls back to a pro-étale K-torsor
Ũ ′ over U ′. Let étVn over Uét and proétV

◦
X
∼= R limn proétVnX over Xproét be as in

Construction 2.1.3. By applying Construction 2.1.3 to j′, Ũ ′, and V ′ = V instead,
we obtain étV

′
n over U ′

ét and proétV
′◦
Y = R limn proétV

′
nY

over Yproét. Then µm

naturally acts on proétV
′◦
Y and π∗L−1

C ; and there is a natural isomorphism

Hi(Xproét, proétV
◦
X ⊗̂Zp

η∗XL−1
C ) ∼= Hi(Yproét, proétV ′◦

Y⊗̂Zp
π̆∗
proétη

∗
XL−1

C )µm ,

for each i ≥ 0. In particular, if Hi(Yproét, proétV ′◦
Y⊗̂Zp

π̆∗
proétη

∗
XL−1

C ) = 0, then

Hi(Xproét, proétV
◦
X ⊗̂Zp

η∗XL−1
C ) = 0.

Proof. By the projection formula, we have

Hi(Yproét, proétV ′◦
Y⊗̂Zp π̆

∗
proétη

∗
XL−1

C )

∼= Hi(Xproét, Rπ̆proét,∗(proétV
′◦
Y⊗̂Zp π̆

∗
proétη

∗
XL−1

C ))

∼= Hi(Xproét, Rπ̆proét,∗(proétV
′◦
Y⊗̂Zp

ÔYproét
)⊗ÔXproét

η∗XL−1
C ).

Since taking µm-invariants is exact over characteristic zero base fields, and it suffices
to show that the canonical morphism

proétV
◦
X ⊗̂Zp

ÔXproét
→

(
Rπ̆proét,∗(proétV

′◦
Y⊗̂Zp

ÔYproét
)
)µm

is an isomorphism. Let us also abusively denote by ( · )µm the operation of taking
derived invariants, even when the coefficients are not over characteristic zero fields.
Since π is proper, so is the associated morphism π̆ of adic spaces, and Rπ̆proét,∗
commutes with inverting p. Therefore, it suffices to prove that the integral version

proétV
◦
X ⊗̂Zp

Ô+
Xproét

→
(
Rπ̆proét,∗(proétV

′◦
Y⊗̂Zp

Ô+
Yproét

)
)µm

is an almost isomorphism, which then implies the above assertion by inverting p.
SinceRπ̆proét,∗ commutes with derived limits by [Sta, Tag 0A07], since proétV

◦
X =

R limn proétVnX and proétV
′◦
Y = R limn proétV

′
nY

by construction, and since proétVnX
and proétV

′
nY

are filtered by copies of proétV1X and proétV
′
1Y

, respectively, it suffices

to show that the canonical morphism

proétV1X ⊗Fp
(Ô+

Xproét
/p)→

(
Rπ̆proét,∗(proétV

′
1Y
⊗Fp

(Ô+
Yproét

/p))
)µm

is an almost isomorphism. Since both Rπ̆proét,∗ and tensor products commute with
filtered colimits because π is proper, by writing V ′

1 = V1 as a union of K-stable
finite-dimensional Fp-subspaces, we may assume from now on that V ′

1 = V1 is finite.
Let λ : Xproét → Xét denote the canonical projection of sites, and let O+

Xét
/p

denote the mod p structure sheaf on Xét. Then we have proétV1X
∼= λ∗

étV1X and

Ô+
Xproét

/p ∼= λ∗(O+
Xét

/p), by [Sch13a, Lem. 4.2(iii)]. Similar statements hold over

Y. By [Sch13a, Cor. 3.17], it suffices to show that the étale version

étV1X ⊗Fp (O+
Xét

/p)→
(
Rπét,∗(étV

′
1Y
⊗Fp (O+

Yét
/p))

)µm

https://stacks.math.columbia.edu/tag/0A07
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is an almost isomorphism. Let η′ : Yét → Yét denote the canonical projection
of sites. By construction, étV

′
1Y
∼= η′∗ étV

′
1Y

, where étV
′
1Y

:= Rj′ét,∗ étV
′
1 is a con-

structible Fp-sheaf on Yét by our assumption that V ′
1 = V1 is finite. Since π is finite,

by the primitive comparison theorem [Sch13b, Thm. 3.13] (although the almost ver-
sion is sufficient for our purpose, see also [Zav25, Cor. 7.2.9] for a non-almost version
in this case), the canonical morphism

(Rπ̆ét,∗ étV
′
1Y

)⊗Fp (O+
Xét

/p)→ Rπ̆ét,∗(étV
′
1Y
⊗Fp (O+

Yét
/p))

is an almost isomorphism. Thus, it remains to show that the canonical morphism

étV1X → (Rπ̆ét,∗étV
′
1Y

)µm

is an isomorphism. Write π′ = π|U ′ : U ′ → U , so that π ◦ j′ = j ◦ π′ : U ′ → XC .
By Huber’s comparison theorem (see [Hub96, Prop. 2.1.4 and Thm. 3.8.1]),

Rπ̆ét,∗étV
′
1Y

= Rπ̆ét,∗η
′∗Rj′ét,∗ étV

′
1
∼= η∗Rπét,∗Rj′ét,∗ étV

′
1
∼= η∗Rjét,∗Rπ′

ét,∗ étV
′
1 .

Since étV1X = η∗Rjét,∗ étV1, it suffices to show that the canonical morphism

étV1 → (Rπ′
∗ étV

′
1)

µm

over Uét is an isomorphism. By construction, V ′ = V and étV
′
1
∼= π′∗

ét étV1. Let

étFp
U

(resp. étFp
U ′) denote the constant sheaves associated with Fp over U (resp.

U ′). Since π′ is finite, by [Sta, Tag 0A4K] and the projection formula [Sta, Tag
0GL5], (π′

ét,∗ étFp
U ′) ⊗Fp étV1

∼= π′
ét,∗π

′∗
ét étV1

∼= Rπ′
ét,∗π

′∗
ét étV1. Thus, to complete

the proof, it suffices to note that the canonical morphism étFp
U
→ π′

ét,∗ étFp
U ′ is an

isomorphism, because µm acts transitively on each fiber of π, by construction. □

Proof of Theorem 2.1.8. First assume the following:

(2.1.12) There is a finite morphism ϕ : XC → PN
C such that ϕ∗OPN

C
(1) ∼= LC .

We claim that there exists a finitely presented flat OC-integral model X of XC , and
LC can be extended to an ample line bundle L on X. To see this, since XC and LC

are defined over a finite extension E of Qp, we may assume that XC
∼= XE ⊗E C

for some variety XE over E, and that LC comes from an ample line bundle LE over
XE . It suffices to produce integral models of XE and LE (over OE).

It follows from our assumption that there is finite morphism ϕE : XE → PN
E .

Consider the standard integral model of PN
OE

of PN
E , and take its normalization

XOE
in XE , as in [Sta, Tag 035H]. Since XE is reduced and PN

OE
is Nagata (by

[Sta, Tag 0335 and Tag 033S]), the natural morphism ϕ̄ : XOE
→ PN

OE
is finite (by

[Sta, Tag 03GH]). In particular, the pullback LOE
:= ϕ̄∗OPN

OE

(1) is ample on XOE

and extends LE . Then we can take X := XOE
⊗OE

C and L := LOE
⊗OE

C.
Recall that, in the beginning of the section, there are the morphism of ringed

sites η′ : (X ,OX ) → (XC ,OXC
) defined by taking the support of a valuation, and

the nearby cycles map ν′ : (X ,O+
X ) → (X̂,OX̂) defined by taking the center of a

valuation. Then there is a natural isomorphism

(2.1.13) ν′∗L̂⊗O+
X
OX ∼= η′∗LC

of invertible OX -modules on X . Indeed, the case of X = PN
OC

and L = OX(1) can

be checked directly. The general case follows by pullback along ϕ̄.

https://stacks.math.columbia.edu/tag/0A4K
https://stacks.math.columbia.edu/tag/0GL5
https://stacks.math.columbia.edu/tag/0GL5
https://stacks.math.columbia.edu/tag/035H
https://stacks.math.columbia.edu/tag/0335
https://stacks.math.columbia.edu/tag/033S
https://stacks.math.columbia.edu/tag/03GH
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As before, write Vn = ∪M⊂Vn
M as a union of finite K-stable subgroups. By

Corollary 2.1.2, for each such M , we have

RΓ(Xét, (η
∗Rjét,∗ étM)⊗Zp

ν∗L̂−1) ∈ D≥d(OC)
a.

By taking the directed limit over all such M and noting that both functors η∗ and
Rjét,∗ commute with filtered colimits, we obtain

RΓ(Xét, (η
∗Rjét,∗ étVn)⊗Zp

ν∗L̂−1) ∈ D≥d(OC)
a.

Recall that proétV
◦
X = R limn proétVnX , and each proétVnX is the pullback of

η∗Rjét,∗ étVn via λ : Xproét → Xét (see (2.1.4) and (2.1.5)). By [Sch13a, Cor.
3.17] and the above, and by taking derived limit over n, we obtain

RΓ(Xproét, proétV
◦
X ⊗̂Zpν

∗
proétL̂

−1) ∈ D≥d(OC)
a,

where νproét := λ◦ν : (Xproét, Ô+
Xproét

)→ (X̂,OX̂). The pullback of the isomorphism

(2.1.13) to the pro-étale site gives ν∗proétL̂
−1[ 1p ]

∼= η∗XL−1
C . Since X is quasi-compact,

RΓ(Xproét, proétV
◦
X ⊗̂Zpη

∗
XL−1

C ) ∼= RΓ(Xproét, proétV
◦
X ⊗̂Zpν

∗
proétL̂

−1)[ 1p ]

belongs to D≥d(C).
In general, we will use the following lemma to put ourselves in the situation

where Γ(XC , LC) defines a finite morphism of XC to PN
C , for some N ≥ 0.

Lemma 2.1.14. Let X be a projective variety over a field E of characteristic zero,
and U ⊂ X a smooth open subvariety. Let L be a line bundle on X such that
Lm is globally generated and ϕm|U : U → PH0(X,Lm) is an immersion, for some
m > 0. Then there exists a basis s0, · · · , sN of Γ(X,Lm) such that, if we denote
by πi : Yi → X the cyclic cover constructed from si, as in Construction 2.1.10, for
i = 0, · · · , N , and by π : Y := Y0 ×X Y1 ×X · · · ×X YN → X the fiber product of all
πi, then π−1(U) is smooth and Y is reduced (i.e., Y is a variety).

Assuming this lemma, let us finish the proof of Theorem 2.1.8. By assumption,
XC and LC are defined over a finite extension E of Qp. Let m be as in the
theorem, so that we have global sections s0, · · · , sN of Lm

C defined over E, and we
can construct Y0, · · · , YN and π : Y → XC as in the lemma. Let L′

C = π∗LC .
By Construction 2.1.10, L′

C carries global sections s′0, . . . , s
′
N defined over E such

that (s′i)
m = π∗si, for i = 0, . . . , N . In particular, s′0, . . . , s

′
N induces a morphism

ϕ′ : Y → PN
C which fits into the commutative diagram

Y
ϕ′
//

π

��

PN
C

νm

��

XC
ϕm // PN

C

in which PN
C is identified with PH0(XC , L

m
C ) using s0, · · · , sN and νm is defined

by raising the homogeneous coordinates associated with s0, · · · , sN to their m-th
powers. Consider the open immersion j′ : U ′ := π−1(U) → Y . Since ϕm|U is an
immersion and νm is finite, ϕ′|U ′ is quasi-finite. Consider the Stein factorization of

ϕ′ given by Y
ϕ′′

−−→ Z
g−→ PN , where g is finite and ϕ′′ has connected fibers. By [Sta,

Tag 03H0 and Tag 03GW], j′′ := ϕ′′|U ′ : U ′ → Z is an open immersion. Moreover,
since L′

C
∼= ϕ′∗OPN

C
(1), it descends to the ample line bundle L′′

C := g∗OPN
C
(1) on Z.

https://stacks.math.columbia.edu/tag/03H0
https://stacks.math.columbia.edu/tag/03GW
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Note that Y and ϕ′ are still defined over a finite extension of Qp. Let Z denote the

adic space associated with Z; define ηZ : (Zproét, ÔZproét
)→ (Z,OZ) as in Theorem

2.1.8; and define proétV
′′◦

Z by applying Construction 2.1.3 to j′′, the pullback Ũ ′′

of Ũ to Z, and V ′′ = V . By what we have proved under the assumption (2.1.12),

(2.1.15) RΓ(Zproét, proétV
′′◦

Z⊗̂Zp
η∗Z(L

′′
C)

−1) ∈ D≥d(C),

On the other hand, since ϕ′′ : Y → Z is proper (and V ′′ = V ′ = V ), by the same
arguments based on Scholze’s primitive comparison theorem [Sch13b, Thm. 3.13]
in the proof of Proposition 2.1.11, there is a natural isomorphism

proétV
′′◦

Z⊗̂Zp
η∗Z(L

′′
C)

−1 ∼= Rϕ′′
proét,∗(proétV

′◦
Y⊗̂Zp

η∗Y(L
′
C)

−1).

over Zproét. Thus, it follows from (2.1.15) that

RΓ(Yproét, proétV ′◦
Y⊗̂Zp

η∗Y(L
′
C)

−1) ∈ D≥d(C).

Since π : Y → X is the composition Y = Y0 ×X Y1 ×X · · · ×X YN → Y0 ×X Y1 ×X

· · ·×X YN−1 → · · · → Y0 → X of cyclic covering maps pulled back from the πi’s, we
can finish the proof of Theorem 2.1.8 by repeatedly applying Proposition 2.1.11. □

Proof of Lemma 2.1.14. One can argue as in the proof of [Laz04, Thm. 4.1.10] (the
so-called Bloch–Gieseker coverings). For the convenience of the reader, let us give a
more direct proof in our case. For any nonzero s ∈ Γ(PN

E ,OPN
E
(1)), we shall denote

by Hs the hyperplane it defines in PN
E . By repeatedly applying Bertini’s theorem,

there exist nonzero s0, · · · , sN ∈ Γ(PN
E ,OPN

E
(1)) such that, for i = 0, · · · , N :

• Hsi does not contain any irreducible component of ϕm(X); and
• Hsi intersects ϕm(U)∩

(
∩j∈I Hsj

)
transversally, for any I ⊂ {0, · · · , i−1}.

Construct the finite cover π : Y → X as in the lemma. We first prove that
Y is reduced. Since this is a local property, we may assume that X = Spec(A)
is affine and that L is trivial, and identify s0, · · · , sN with elements in A. Then
Y ∼= Spec(B), where B = A[x0, . . . , xN ]/(xm

0 − s0, . . . , x
m
N − sN ). We may enlarge

E so that xm − 1 splits completely in E. Note that G = µm × · · · × µm ((N + 1)-
copies of µm) acts on B via (a0, · · · , aN ) · xi = aixi. Let f ∈ B be a nilpotent

element which is also an eigenvector of G. Then f = axi0
0 · · ·x

iN
N for some a ∈ A

and i0, · · · , iN ∈ {0, · · · ,m− 1}. Since fm = amsi00 · · · s
iN
N ∈ A is nilpotent, but A

is reduced and s0, · · · , sN are nonzero, we must have a = 0 and hence f = 0.
To see the smoothness of π−1(U), we may similarly assume that U = Spec(A)

and π−1(U) ∼= Spec(B), where B = A[x0, · · · , xN ]/(xm
0 − s0, . . . , x

m
N − sN ). Let

m be a maximal ideal of B, and mA := m ∩ A. Let I be the set of i’s such that
si ∈ mA. By our transversality assumption, we can find elements t1, · · · , tl ∈ mA,
with l = dim(A)− |I|, such that the images of {t1, · · · , tl} and {si}i∈I form a basis
of mA/m

2
A. Since xm

i − si in B, for each i ∈ I, and since m ∈ E×, the images of
{t1, · · · , tl} and {xi}i∈I also form a basis of m/m2. Thus, B is smooth at m. □

2.2. Reformulation via Kummer étale site. Instead of working with the com-
plexes étV

◦
XC

and proétV
◦
X introduced in Construction 2.1.3, we shall make use of

the Kummer étale and pro-Kummer étale sites introduced in [DLLZ23a] and work
instead with sheaves (i.e., complexes concentrated in single degrees). Our setup
is as follows. Let XC denote a smooth variety over C, and D ⊂ XC an effective
divisor with normal crossings, with complementary open immersion j : U → X.
Let X and D denote the rigid analytic varieties over C associated with XC . Then
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D is also a normal crossings divisor on X , with complementary open immersion
j̆ : U → X , which defines an fs log structure on X whose restriction to U is the triv-
ial one, as explained in [DLLZ23a, Ex. 2.3.16]. Let Xkét denote its Kummer étale
site with integral structure sheaf O+

Xkét
, as in [DLLZ23a, Def. 4.1.16 and 4.3.1], and

let g : Xkét → Xét the canonical morphism induced by forgetting the log struc-
ture. The restriction gU : Ukét → Uét is trivially an isomorphism, and the canonical
morphisms of sites j̆ét : Uét → Xét and j̆két : Uét → Xkét satisfy g ◦ j̆két = j̆ét.

Proposition 2.2.1. Let F be an étale Z/pn-local system of finite rank over U .

(1) Purity: Rjkét,∗F = jkét,∗F is a torsion Kummer étale local system.
(2) There is a natural isomorphism

(Rjét,∗F )⊗Zp
O+

Xét

∼= (Rg∗jkét,∗F )⊗Zp
O+

Xét

∼= Rg∗(jkét,∗F ⊗Zp
O+

Xkét
).

Proof. See [DLLZ23a, Lem. 4.5.8 and Thm. 4.6.1]. Note that (Rjét,∗F )⊗Zp
O+

Xét

∼=
(Rjét,∗F )⊗Z/pn (O+

Xét
/pn), because O+

Xét
is flat over Zp. □

Construction 2.2.2. Suppose K is a profinite group, and Ũ is a pro-étale K-
torsor over U , as in Construction 2.1.3. Let V be a unitary p-adic Banach space
representation of K. As in Construction 2.1.3, Vn = V ◦/pn = ∪M⊂Vn

M , where
M runs over all finite K-stable subgroups of Vn; and for each M , we constructed an
étale sheaf étM over U . Let ηU : Uét → Uét denote the canonical morphism of sites.
Over Xkét, we define kétMX := Rj̆két,∗η

∗
U étM , for each M as above; and define

kétVnX := lim−→M⊂Vn
kétMX , which can be thought as the associated Kummer étale

local systems. (These are sheaves, not just complexes.) Let Xprokét denote the pro-
Kummer-étale site introduced in [DLLZ23a, Def. 5.1.2], and let λX : Xprokét → Xkét

denote the projection of sites. We define pro-Kummer étale sheaves prokétVnX :=
λ∗
X kétVnX , prokétV

◦
X := lim←−n prokétVnX , and prokétV X := prokétV

◦
X ⊗Z Q, which

are the pro-Kummer étale local systems associated with Vn, V
◦, and V , respectively.

The projective limit in Construction 2.2.2 agrees with the derived limit, by the
following lemma.

Lemma 2.2.3. In Construction 2.2.2, assume moreover that everything is defined
over a finite extension of Qp (as in [DLLZ23a, Sec. 5.3]). Then:

(1) Ri limn prokétVnX = 0, for i > 0.

(2) prokétV
◦
X /pn ∼= prokétVnX , for each n ≥ 1.

Proof. Starting with the short exact sequence (2.1.6), by Proposition 2.2.1(1) and
by expressing Vn+m as the direct limit of its finite stable K-subgroups, we obtain
a short exact sequence

0→ kétVmX
·pn

−−→ kétVn+mX
→ kétVnX → 0.

The same holds for its pullback by λX . Taking the inverse limit over m, we see that

(1) implies (2). It remains to prove (1). Let X̃ be a universal cover of a log affinoid

perfectoid object of Xprokét, as in the proof of [DLLZ23a, Prop. 5.3.13]. Since X̃ is
quasi-compact, for all i ≥ 0, by using [Sta, Tag 0739], we have

Hi(Xprokét/X̃ , prokétVnX ) ∼= Hi(Xprokét/X̃ , lim−→
M⊂Vn

λ∗
X j̆két,∗η

∗
U étM)

∼= lim−→
M⊂Vn

Hi(Xprokét/X̃ , λ∗
X j̆két,∗η

∗
U étM),

(2.2.4)

https://stacks.math.columbia.edu/tag/0739
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where M runs through all finite K-stable subgroups of Vn. By [DLLZ23a, Prop.
5.3.13], (2.2.4) is zero when i > 0. Therefore, for all n ≥ 1, the natural map

H0(Xprokét/X̃ , prokétVn+1X
)→ H0(Xprokét/X̃ , prokétVnX )

is surjective; and R1 limn H
0(Xprokét/X̃ , prokétVnX ) = 0. Since such X̃ form a basis

of Xprokét, by [DLLZ23a, Prop. 5.3.12], (1) follows, by [Sch13a, Lem. 3.18]. □

The following is the Kummer version of Theorem 2.1.8.

Corollary 2.2.5. Let XC be a smooth equidimensional projective variety over C
of dimension d, and LC a line bundle on XC . Let U ⊂ XC be a smooth open
subvariety whose complement D is an effective divisor of normal crossings, so that
we have the associated fs log adic spaces X etc as in the beginning of this Section
2.2. Let K be a profinite group, and Ũ a pro-étale K-torsor over U . Assume that
the same condition (2.1.9) as in Theorem 2.1.8 holds. Assume moreover that XC ,

U , and Ũ are defined over a finite extension of Qp. Then, for every unitary p-adic
Banach space representation V of K, to which Construction 2.2.2 applies, we have

RΓ(Xprokét, prokétV X ⊗̂Qpν
∗
prokétL

−1
C )

∼= RΓ(Xprokét, prokétV
◦
X ⊗̂Zp

ν∗prokétL
−1
C ) ∈ D≥d(C),

where νprokét : (Xprokét, ÔXprokét
) → (XC ,OXC

) is the natural projection of ringed

sites, where ÔXprokét
denotes the completed structure sheaf (as in [DLLZ23a, Def.

5.4.1]), and where ⊗̂Zp
denotes p-adically completed tensor product.

Remark 2.2.6. The condition (2.1.9) in Theorem 2.1.8 and Corollary 2.2.5 holds if
there is a morphism π : XC → YC of projective varieties such that π|U : U → YC

is an open immersion and such that Lm
C descends to an ample line bundle on YC .

In applications, XC will be some projective smooth toroidal compactification of a
Shimura variety, and YC will be the associated minimal compactification.

Proof of Corollary 2.2.5. In view of Theorem 2.1.8, it suffices to show that

Rgprokét,∗(prokétV
◦
X ⊗̂Zp

ν∗prokétL
−1
C ) ∼= proétV

◦
X ⊗̂Zp

η∗XL−1
C ,

where gprokét denotes the canonical projection Xprokét → Xproét. Since Rgprokét,∗
commutes with derived limit, by the projection formula, it suffices to show that

(2.2.7) Rgprokét,∗
(
(λ∗

X kétVnX )⊗Z/pn (Ô+
Xprokét

/pn)
) ∼= proétVnX⊗Z/pn (Ô+

Xproét
/pn).

By definition (see [DLLZ23a, Def. 5.4.1]), we have (λ∗
X kétVnX )⊗Z/pn(Ô+

Xprokét
/pn) ∼=

λ∗
X
(
kétVnX ⊗Zp

(O+
Xkét

/pn)
) ∼= λ∗

X (kétVnX ⊗Zp
O+

Xkét
). By [DLLZ23a, Prop. 5.2.1],

the left-hand side of (2.2.7) is the pullback of Rg∗(kétVnX ⊗ZpO+
Xkét

) via the natural

projection λ : Xproét → Xét. On the other hand, the right-hand side of (2.2.7) is
the pullback of (η∗Rjét,∗ étVn)⊗Zp

O+
Xét

via λ. Hence, it suffices to prove that

Rg∗(kétVnX ⊗Zp O+
Xkét

) ∼= (η∗Rjét,∗ étVn)⊗Zp O+
Xét

.

When Vn is finite, this follows from Proposition 2.2.1 and Huber’s comparison the-
orem [Hub96, Thm. 3.8.1]. In general, we have Rjét,∗ étVn = lim−→M⊂Vn

Rjét,∗ étM ,

with M running through all finite K-stable subgroups of Vn, as usual; and it re-
mains to observe that Rg∗ commutes with filtered colimits, as g : Xkét → Xét is
qcqs, and that tensor product commutes with colimits [Sta, Tag 03EP]. □

https://stacks.math.columbia.edu/tag/03EP
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3. Locally symmetric varieties and automorphic vector bundles

In this section, we study (disjoint unions of) locally symmetric varieties and their
minimal and toroidal compactifications, and explain materials that will be useful
for our study of completed cohomology of Shimura varieties in later sections.

3.1. General setup. We shall consider pairs (H,Y) of the following type.

• H is a connected reductive algebraic group over Q. We shall denote its
center by Z(H), and consider the associated adjoint group Had := H/Z(H).
• Y is a finite disjoint union of Hermitian symmetric domains such that H(R)
acts transitively on Y via its image under H(R) → Had(R), and such that
the neutral component (or identity component ; i.e., the connected compo-
nent containing the identity element) Had(R)+ of Had(R) acts with maximal
compact stabilizer subgroups. (Since Had(R)+ is a connected semisimple
Lie group, this is consistent with the classification of their associated Her-
mitian symmetric domains, which we allow to be trivial when the Lie group
is compact, as in [Hel01]. See also [Del79, Sec. 1.2] and [Mil05, Sec. 1].)

Let y0 ∈ Y be any fixed choice of a point of Y, and let Y+ be the connected
component of Y containing y0. For any group A acting continuous on Y, we shall
denote by A+ the stabilizer Y+ in A; i.e., the subgroup of A consisting of elements of
A stabilizing Y+. In particular, we have H(R)+, the stabilizer of Y+ in H(R), so that
Y+ ∼= H(R)+/K∞ ∼= Had(R)+/Kad

∞ , where K∞ (resp. Kad
∞ , by abuse of notation) is

the stabilizer of y0 in H(R)+ (resp. Had(R)+). By our assumption above, Kad
∞ is a

maximal compact subgroup of Had(R)+. We shall extend this notation system by
adding subscripts “+” to stabilizers of Y+ in other groups acting on Y.

Since the underlying Riemannian symmetric space of Y+ parameterizes Cartan
decompositions, the point y0 ∈ Y+ induces a decomposition

(3.1.1) LieHC
∼→ (Ty0

Y+)−C ⊕ (LieK∞)C ⊕ (Ty0
Y+)+C ,

where (Ty0
Y+)+C (resp. (Ty0

Y+)−C ) is the holomorphic (resp. anti-holomorphic) tan-
gent space of Y+ at y0; and the complex structure of Y+ at the point y0 fixed by
Kad

∞ defines a homomorphism u : U1 := {z ∈ C× : |z| = 1} → Kad
∞ ⊂ Had(R)+ (as

in [Mil05, Thm. 1.21 and Cor. 1.22]), whose complexification gives a homomorphism

(3.1.2) µad : Gm,C → Had
C .

By construction, (3.1.1) is a decomposition into spaces of weights −1, 0, and 1 for
the representation of C defined by the composition of Lieµad : C → LieHad

C with
the canonical splitting LieHad

C
∼= [LieHC,LieHC] ↪→ LieHC; and there are no other

weights. This implies, in particular, that both (Ty0
Y+)+C and (Ty0

Y+)−C are abelian
unipotent Lie subalgebras of LieHC normalized by the adjoint actions of (LieK∞)C.

Let M, N, and Nstd be connected subgroups of HC such that (3.1.1) induce

LieM
∼→ (LieK∞)C, LieN

∼→ (Ty0Y
+)+C , and LieNstd ∼→ (Ty0Y

+)−C . Then

(3.1.3) P := NM ∼= N⋊M and Pstd := MNstd ∼= M⋉Nstd

are two opposite parabolic subgroups with unipotent radicals N and Nstd, respec-
tively; and M is a common Levi subgroup of P and Pstd. In H(C), we have
K∞ = H(R)+ ∩ Pstd(C) = H(R)+ ∩ P(C). Then we also have the following:
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Remark 3.1.4. Given any W in RepC(P) (resp. RepC(P
std)), the action of the

composition of Lieµad with (LieKad
∞ )C ⊂ (LieK∞)C ∼= LieM defines an increasing

(resp. decreasing) filtration on W by subrepresentations of P (resp. Pstd).

Over C, we have two partial flag varieties

(3.1.5) Fl := P\HC and Flstd := HC/P
std,

with natural transitive right and left actions of GC, respectively. (It is a matter of
conventions that we choose to have right and left actions as above. We can easily flip
our choices by taking inverses.) By definition, the assignments of the decomposition
(3.1.1) and of parabolic subgroups to y0 ∈ Y+ are H(R)+-equivariant. Accordingly,
we have the H(R)+-equivariant Borel embedding

(3.1.6) Y+ ↪→ H(C)/Pstd(C) ∼= (Flstd)an

from a Hermitian symmetric domain to its compact dual (cf. [BJ06, Prop. I.5.24]).

Note that it is the complex analytic (Flstd)an that serves as targets of Borel embed-
dings, while the p-adic analytification (i.e., associated adic space) of FlC will serve
as targets of Hodge–Tate period morphisms (to be explained in Section 4.2).

Let Hc be the quotient of H by the minimal subtorus Zs(H) of Z(H) such that
the torus Z(H)◦/Zs(H) has the same split ranks over Q and R. For any closed
algebraic subgroup A of H, we denote its closed (schematic) image in Hc by Ac.
In particular, we have algebraic subgroups Mc, Pc, and Pstd,c of Hc. For ? = ∅
and std, since N? intersects ker(H → Hc) ⊂ Z(H) trivially, the canonical short
exact sequence 1 → N? → P? → M → 1 induces a canonical short exact sequence
1→ N? → P?,c → Mc → 1. Similarly, for any subgroup A of H(R), where R is any
Q-algebra, we denote its image in Hc(R) by Ac. In particular, the image of any
open compact subgroup K ⊂ H(A∞) in Hc(A∞) is denoted by Kc.

3.2. Arithmetic quotients and double coset spaces. Let (H,Y) be any pair
as in Section 3.1, together with Had, Y+, etc introduced there.

Let Γ be any neat arithmetic subgroup of H(Q)+ (see, e.g., [Bor19, 7.11, 17.1,
and 17.3]), whose action on Y+ factors through its image Γad in Had(Q). By [Bor19,
Thm. 8.9, Rem. 8.11, and 17.3], Γad is again a neat arithmetic subgroup. Note that
Γ acts on Y+ via Γad, and the neatness of Γad implies that the finite discrete group
Γad ∩Kad

∞ is trivial, in which case Γad acts freely on Y+. Hence, the quotient

(3.2.1) SanΓ := Γ\Y+ ∼= SanΓad := Γad\Y+

is a complex manifold (which we shall view as a smooth complex analytic space) as
Y+ is. Since H(R) acts on Y via its image in Had(R), the whole center Z(H)(R) acts
trivially and hence lies in H(R)+. Therefore, we have Γad ∼= Γ/

(
Γ ∩ (Z(H)(Q))

)
.

For any open compact subgroup K ⊂ H(A∞), consider the double coset space

(3.2.2) SanK := SanK (H,Y) := H(Q)
∖(

Y ×H(A∞)
)/

K,

where H(Q) acts diagonally on Y × H(A∞) from the left-hand side, and where K
acts only on H(A∞) from the right-hand side. Since H is connected as an algebraic
group over Q, by a special case of weak approximation (see [PR94, Sec. 7.3, Thm.
7.7]), H(Q) is dense in H(R) in the real topology. Consider H(Q)+ := H(Q)∩H(R)+,
which is the stabilizer of Y+ in H(Q). Then we can rewrite (3.2.2) as

(3.2.3) SanK = H(Q)+
∖(

Y+ ×H(A∞)
)/

K.



16 KAI-WEN LAN AND LUE PAN

For each h ∈ H(A∞), let us introduce the subspace

(3.2.4) SanK,h := H(Q)+
∖(

Y+ × (H(Q)+hK)
)/

K

of SanK . Since γhK = hK for γ ∈ H(Q)+ exactly when γ ∈ hKh−1, we can write

(3.2.5) SanK,h = SanΓK,h
= ΓK,h\Y+

instead of (3.2.4), which is a connected topological space as Y+ is, where

(3.2.6) ΓK,h := H(Q)+ ∩ (hKh−1)

is an arithmetic subgroup of H(Q), whose action on Y+ factors through its image

Γad
K,h
∼= ΓK,h

/(
ΓK,h ∩ (Z(H)(Q))

)
∼=

(
H(Q)+ ∩ (hKh−1)

)/(
(Z(H)(Q)) ∩ (hKh−1)

)(3.2.7)

in Had(Q), which is an arithmetic subgroup of Had(Q). For simplicity, when h = 1,
we shall suppress 1 from the notation, and simply write ΓK = ΓK,1 and Γad

K = Γad
K,1.

By [Bor63, Thm. 5.1], #(H(Q)+\H(A∞)/K) < ∞; i.e., there exists a finite set
of representatives {hi}i∈I such that

(3.2.8) H(A∞) =
∐
i∈I

(H(Q)hiK).

By substituting this into (3.2.2), and by using (3.2.5), we obtain disjoint unions

(3.2.9) SanK =
∐
i∈I

SanK,hi
=

∐
i∈I

SanΓK,hi
,

which show that {SanK,hi
}i∈I are the (finitely many) connected components of SanK .

The component labeled by h = 1 is called the neutral component

(3.2.10) S◦,anK := SanK,1 = ΓK\Y+ = Γad
K \Y+.

When K ⊂ H(A∞) is neat as in [Pin89, 0.6], ΓK,hi ⊂ H(Q) and their images
Γad
K,hi

⊂ Had(Q) are neat as in [Bor19, 17.1 and 17.3]. So SanΓK,hi

∼= San
Γad
K,hi

and SanK

are complex manifolds (viewed as smooth complex analytic spaces) as Y+ is. For
simplicity, we will only consider neat levels K’s, unless otherwise stated.

3.3. Locally symmetric varieties and their compactifications. In this sub-
section, we shall simultaneously work with complex manifolds of the forms SanΓ , SanK ,
and SanK,h introduced in Section 3.2. To simplify the exposition, when the statements
apply to all three kinds of manifolds above, we shall write SanΓ , where Γ can stand
for either Γ, or K, or a pair of K and h. Later, when referring to results stated
this way, we shall freely replace Γ with Γ etc depending on the context.

By [BB66] (applied to all connected components), the complex analytic space
SanΓ is Zariski open dense in its so-called Satake–Baily–Borel or minimal compactifi-

cation Smin,an
Γ , which is the analytification of a normal projective variety Smin

Γ (over
C). Hence, SanΓ is the analytification of a (necessarily smooth) quasi-projective
variety SΓ . By [Bor72, Thm. 3.7 and its proof] and GAGA [Ser56], any holomor-

phic map from the analytification of an algebraic variety over C to SanΓ or Smin,an
Γ

uniquely algebraizes, and it follows that the algebraic structures of SΓ and Smin
Γ

are unique. Varieties over C of the form SΓ are called locally symmetric varieties
(although the notion is often reserved for the special case where Γ = Γ).
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When h = 1, we have the neutral components S◦K := SK,1, S
◦,min,an
K := Smin,an

K,1 ,

and S◦,min
K := Smin

K,1. Therefore, the disjoint union (3.2.9) is the analytification of

(3.3.1) SK = SK(H,Y) =
∐
i∈I

SK,hi
=

∐
i∈I

SΓK,hi

(over C), and its minimal compactification

(3.3.2) Smin,an
K := Smin,an

K (H,Y) =
∐
i∈I

Smin,an
K,hi

is the analytification of the canonical normal projective variety

(3.3.3) Smin
K := Smin

K (H,Y) =
∐
i∈I

Smin
K,hi

Remark 3.3.4. When H is simply-connected (and semisimple), H(R) is connected in
the real topology, by [PR94, Sec. 7.2, Prop. 7.6], in which case Y = Y+ is connected,
H(R)+ = H(R), and H(Q)+ = H(Q). Moreover, by strong approximation (see
[PR94, Sec. 7.4, Thm. 7.12]), H(A∞) = H(Q)K, for any open compact subgroup K
of H(A∞). Thus, in (3.2.8), the index set I is a singleton and can be chosen to be
{1}. Therefore, SanK = S◦,anK = ΓK\Y, where ΓK = ΓK,1, is connected as a complex
manifold. This forces SK to be connected as an algebraic variety (over C). In this
case, we have SK = SK,h = SK,1 = S◦K , for all h ∈ H(A∞).

By [AMRT10, Ch. III, Thm. 5.2, and Ch. IV, Thm. 2.2] (again, applied to all
connected components), there is a collection {StorΓ,Σ}Σ of normal projective varieties
called toroidal compactifications—indexed by certain combinatorial data Σ called
(collections of) cone decompositions, and we shall assume that all Σ’s are projec-
tive as in [AMRT10, Ch. IV, Def. 2.1]—such that the canonical open immersion
SΓ ↪→ Smin

Γ with dense image factors through SΓ ↪→ StorΓ,Σ → Smin
Γ , where the first

morphism is a canonical open immersion with dense image, whose (reduced closed)
complement ∂StorΓ,Σ := (StorΓ,Σ − SΓ )red is an effective divisor; and where the second

morphism is proper (and necessarily surjective, by density of SΓ in both its source
and target). The analytifications of all of these are denoted similarly, with addi-
tional superscripts “an”. When Γ is an open compact subgroup K ⊂ H(A∞), any
Σ as above is a collection Σ = {Σh}h∈H(A∞), where each Σh is a cone decomposition
for the component SK,h. Without explaining the meaning of cone decompositions,
let us still summarize the following qualitative facts:

Proposition 3.3.5. (1) For each Σ, the above SanΓ ↪→ Stor,anΓ,Σ and hence its

algebraization SΓ ↪→ StorΓ,Σ are uniquely characterized by the extension prop-

erty defined by Σ as in [AMRT10, Ch. III, Thm. 7.5].
(2) Let

∮
Σ
: StorΓ,Σ → Smin

Γ be the canonical morphism, which is an isomorphism

over the open dense SΓ . Hence, it induces OSmin
Γ

∼→
∮
Σ,∗(OStor

Γ,Σ
), by the

normality of Smin
Γ and Zariski’s main theorem.

(3) SanΓ ↪→ Stor,anΓ,Σ is locally isomorphic to analytifications of affine toroidal em-

beddings as in [KKMSD73, Ch. I], and Σ tells us which affine toroidal em-
beddings are needed in such local descriptions. Concretely, when we work
componentwise with some SanΓ = Γ\Y+ ∼= Γad\Y+ ↪→ Stor,anΓ,Σ (where, by
abuse of notation, Σ means the cone decomposition for this particular com-
ponent), based on [AMRT10, Ch. III], we have the following:
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(a) Let F be a rational boundary component of Y+, which is a subset of

Flstd(C) ∼= H(C)/Pstd(C) (see (3.1.6)) stabilized by a rational par-
abolic subgroup of Had(R)+, by [AMRT10, Ch. III, Prop. 3.6]. By
[AMRT10, Ch. III, Def. 3.12], this (real Lie) subgroup is of the form
Pad
F (R)∩Had(R)+, for a uniquely associated parabolic subgroup Pad

F of
the algebraic group Had over Q. Let Wad

F (resp. Uad
F , resp. Vad

F ) denote
the unipotent radical of Pad

F (resp. center of Wad
F , resp. Wad

F /Uad
F ).

(b) Consider Y+ ↪→ Y+(F) := Uad
F (C) · Y+ in Flstd(C), and Y+(F)′ :=

Y+(F)/Uad
F (C). Then Y+(F)→ Y+(F)′ is canonically a Uad

F (C)-torsor,
and Y+(F)′ → F is canonically a Vad

F (R)-torsor. (See the summary
near the end of [AMRT10, Ch. III, Sec. 4.3].)

(c) Consider Γad
PF

:= Γad ∩ Pad
F (Q) and Γad

UF
:= Γad ∩Uad

F (Q).

(d) Consider Tan
F := Uad

F (C)/Γad
UF
, which is the analytification of an alge-

braic torus TF over C with cocharacter group Γad
UF
. Then Γad

UF
\Y+(F)→

Y+(F)′ is canonically a Tan
F -torsor. We shall denote TF by Γad

TF when
we want to emphasize its dependence on Γad.

(e) Consider the algebraic toroidal embedding TF ↪→ TF,{σα}, where {σα}
is given by Σ and admits an action of Γad

PF
(with a finite number of

orbits). Then the pushout of the Tan
F -torsor Γad

UF
\Y+(F)→ Y+(F)′ via

the analytification Tan
F ↪→ Tan

F,{σα} gives an analytic toroidal embedding(
Γad
UF
\Y+(F)

)
↪→

(
Γad
UF
\Y+(F)

)
×Tan

F Tan
F,{σα} over Y+(F)′.

(f) Finally, form the quotient of
(
Γad
UF
\Y+(F)

)
×Tan

F Tan
F,{σα} → Y+(F)′ → F

by Γad
PF
/Γad

UF
. Then Γad

PF
\F gives a boundary stratum of Smin,an

Γ , and an

open subspace of
(
Γad
PF
/Γad

UF

)
\
((
Γad
UF
\Y+(F)

)
×Tan

F Tan
F,{σα}

)
is what forms

the an open neighborhood in Stor,anΓ,Σ of the preimage of Γad
PF
\F via

the canonical map
∮ an

Σ
: Stor,anΓ,Σ → Smin,an

Γ .

By passing to formal completions of both StorΓ,Σ and ∂StorΓ,Σ, which we can

compare with their analytic analogues, and by Artin’s approximation (see
[Art69, Thm. 1.12, and the proof of the corollaries in Sec. 2]), we see that
SΓ ↪→ StorΓ,Σ is étale locally products of toroidal embeddings of the form
TF ↪→ TF,{σα} with identity morphisms of smooth schemes.

(4) There is a condition on Σ, depending only on the subgroups Γad
UF

of Uad
F (Q)

as in (3c), that ensures that all relevant toroidal embeddings above have
smooth targets, in which case the underlying scheme of StorΓ,Σ is also smooth;

and that ∂StorΓ,Σ is a normal crossings divisor.

(5) The collection Σ is partially ordered by refinements. For any finite num-
ber of given collections of cone decompositions Σi’s, we can find a Σ refining
all of the Σi’s and satisfying any subset of the above conditions.

(6) By (3) and [Ill02, 7.3, (b)–(d)], if we equip StorΓ,Σ with the fs log structure

induced by the divisor ∂StorΓ,Σ, or equivalently the direct image of the trivial

log structure on the open subvariety SΓ , then StorΓ,Σ is log smooth over

C. Then the sheaf of log differentials Ωlog,1
Stor
Γ,Σ

(with the base field C omitted

from notation), which is denoted by ω1
Stor
Γ,Σ/ Spec(C) in [Kat89, (1.7)], and

its exterior powers Ωlog,•
Stor
Γ,Σ

= ∧•Ωlog,1
Stor
Γ,Σ

, are defined. In the top degree d :=
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dimC(Y
+), we have the log canonical bundle Ωlog,d

Stor
Γ,Σ

. When Σ is smooth

and ∂StorΓ,Σ is a normal crossings divisor, we have Ωlog,1
Stor
Γ,Σ

∼= Ω1
Stor
Γ,Σ

(log ∂StorΓ,Σ),

the sheaf of differentials with log poles along ∂StorΓ,Σ. In this case, Ωlog,d
Stor
Γ,Σ

is

the usual log canonical bundle. (This justifies the above terminologies.)

(7) Suppose Σ is smooth. By [Mum77, Prop. 3.4] (and GAGA [Ser56]), Ωlog,•
Stor
Γ,Σ

are the canonical extensions (constructed for more general automor-

phic vector bundles in [Mum77]) of Ω•
SΓ

, and Ωlog,d
Stor
Γ,Σ

descends to an am-

ple line bundle on Smin
Γ , which we shall abusively denote by Ωd

Smin
Γ

and

call the canonical bundle on Smin
Γ . Thus, Ωlog,d

Stor
Γ,Σ

∼=
∮ ∗
Σ
Ωd

Smin
Γ

, and so

(Ωd
Smin
Γ

)⊗m ∼=
∮
Σ,∗

∮ ∗
Σ

(
(Ωd

Smin
Γ

)⊗m
) ∼= ∮

Σ,∗
(
(Ωlog,d

Stor
Γ,Σ

)⊗m
)
, by (2) and the pro-

jection formula, for all m ∈ Z. Since Ωd
Smin
Γ

is ample over the proper scheme

Smin
Γ over Spec(C), we obtain Smin

Γ
∼= Proj

(
⊕m≥0H

0(Smin
Γ , (Ωd

Smin
Γ

)⊗m)
) ∼=

Proj
(
⊕m≥0H

0(StorΓ,Σ, (Ω
log,d
Stor
Γ,Σ

)⊗m)
)
.

(8) The formation of minimal and toroidal compactifications is naturally com-
patible with direct products of the data involved.

3.4. Compatibility with central isogenies.

Lemma 3.4.1. Let ϱ : H1 → H2 be any central isogeny of connected algebraic
groups over Q. Then it induces an isomorphism ϱad : Had

1
∼→ Had

2 . Equivalently,
Z(H1) is the schematic preimage of Z(H2); i.e., Z(H1) ∼= Z(H2)×H2 H1.

Proof. This is well known, but let us still include some explanation, for the con-
venience of the readers. Since the base field Q is of characteristic zero, ϱ is finite
étale. Therefore, we may verify the lemma by base change from Q to any algebraic
closure Q of Q, and compare the points of Z(H1) and Z(H2)×H2 H1 over Q. Since
ϱ is a central isogeny between connected algebraic groups, it is surjective and in-
duces a surjection homomorphism ϱ(Q) : H1(Q) → H2(Q), which maps Z(H1)(Q)
to Z(H2)(Q). Conversely, suppose h0 ∈ (Z(H2)×H2 H1)(Q), or equivalently a point
of H1(Q) mapped to Z(H2)(Q) in H2(Q). Consider the commutator morphism
H1,Q → H1,Q : h 7→ h0hh

−1
0 h−1. Since h0 is mapped to Z(H2)(Q) in H2(Q), the

morphism factors through the discrete ker(ϱ(Q)), or rather the identity, by the
connectedness of H1 (and hence of H1,Q). Thus, h0 ∈ H1(Q), as desired. □

Let Hder denote the derived group of H (see [CGP10, Def. A.1.14] and the ref-
erences there). Then Hder is connected and semisimple. By [CGP10, Cor. A.4.11],
there is a central isogeny Hsc → Hder from a simply-connected connected semisim-
ple algebraic group Hsc, which we shall call the simply-connected cover of Hder,
whose formation is compatible with base change from Q to any extension field. Let
Hsc,ad := Hsc/Z(Hsc) and Hder,ad := Hder/Z(Hder), as in the case of Had = H/Z(H).

Lemma 3.4.2. (1) The canonical homomorphism Hsc,ad → Hder,ad induced by
Hsc → Hder is an isomorphism.

(2) The canonical homomorphism Hder,ad → Had induced by the composition of
Hder → H→ Had is an isomorphism. Equivalently, Z(Hder) = Z(H)∩Hder

in H; i.e., Z(Hder) ∼= Z(H)×H Hder.
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Proof. Again, these are well known, but let us still include some explanations, for
the convenience of the readers. As for (1), it is a special case of Lemma 3.4.1. As for
(2), since Hder is a subgroup of H, we have Z(H) ∩ Hder ⊂ Z(Hder), essentially by
definition. Conversely, since H is reductive, the homomorphism Z(H)× Hder → H
of algebraic groups over Q is surjective, by comparing Lie algebras. Therefore,
H = Z(H) ·Hder, and we obtain Z(Hder) ⊂ Z(H) ∩Hder, as desired. □

In the following constructions, let us assume that the following holds:

Condition 3.4.3. Suppose we have pairs (H1,Y1) and (H2,Y2) as in Section 3.1,
together with a group homomorphism ϱ : H1 → H2 inducing a central isogeny
ϱder : Hder

1 → Hder
2 and, by Lemma 3.4.1, also an isomorphism ϱad : Had

1
∼→ Had

2 .
Suppose we also have a holomorphic map ϱY : Y1 → Y2 equivariant with ϱad(R) :
Had

1 (R) ∼→ Had
2 (R), which necessarily induces an isomorphism from any fixed choice

of a connected component Y+
1 of Y1 to a connected component Y+

2 of Y2.

Construction 3.4.4. Let Γ1 ⊂ H1(Q)+ and Γ2 ⊂ H2(Q)+ be neat arithmetic sub-
groups of H1(Q) and H2(Q), respectively, such that ϱad(Q)(Γad

1 ) ⊂ Γad
2 in Had

2 (Q).

Since Y+
1

∼→ Y+
2 , the canonical morphism [1]anΓ1,Γ2

: SanΓ1
= Γ1\Y+

1 = Γad
1 \Y+

1 →
SanΓ2

= Γ1\Y+
2 = Γad

2 \Y+
2 is finite étale surjective, which uniquely algebraizes to a

finite étale surjective morphism [1]Γ1,Γ2 : SΓ1 → SΓ2 , by [Bor72] and GAGA [Ser56].

Construction 3.4.5. In Construction 3.4.4, suppose moreover that Σ1 and Σ2

are projective cone decompositions for SΓ1
and SΓ2

, respectively, such that Σ1 re-

fines the pullback of Σ2. By comparing the extension properties of Stor,anΓ1,Σ1
and

Stor,anΓ2,Σ2
as in [AMRT10, Ch. III, Thm. 7.5] and by GAGA [Ser56], for ? = ∅

and an, the morphism [1]?Γ1,Γ2
(uniquely) extends to a proper surjective morphism

[1]tor,?(Γ1,Σ1),(Γ2Σ2)
: Stor,?Γ1,Σ1

→ Stor,?Γ2,Σ2
such that S?Γ1

is the open preimage of S?Γ2
.

Construction 3.4.6. Let g ∈ H2(A∞). Let K1 ⊂ H1(A∞) and K2 ⊂ H2(A∞)
be neat open compact subgroups such that ϱ(A∞)(K1) ⊂ gK2g

−1. Then we have
a canonical morphism [g]anK1,K2

: SanK1
= SanK1

(H1,Y1) → SanK2
= SanK2

(H2,Y2) defined
by right multiplication by g, which uniquely algebraize to a canonical morphism
[g]K1,K2 : SK1 = SK1(H1,Y1)→ SK2 = SK2(H2,Y2), by [Bor72] and GAGA [Ser56].
If ϱ is an isomorphism, then [g]K1,K2

and [g]anK1,K2
are surjective.

Construction 3.4.7. In Construction 3.4.6, suppose ϱ(A∞) maps h1 ∈ H1(A∞) to
h2 ∈ H2(A∞). For ? = ∅ and an, the morphism [g]?K1,K2

there induces a finite étale

surjective morphism [g]?(K1,h1),(K2,h2g)
: S?K1,h1

→ S?K2,h2g
, which can be identified

with the morphism [1]?ΓK1,h1
,ΓK2,h2g

: S?ΓK1,h1
→ S?ΓK2,h2g

in Construction 3.4.4.

Consequently, for ? = ∅ and an, the morphism [g]?K1,K2
in Construction 3.4.6 is

also finite étale, because it is a disjoint union of morphisms [g]?(K1,h1),(K2,h2g)
here.

Construction 3.4.8. In Construction 3.4.7, suppose moreover that Σ1 and Σ2 are
cone decompositions for SK1,h1 and SK2,h2g, respectively, such that Σ1 refines the
pullback of Σ2 via [g](K1,h1),(K2,h2g). By Construction 3.4.5, with Γ1 = ΓK1,h1 and

Γ2 = ΓK2,h2g, we see that, for ? = ∅ and an, the morphism [g]?(K1,h1),(K2,h2g)
extends

to a proper surjective morphism [g]?(K1,h1,Σ1),(K2,h2g,Σ2)
: Stor,?K1,h1,Σ1

→ Stor,?K2,h2g,Σ2

such that S?K1,h1
is the open preimage of S?K2,h2g

.
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Construction 3.4.9. In Construction 3.4.6, suppose moreover that Σ1 and Σ2

are cone decompositions for SK1 and SK2 , respectively, such that K1 refines the
pullback of K2 in the sense that Σ1,h1 refines the pullback of Σ2,h2g as in Con-
struction 3.4.8, for each h1 ∈ H1(A∞) mapped to h2 ∈ H2(A∞) via ϱ(A∞). By
applying Construction 3.4.8 to all h1 ∈ H1(A∞), we see that, for ? = ∅ and an,
the finite morphism [g]?K1,K2

in Construction 3.4.6 extends to a proper morphism

[g]?(K1,Σ1),(K2,Σ2)
: Stor,?K1,Σ1

→ Stor,?K2,Σ2
such that S?K1

is the open preimage of S?K2
. For

? = ∅ and an, when [g]?K1,K2
is surjective, so is [g]?(K1,Σ1),(K2,Σ2)

.

Construction 3.4.10. Let (H,Y) be any pair as in Section 3.1. Consider the tower
{SanK }K , indexed by neat open compact subgroups K of H(A∞). For g ∈ H(A∞)
and open compact subgroups K1 and K2 of H(A∞) such that K1 ⊂ gK2g

−1, right
multiplication by g on the second factor of Y×H(A∞) induces [g]anK1,K2

: SanK1
→ SanK2

,

which uniquely algebraizes to [g]K1,K2
: SK1

→ SK2
, as in Construction 3.4.6 (with

(H1,Y1) = (H2,Y2) = (H,Y) and ϱ = IdH in Condition 3.4.3). Since ϱY = IdY, all
morphisms [g]anK1,K2

and hence [g]K1,K2
as above are finite étale surjective, which

compatibly define canonical right H(A∞)-actions on {SK}K , for ? = ∅ and an.

Construction 3.4.11. In Construction 3.4.10, for each g ∈ H(A∞) normalizing
(resp. contained in) a particular K, we have hKg = hgK (resp. hKg = hK), and
hence right multiplication on H(A∞) defines an action (resp. trivial action) of K
on the double coset space SanK = H(Q)+

∖(
Y+ × H(A∞)

)/
K which permutes (resp.

fixes) its connected components SanK,h. Therefore, when K ′ is a normal subgroup of

K, for ? = ∅ and an, the action of K on [1]?K′,K : S?K′ → S?K factors through K/K ′,

fixes the target S?K , and induces actions of K/K ′ on the fibers.

Proposition 3.4.12. In the setting of Construction 3.4.11, let us denote closures
of subgroups of H(A∞) by overlines. Note that K · (Z(H)(Q)) = K · (Z(H)(Q))

and K ∩ (Z(H)(Q)) = K ∩ (Z(H)(Q)), for any open compact subgroup K of H(Q).
Suppose K ′ ⊂ K are neat open compact subgroups of H(A∞). Then, for ? = ∅ and
an, the actions of K/K ′ in Construction 3.4.11 factor through

(3.4.13) K/
(
K ′ · (K ∩ (Z(H)(Q)))

) ∼= (
K · (Z(H)(Q))

)/(
K ′ · (Z(H)(Q))

)
and makes [1]?K′,K : S?K′ → S?K an étale torsor under this finite group (3.4.13).

Proof. Since [1]K′,K is finite étale, it suffices to prove this proposition in the analytic
case. Let us study the fiber of [1]anK′,K : SanK′ → SanK over a double coset H(Q)+(y, h)K

in SanK , where y ∈ Y+ and h ∈ H(A∞). By definition, any member of this fiber is
a double coset H(Q)+(y

′, h′)K ′ in SanK′ , where y′ ∈ Y+ and h′ ∈ H(A∞), such that
y′ = γy and h′ = γhk for some γ ∈ H(Q)+ and k ∈ K. Up to replacing (y′, h′)
with (γ−1y′, γ−1h′), we may assume that y′ = y and h′ ∈ hK, without changing
H(Q)+(y

′, h′)K ′. In particular, K/K ′ acts transitively on the fiber. Since every
γ′ ∈ Z(H)(Q) satisfies (y, h′γ′) = (γ′y, γ′h′) = γ′(y, h′), right multiplication by
γ′ acts trivially on the fiber. Hence, the action of K/K ′ factors through (3.4.13).
If k′, k′′ ∈ K and H(Q)+(y, hk

′)K ′ = H(Q)+(y, hk
′′)K ′, then y = γ′y and hk′ =

γ′hk′′k′′′, for some γ′ ∈ H(Q)+ and k′′′ ∈ K ′. In this case, γ′ ∈ H(Q)+∩(hKh−1) =
ΓK,h. Since K is neat, Γad

K,h acts freely on Y. Since γ′ fixes y, its image in Γad
K,h is

trivial, and hence γ′ ∈ ker(ΓK,h → Γad
K,h) ⊂ Z(H)(Q). Since γ′ ∈ hKh−1, we have

γ′ = h−1γ′h ∈ K. Thus, k′ = h−1γ′hk′′k′′′ = k′′k′′′γ′ ∈ k′′K ′(K ∩ (Z(H)(Q))), and
(3.4.13) acts faithfully (and transitively) on the fiber, as desired. □
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Proposition 3.4.14. Suppose Condition 3.4.3 holds, so that we have the construc-
tions following it. Suppose that (g, Γ1, Γ2) is one of the following:

(A) (1,Γ1,Γ2) for some Γ1 and Γ2 as in Construction 3.4.4;
(B) some (g,K1,K2) as in Construction 3.4.6;
(C) some (g, (K1, h1), (K2, h2g)) as in Construction 3.4.7.

We shall refer to these as Cases (A), (B), and (C), respectively. Then:

(1) The canonical finite étale morphism [g]Γ1,Γ2
: SΓ1

→ SΓ2
of smooth quasi-

projective varieties is surjective in Cases (A) and (C); and, when ϱ is an
isomorphism, also in Case (B).

(2) The morphism [g]Γ1,Γ2 extends to a canonical finite morphism

(3.4.15) [g]min
Γ1,Γ2

: Smin
Γ1
→ Smin

Γ2

of normal projective varieties, which is surjective when [g]Γ1,Γ2
is. Hence,

Smin
Γ1

is the normalization of Smin
Γ2

via SΓ1
→ SΓ2

↪→ Smin
Γ2

, by Zariski’s main
theorem.

(3) If Σ1 and Σ2 are as in Constructions 3.4.5, 3.4.8, and 3.4.9, then the canon-
ical proper morphism [g]tor(Γ1,Σ1),(Γ2,Σ2)

is a log étale morphism of fs log

schemes whose underlying schemes are normal projective varieties, which

is surjective when [g]Γ1,Γ2 is. Hence, [g]tor,∗(Γ1,Σ1),(Γ2,Σ2)
Ωlog,•

Stor
Γ2,Σ2

∼= Ωlog,•
Stor
Γ1,Σ1

.

By the arguments in [KKMSD73, Ch. I, Sec. 3, especially p. 44, Cor. 2], by

the local freeness of Ωlog,•
Stor
Γ2,Σ2

in all degrees, and by the projection formula, it

follows that the canonical (adjunction) morphism

(3.4.16) (Ωlog,•
OStor

Γ2,Σ2

)⊗m → R[g]tor(Γ1,Σ1),(Γ2,Σ2),∗
(
(Ωlog,•

Stor
Γ1,Σ1

)⊗m
)

is an isomorphism (resp. the zero morphism) over the connected components
of StorΓ2,Σ2

that are in (resp. not in) the image of [g](Γ1,Σ1),(Γ2,Σ2), for all

m ∈ Z (with negative tensor powers of ΩOlog,•
Stor
Γ2,Σ2

defined by duality).

(4) If the above Σ1 is exactly the pullback of Σ2, then [g]tor(Γ1,Σ1),(Γ2,Σ2)
is fi-

nite Kummer étale, and StorΓ1,Σ1
is the normalization of StorΓ2,Σ2

via SΓ1 →
SΓ2

↪→ StorΓ2,Σ2
, by Zariski’s main theorem again. (The assumption makes

sense because the pullback Σ1 of a general projective Σ2 is projective. On the
contrary, the pullback Σ1 of a general smooth Σ2 is not necessarily smooth.)

(5) Suppose that one of the following holds:
(A′) (g, Γ1, Γ2) = (1,Γ1,Γ2) is as in Case (A), and ϱad(Q)(Γad

1 ) is a normal
subgroup of Γad

2 , in which case Γ := Γad
2

/(
ϱad(Q)(Γad

1 )
)
;

(B′) (g, Γ1, Γ2) = (1,K1,K2) is as in Case (B), ϱ is an isomorphism,
and ϱ(A∞)(K1) is a normal subgroup of K2, in which case Γ :=

K2/
(
ϱ(A∞)(K1) · (K2 ∩ (Z(H2)(Q)))

)
(cf. (3.4.13)).

In both cases, Γ is a finite group. Then:
(a) The natural action of Γ2 on SΓ1

factors through Γ and makes the finite
étale surjective morphism [1]Γ1,Γ2

: SΓ1
→ SΓ2

an étale torsor under

Γ . In this case, SΓ1
/Γ

∼→ SΓ2
.

(b) The action of Γ on [1]Γ1,Γ2 : SΓ1 → SΓ2 (necessarily uniquely) extends
to the finite surjective morphism [1]min

Γ1,Γ2
: Smin

Γ1
→ Smin

Γ2
in (3.4.15),

and induces Smin
Γ1

/Γ
∼→ Smin

Γ2
.
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(c) If Σ1 and Σ2 are as in (4), then the action of Γ on [1]Γ1,Γ2
: SΓ1

→ SΓ2

(necessarily uniquely) extends to the finite Kummer étale surjective
morphism [1]tor(Γ1,Σ1),(Γ2,Σ2)

: StorΓ1,Σ1
→ StorΓ2,Σ2

, and makes the latter a

Kummer étale torsor under Γ . In this case, StorΓ1,Σ1
/Γ

∼→ StorΓ2,Σ2
. The

actions of Γ on [1]tor(Γ1,Σ1),(Γ2,Σ2)
and [1]min

Γ1,Γ2
are compatible.

Proof. Firstly, (1) follows from Constructions 3.4.4, 3.4.6, and 3.4.7. In the lat-
ter two constructions, if ϱ(A∞)(h1) = h2, then [g]anK1,K2

: SanK1
→ SanK2

maps the
connected component SanK1,h1

= SanΓK1,h1

∼= San
Γad
K1,h1

of SanK1
to SanK2,h2g

= SanΓK2,h2g

∼=
San
Γad
K2,h2g

. Hence, it suffices to prove (2)–(4) in Case (A).

If Σ1 and Σ2 are as in Construction 3.4.5, then [1]tor,an(Γ1,Σ1),(Γ2,Σ2)
: Stor,anΓ1,Σ1

→ Stor,anΓ2,Σ2

is locally given by Γad
1 Tan

F,{σ′
α′}
→ Γad

2 Tan
F,{σα}, in the notation of Proposition 3.3.5(3),

where {σ′
α′} is a refinement of {σα}, for the same rational boundary component

F of Y+
1

∼→ Y+
2 . Note that Γad

1 TF → Γad
2 TF is an isogeny of tori, because the

corresponding homomorphism of cocharacter groups Γad
1 ∩Uad

F (Q)→ Γad
2 ∩Uad

F (Q)
is between two arithmetic subgroups of Uad

F (Q). By passing to formal completions
and by Artin’s approximation as in Proposition 3.3.5(3), [1]tor(Γ1,Σ1),(Γ2,Σ2)

is étale

locally of the form Γad
1 TF,{σ′

α′} →
Γad
2 TF,{σα}, which is étale locally some standard

log étale morphisms as in [Kat89, Prop. 3.4]. Hence, [1]tor(Γ1,Σ1),(Γ2,Σ2)
is log étale as

a morphism of fs log schemes. The remaining statements in (3) then follow.
Up to refining both Σ1 and Σ2, suppose moreover that Σ1 and Σ2 are not only

projective but also smooth. Since Y+
1

∼→ Y+
2 , we have d = dimC(Y

+
1 ) = dimC(Y

+
2 ).

By Proposition 3.3.5(7), we obtain a canonical morphism

Smin
Γ2
∼= Proj

(
⊕m≥0H

0(StorΓ2,Σ2
, (Ωlog,d

Stor
Γ2,Σ2

)⊗m)
)

→ Smin
Γ1
∼= Proj

(
⊕m≥0H

0(StorΓ1,Σ1
, (Ωlog,d

Stor
Γ1,Σ1

)⊗m)
)(3.4.17)

which is necessarily proper and pulls Ωd
Smin
Γ2

back to Ωd
Smin
Γ1

. Since the ample line

bundle Ωd
Smin
Γ2

on Smin
Γ2

pulls back to the ample line bundle Ωd
Smin
Γ1

on Smin
Γ1

, this

proper morphism (3.4.15) is quasi-affine and hence finite. Since any finite number
of cone decompositions admit a common projective smooth refinement, it follows
from (3.4.16) that the morphism (3.4.17) is independent of the choices of Σ1 and
Σ2. Thus, (3.4.17) gives the desired finite morphism (3.4.15), and the remaining
statements in (2) are self-explanatory.

Again assuming that Σ1 and Σ2 are projective but not necessarily smooth, if Σ1

is exactly the pullback of Σ2, then [1]tor(Γ1,Σ1),(Γ2,Σ2)
is locally given by Γad

1 Tan
F,{σα} →

Γad
2 Tan

F,{σα}, as before, but with the same {σα} on both sides. In this case, since

[1]tor,an(Γ1,Σ1),(Γ2,Σ2)
has finite fibers, the proper morphism [1]tor(Γ1,Σ1),(Γ2,Σ2)

is quasi-finite

and hence finite. By Artin’s approximation for pullbacks of the finite morphism to
formal completions on the target, [1]tor(Γ1,Σ1),(Γ2,Σ2)

is étale locally on the target of the

form Γad
1 TF,{σα} → Γad

2 TF,{σα}, which is étale locally on the target some standard log
étale morphisms as in [Kat89, Prop. 3.4] associated with Kummer homomorphisms
of monoids as in [Ill02, 1.4]. Thus, [1]tor(Γ1,Σ1),(Γ2,Σ2)

is finite Kummer étale as a

morphism of fs log schemes, and the remaining statements in (4) follow.
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Finally, in the setting of (5), the statements in (5a) are self-explanatory in Case
5, and follow from Proposition 3.4.12 in Case 5. As for (5b) and (5c), the action
of Γ extends to the minimal and toroidal compactifications and have the desired
properties by taking normalizations and resorting to Zariski’s main theorem, as in
the last sentences of (2) and (4). The extended actions of Γ to the compactifications
are necessarily unique and compatible with each other, because they are determined
by their restrictions to [1]Γ1,Γ2

: SΓ1
→ SΓ2

by density. □

Remark 3.4.18. A useful special case of Case (B) of Proposition 3.4.14 is when
H1 is semisimple and simply-connected, so that H1 = Hder

1 = Hsc
1 . Then Y1 = Y+

1 ,
H1(R)+ = H1(R), H1(Q)+ = H1(Q), and SK1 = SK1,h1 = S◦K1

, for all h1 ∈ H1(A∞),
as explained in Remark 3.3.4. In this case, we can study SK1 and its compactifica-
tions as in Section 3.3, and deduce results for SK2,h2

for all h2 ∈ H2(A∞), including
S◦K2

= SK2,1, and their compactifications.

Remark 3.4.19. In Case (B) of Proposition 3.4.14, if we assume that H1 is semisim-
ple and simply-connected, as in Remark 3.4.18; that the central isogeny ϱder :
Hder

1 → Hder
2 is an isomorphism; and that K1 = ϱ(A∞)−1(gK2g

−1). Then we ob-
tain an isomorphism [g]K1,K2 : SK1,h1 → SK2,h2g of connected components, which
is the restriction of the open-and-closed immersion [g]K1,K2

: SK1
→ SK2

from the
connected SK1

into the whole (generally disconnected) SK2
.

By Case (B) in Proposition 3.4.14, in the setting in Construction 3.4.10, we have:

Corollary 3.4.20. The tower {SK}K in Construction 3.4.10, with its canonical
H(A∞)-action given by finite étale surjective morphisms as in Proposition 3.4.14(1),
admits a tower of minimal compactifications {Smin

K }K , which are normal projective
varieties, with a canonical right H(A∞)-action extending that on {SK}K , given by
finite surjective morphisms as in Proposition 3.4.14(2). It also admits a double
tower of toroidal compactifications {StorK,Σ}(K,Σ), which are projective normal vari-

eties, with a canonical right H(A∞)-action compatible with those on {SK}K and
{Smin

K }K , given by proper log étale morphisms (resp. finite Kummer étale) as in
Proposition 3.4.14(3) (resp. (4)), when cone decompositions on the sources refine
(resp. are exactly) the pullbacks of those on the targets.

Corollary 3.4.21. In the setting of Corollary 3.4.20, given any neat open compact
subgroup K of H(A∞), and any normal subgroup K0 of K, the canonical action of
K on the tower {SK′}K0⊂K′⊂K (resp. {StorK′,Σ′}K0⊂K′⊂K) indexed by open subgroups

K ′ of K containing K0 (where Σ′ abusively denotes the pullback of Σ for each level
K ′) factors through a faithful action of the following quotient group

(3.4.22) K/
(
K0 ·

(
K ∩ (Z(H)(Q))

)) ∼= (
K · (Z(H)(Q))

)/(
K0 · (Z(H)(Q))

)
,

where overlines denote closures of subgroups of H(A∞) as in Proposition 3.4.12.

Proof. Note that

K0 ·
(
K ∩ (Z(H)(Q))

)
= ∩K0⊂K′⊂KK ′ ·

(
K ∩ (Z(H)(Q))

)
= ∩K0⊂K′⊂KK ′ ·

(
K ∩ (Z(H)(Q))

)
and

K0 · (Z(H)(Q)) = ∩K0⊂K′⊂K

(
K ′ · (Z(H)(Q))

)
.

Then the assertions follow from Proposition 3.4.14(5) and Corollary 3.4.20. □
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Example 3.4.23. Let Kp ⊂ H(A∞,p) and Kp ⊂ H(Qp) be open compact subgroups.
In Corollary 3.4.21, let K0 = Kp and K = KpKp. Then (3.4.22) becomes

(3.4.24) (KpKp)/
(
Kp ·

(
(KpKp) ∩ (Z(H)(Q))

))
.

This is consistent with [Del79, 2.1.9] in the setting of Shimura varieties (which we

shall consider later in Section 4.1). In [RC22, Sec. 4.1], this is denoted by K̃p, with
H and Z(H) here denoted by G and Z there, respectively.

Remark 3.4.25. Since Z(H)◦/Zs(H) has the same split ranks over Q and R, the
closure Z(H)(Q) of Z(H)(Q) in Z(H)(A∞) (and hence in H(A∞)) is contained in

Zs(H)(A∞). Thus, we have surjections K ↠ K/(K ∩ (Z(H)(Q))) ↠ Kc, where

K/(K ∩ (Z(H)(Q))) is as in (3.4.22) (with K0 = {1} in the notation there).

3.5. Automorphic vector bundles and their canonical extensions. Let (H,Y)
be any pair as in Section 3.1, and let Γ be as in Section 3.3, so that SΓ and its
minimal and toroidal compactifications are defined.

Recall that, by our convention, RepC(P
std,c) and RepC(M

c) denote the cate-
gories of finite-dimensional representations of Pstd,c and Mc, respectively, over C.
Each W ∈ RepC(P

std,c) defines a HC-equivariant vector bundle on Flstd whose an-
alytification pulls back via (3.1.6) to Y+, naturally descends to a vector bundle on
any SanΓ we consider, and canonically algebraizes to a vector bundle on SΓ , called
the automorphic vector bundle associated with W . Moreover, by Remark 3.1.4,
W is equipped with a canonical decreasing filtration Fil•W by subrepresentations
of Pstd,c. By abuse of notation, we shall denote by W all of these vector bundles
(including their analytifications) associated with W in RepC(P

std,c), and denote
the filtrations on them by Fil• = Fil• W . The assignment W 7→ (W,Fil•) defines
a tensor functor from RepC(P

std,c) to the category of filtered vector bundles over
SΓ . For each (projective) cone decomposition Σ for SK , the analytic (W,Fil•) on

SanΓ admits a canonical extension (W can,Fil•) over Stor,anΓ,Σ , which algebraizes by

GAGA [Ser56] to a vector bundle which we still denote by (W can,Fil•) over StorΓ,Σ,

whose restriction to SΓ is the above algebraic (W,Fil•). (See [Har89, Thm. 1.4.1
and 4.2] for the above statements in the context of Shimura varieties, which we
will introduce later in Section 4.1. The arguments in the proofs there apply here,
because they are over individual connected components and use nothing more than
general properties of locally symmetric varieties.) We shall say that the algebraic
(W can,Fil•) over StorΓ,Σ is the canonical extension of the algebraic (W,Fil•) over

SΓ . When the context is clear, we will often suppress Fil• from the notation. For
W ∈ RepC(M

c), we shall view it as a representation of Pstd,c via the canonical
homomorphism Pstd,c → Mc, and all the above still applies.

Remark 3.5.1. It follows immediately from the characterizing property of canonical
extensions as in [Har89, (4.1.1)] that the formation of canonical extensions as above
is compatible with all morphisms between toroidal compactifications in Proposition
3.4.14(3). See [Har89, 4.3.1, 4.3.2, and 4.3.3] for some explicitly stated cases.

Remark 3.5.2. As in Proposition 3.3.5(7) (based on [Mum77, Prop. 3.4]), for W =
LieNstd in RepC(M) (with adjoint action), we have LieNstd ∼= Ω1

SΓ
over SΓ , which

extends to (LieNstd)can ∼= Ωlog,1
Stor
Γ,Σ

∼= Ω1
Stor
Γ,Σ

(log ∂StorΓ,Σ) over S
tor
Γ,Σ when Σ is smooth.

For V ∈ RepC(G
c), the filtered vector bundle (V can,Fil•) associated with the

restriction V |Pstd,c as above admits the additional structure of a canonical integrable
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log connection ∇ : V can → V can⊗OStor
Γ,Σ

Ωlog,1
SΓ,Σ

satisfying Griffiths transversality; i.e.,

∇(Fil•) ⊂ (Fil•−1)⊗OStor
Γ,Σ

Ωlog,1
SΓ,Σ

. By restriction to SΓ , we obtain a canonical integral

connection ∇ with regular singularity (still satisfying Griffiths transversality). In
order to emphasize that such constructions are meant to be useful for studying the
de Rham cohomology, we shall denote by (dRV ,∇,Fil•) and (dRV

can,∇,Fil•) the
associated filtered connections and log connections, respectively.

Remark 3.5.3. By [Har89, (4.2.2)], the above (dRV
can,∇) above is canonically iso-

morphic to the canonical extension of (dRV ,∇) introduced by Deligne in [Del70].

3.6. Automorphic line bundles of positive parallel weights. Let us continue
with the setting of Section 3.5. Let Hsc be the simply-connected cover of Hder, as
in Section 3.3. Let Hder,c abusively denote the image of Hder in Hc.

Construction 3.6.1. By Lemma 3.4.2, we have central isogenies Hsc → Hder →
Hder,c → Had. Let us abusively and temporarily denote (in this subsection) the
induced central isogenies of Levi subgroups by Msc → Mder → Mder,c → Mad.

Construction 3.6.2. Since Hsc is connected, semisimple, and simply-connected,
it decomposes into a product Hsc ∼=

∏
j∈J Hj of its Q-simple factors. Accordingly,

Y+ ∼=
∏

j∈J Y+
j , and each (Hj ,Y

+
j ) is still a pair as in Section 3.1. By Lemma

3.4.2, we have a compatible product Had ∼=
∏

j∈J Had
j of adjoint quotients.

Construction 3.6.3. For each j ∈ J (as above), denote by Mj, Nstd
j , etc the

respective pullbacks of the subgroups M, Nstd, etc of HC to Hj,C; and abusively
denote by Mad

j the pullback of the (abusively denoted) subgroup Mad of Had (as in

Construction 3.6.1) to Had
j . The adjoint action of M on Nstd factors through Mc and

Mad (because ker(M → Mc) ⊂ ker(M → Mad) = Z(H) by definition) and defines
LieNstd in RepC(M

c) and RepC(M
ad), which pulls back to LieNstd

j in RepC(Mj)

and RepC(M
ad
j ), for each j ∈ J . (We have similar statements with “std” omitted.)

Definition 3.6.4. We say an irreducible W in RepC(M
c) or RepC(P

std,c) is of
positive parallel weight if, for each j ∈ J (as above), and for some (and equivalently
every) choice of maximal torus Tj of Mj , one weight of the pullback Wj of W to
RepC(Mj) (with respect to Tj) is a positive multiple of the weight of det(LieNstd

j ).

Remark 3.6.5. By the theory of highest weights, the condition in Definition 3.6.4
forces Wj , for all j ∈ J , and hence W to be one-dimensional representations. In

this case, there exist aj , bj ∈ Z≥1 such that W
⊗aj

j
∼= det(LieNstd

j )⊗bj , for all j ∈ J .

Proposition 3.6.6. Let W ∈ RepC(M
c) be irreducible of positive parallel weight,

as in Definition 3.6.4, which is necessarily one-dimensional, by Remark 3.6.5. Let∮
Σ
: StorΓ,Σ → Smin

Γ be as in Proposition 3.3.5(2). Let W over SΓ and W can over StorΓ,Σ

be automorphic line bundles as in Section 3.5. (We shall omit “⊗” when denoting
tensor powers of line bundles.) Then there exists m0 ∈ Z≥1 such that (W can)m0 ∼=∮ ∗
Σ
L for some ample line bundle L on Smin

Γ . In this case, W can is semiample, and
there exists (by general theory) some r ∈ Z≥1 such that Lr is very ample, so that
(W can)m is globally generated over StorΓ,Σ for all positive multiples m of rm0, and

so that the induced morphism ϕm : StorΓ → PH0(StorΓ,Σ, (W
can)m) ∼= PH0(Smin

Γ , L
m
m0 )

factors through
∮
Σ

and the canonical closed immersion Smin
Γ ↪→ PH0(Smin

Γ , L
m
m0 ).

In particular, ϕm|SΓ
is an immersion as

∮
Σ
|SΓ

is, and W is ample over SΓ .
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Proof. This is essentially [Lan16, Lem. 3.2], up to some minor changes of notation
and conventions. But let us spell out the details, for the sake of clarity.

By working over connected components, it suffices to prove Proposition 3.6.6
in the special case where Γ = Γ is a neat arithmetic subgroup of H(Q)+. By
Proposition 3.4.14(3), we may also replace Σ with any projective smooth refinement.

By Remark 3.6.5, there exists m0 ∈ Z≥1 such that W⊗m0
j

∼= det(LieNstd
j )⊗cj ,

for some cj ∈ Z≥1, which can be viewed as a representation in RepC(M
ad
j ), for

each j ∈ J . Let Γad
j denote the image of Γad in Had

j (Q)+, and let Σj be any

projective smooth cone decomposition for SΓad
j

= Γad
j \Y

+
j , for each j ∈ J . Consider

Γ :=
∏

j∈J Γad
j ⊂ Had(Q)+ and the cone decomposition Σ :=

∏
j∈J Σad

j for SΓ. Let

Σ be any (projective) refinement of the pullback of Σ to SΓ. By Propositions 3.3.5
and 3.4.14, and by Remark 3.5.2, we have a commutative diagram

StorΓ,Σ

[1]tor
(Γ,Σ),(Γ,Σ)

//∮
Σ
��

Stor
Γ,Σ

∼= //∮
Σ
��

∏
j∈J Stor

Γad
j ,Σad

j∏
j∈J

∮
Σad

j
��

Smin
Γ

[1]min
Γ,Γ

finite
// Smin

Γ

∼= //
∏

j∈J Smin
Γad
j
,

together with canonical isomorphisms of line bundles

(W can)⊗m0 ∼= [1]tor,∗
(Γ,Σ),(Γ,Σ)

(
⊗j∈J

(
(Stor

Γ,Σ
→ StorΓad

j ,Σad
j
)∗(det(LieNstd

j )
can

)⊗cj
))

∼= ⊗j∈J

(
(StorΓ,Σ → StorΓad

j ,Σad
j
)∗(Ω

log,dj

Stor

Γad
j

,Σad
j

)⊗cj
)

∼= ⊗j∈J

(
(StorΓ,Σ → StorΓad

j ,Σad
j
)∗

∮ ∗
Σad

j
(Ω

dj

Smin
Γj

)⊗cj
) ∼= ∮ ∗

Σ
L,

where L := (Smin
Γ → Smin

Γ
)∗
(
⊗j∈J

(
(Smin

Γ
→ Smin

Γad
j
)∗(Ω

dj

Smin
Γj

)⊗cj
))

is ample over Smin
Γ

because each of Ω
dj

Smin
Γj

is ample over Smin
Γad
j
, by Proposition 3.3.5(7), as desired. □

When we apply Proposition 3.6.6 later in Section 5, we will want the ratios
bj
aj

in Remark 3.6.5 to be as small as possible. Let us introduce the following:

Condition 3.6.7. Hder,c is simply-connected.

Since the canonical homomorphism Hder → Hder,c is a central isogeny, our as-
sumption forces Hder to be also simply-connected. Then we have the following:

Proposition 3.6.8. Suppose Condition 3.6.7 holds. Then there exists an irre-
ducible W0 ∈ RepC(M

c) of positive parallel weight such that, for each j ∈ J , the

pullback W0,j ∈ RepC(Mj) of W0 satisfies W
⊗h∨

j

0,j
∼= det(LieNstd

j ), where h∨
j ∈ Z≥1

is the dual Coxeter number for the root system associated with any C-simple
factor of the complex semisimple Lie algebra LieHj,C (and any choice of Cartan
subalgebra). (Since Hj is Q-simple, this h∨

j is well defined, because the C-simple
factors of LieHj,C are all abstractly isomorphic to each other.) For each j ∈ J , this

ratio 1
h∨
j
is the smallest among all

bj
aj

such that there exists some Wj ∈ RepC(Mj)

such that W
⊗aj

j
∼= det(LieNstd

j )⊗bj for some aj , bj ∈ Z≥1 (cf. Remark 3.6.5).

Proof. This follows from [Lan16, Thm. 3.8]. □
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4. Geometric Sen theory for towers of Shimura varieties

In this section, we collect some known results about the p-adic geometry of
towers of Shimura varieties, notably the differential equation satisfied by the locally
analytic functions at the infinite level. This is a consequence of some calculation of
the canonical Higgs field for towers of Shimura varieties, which was first discovered
by the second author in the case of modular curves [Pan22] and in general done by
Juan Esteban Rodŕıguez Camargo [RC22].

4.1. Shimura varieties and their compactifications. Let (G,X) be a Shimura
datum. In particular, G is a connected reductive group over Q, and X is a conjugacy
class of homomorphisms

(4.1.1) h : ResC/R Gm,C → GR

satisfying a list of axioms, which imply that the pair (G,X) satisfies the assump-
tions in Section 3.1. (See, e.g., [Del79, 2.1.1], [Mil05, Def. 5.5 and Cor. 5.8], or
[Lan, Sec. 2.3]. See also other parts of these references for many standard facts
we review below.) In particular, we have the associated double coset spaces, their
minimal compactifications, their toroidal compactifications, and the canonical alge-
braizations of all of these, as in Sections 3.2 and 3.3, and they enjoy the properties
we have shown in Sections 3.4–3.6. We shall change the notation from SK etc to
ShK,C etc in this subsection. By the theory of canonical models, ShK,C admits
a canonical model ShK over a number field E ⊂ C, called the reflex field of the
Shimura datum (G,X). We shall call ShK the canonical model of the Shimura vari-
ety associated with (G,X) at level K. For simplicity, we shall also call various base
changes of ShK and their analytifications Shimura varieties. The precise meaning
of our terminologies should be clear in the context.

By [Pin89, 12.4], for a cofinal system of choices of Σ’s for ShK,C, the correspond-

ing toroidal compactifications ShtorK,Σ,C also admit canonical models ShtorK,Σ over E,
and we shall call these the toroidal compactifications of ShK . Without reviewing
the conditions on Σ’s in [Pin89, 12.4] in detail, let us just note the following:

Remark 4.1.2. Given any projective Σ for ShK , its pullback Σ′ to any higher level
K ′ ⊂ K (which is, a priori, just for ShK′,C) also qualifies as a projective cone

decomposition for ShK′ , so that ShtorK′,Σ′ is defined.

Each h ∈ X as in (4.1.1) induces a homomorphism hC : Gm,C × Gm,C → GC,
whose restriction to the first factor defines the so-called Hodge cocharacter

(4.1.3) µh : Gm,C → GC

(over C). Essentially by the definition of a Shimura datum, the composition of
(4.1.3) with the adjoint action of GC on LieGC induces the same decomposition
as in (3.1.1), and the composition of (4.1.3) with the canonical homomorphism
GC → Gad

C recovers the µad (defined by y0 = h0 ∈ X+) in (3.1.2). Hence, we can
define M, N, Nstd, P, and Pstd as in (3.1.3) and the sentences preceding it; and

define Fl := P\GC and Flstd := HC/P
std as in (3.1.5).

Remark 4.1.4. The reflex field E is the field of definition of the conjugacy class of
µh, and both Fl and Flstd naturally have models over E because of this.
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Remark 4.1.5. Given a representation W in RepC(P) (resp. RepC(P
std)), the action

of Lieµh defines an increasing (resp. decreasing) filtration Fil• on W by subrepre-
sentations of P (resp. Pstd). However, the numbering of this filtration might differ
from one defined by Lieµad in Remark 3.1.4 by a shifting, because the composition
of Lieµad with (LieKad

∞ )C ⊂ (LieK∞)C ∼= LieM might differ from Lieµh by a
nonzero homomorphism from C to LieZ(GC) ∼= ker(LieGC → LieGad

C ).

Remark 4.1.6. Everything in Sections 3.5–3.6, including importantly Propositions
3.6.6 and 3.6.8, specializes to the setting of Shimura varieties. We shall use the
same notation W , W can, etc, without further explanation.

In the remainder of this Section 4, we fix a neat open compact subgroup K =
KpKp of G(A∞), with Kp ⊂ G(A∞,p) and Kp ⊂ G(Qp). Moreover, we fix a pro-

jective smooth cone decomposition Σ for ShK , and we shall write ShtorK = ShtorK,Σ,
without emphasizing the choice of Σ. By Remark 4.1.2, for each open subgroup
K ′ ⊂ K, the pullback Σ′ to level K ′ is projective (but not necessarily smooth),
and we shall similarly write ShtorK′ = ShtorK′,Σ′ , without emphasizing Σ′. By Corol-
lary 3.4.20, the tower {ShKpK′

p
}K′

p
indexed by open subgroups K ′

p of Kp, together

with its canonical Kp-action, extends to a tower {ShtorKpK′
p
}K′

p
; and the transition

morphisms of this latter tower are finite Kummer étale surjective morphisms. Let

K̃p be the quotient of Kp given by (3.4.24) (with H there replaced with G here).
By Corollary 3.4.21, the canonical actions of Kp on the towers {ShKpK′

p
}K′

p
and

{ShtorKpK′
p
}K′

p
factor through faithful actions of K̃p. (In other words, K̃p is the image

of Kp in the automorphism groups of these towers.)

4.2. Hodge–Tate period morphisms. Now let us make the transition to p-adic
geometry. Let C be the p-adic completion of an algebraic closure of Qp. From now

on, we fix an isomorphism ι : C ∼→ C, whose restriction to E ⊂ C induces an em-
bedding E ↪→ C and hence a p-adic place v of E. Let Ev denote the corresponding
extension of Qp. We shall denote by ShK,Ev

etc (resp. ShK,C etc) the base changes
of ShK etc to Ev (resp. C). Note that these base changes (and therefore the con-
structions in the remainder of section) depend on ι. We shall denote by ShK (resp.
SK) the adic space associated with ShK,Ev

(resp. ShK,C) over Spa(Ev,OEv
) (resp.

Spa(C,OC)), and similarly denote other analytifications. Then we have compat-
ible towers {ShKpK′

p
}K′

p
and {ShtorKpK′

p
}K′

p
over Spa(Ev,OEv

), which base change

to compatible towers {SKpK′
p
}K′

p
and {StorKpK′

p
}K′

p
over Spa(C,OC). Note that

{ShKpK′
p,C
}K′

p
satisfies the requirement as a K̃p-torsor over ShK,C in Construction

2.1.3, and ShK,C ↪→ ShtorK,C satisfies the requirement for j in Construction 2.2.2.

By [DLLZ23a, Ex. 2.3.17], each ShtorKpK′
p
has a natural fs log structure defined

by its boundary ∂ShtorKpK′
p
divisor. By comparing étale local descriptions of log

smooth and log étale morphisms in the algebraic setup in [Kat89] with those in
the p-adic analytic setup in [DLLZ23a], we see that the transition morphisms
of the tower {ShtorKpK′

p
}K′

p
are finite Kummer étale surjective morphisms. Hence,

lim←−K′
p⊂Kp

ShtorKpK′
p
is a K̃p-torsor which defines a pro-Kummer étale cover of ShtorK in

ShtorK,prokét. By base change to Spa(C,OC), we obtain a K̃p-torsor lim←−K′
p⊂Kp

StorKpK′
p
,

which defines a pro-Kummer étale cover of StorK in StorK,prokét.
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This last K̃p-torsor over Spa(C,OC) has an underlying topological space

StorKp
:= lim←−

K′
p⊂Kp

|StorKpK′
p
|

equipped with the inverse limit topology, where |StorKpK′
p
| denotes the underlying

topological space of StorKpK′
p
. Concretely, the topology of StorKp has a basis consisting

of π−1
K′

p
(U) = lim←−K′′

p ⊂K′
p

|(StorKpK′′
p
→ StorKpK′

p
)−1(U)|, with K ′

p an open subgroup of

Kp and U an affinoid open subspace of StorKpK′
p
, where πK′

p
: StorKp → |StorKpK′

p
| denotes

the natural projection morphism. There is a natural continuous action of Kp on

StorKp which factors through the quotient K̃p.

Definition 4.2.1. We define the sheaf Ô+
S := Ô+

Stor
Kp

on StorKp to be the restric-

tion of the integral completed structure sheaf Ô+
Stor
K,prokét

to the underlying topo-

logical space of lim←−K′
p⊂Kp

StorKpK′
p
, and define ÔS := ÔStor

Kp
:= Ô+

Stor
Kp

[ 1p ]. Explicitly,

Ô+
S sends any lim←−K′′

p

|π−1
K′′

p ,K′
p
(U)| as above to Ô+

Stor
K,prokét

(lim←−K′′
p

π−1
K′′

p ,K′
p
(U)), where

lim←−K′′
p

π−1
K′′

p ,K′
p
(U) is viewed as an object in the pro-Kummer étale site StorK,prokét.

There is a similar description of ÔS in terms of the completed structure sheaf

ÔStor
K,prokét

. Both sheaves are K̃p-equivariant, and there is a natural morphism of

ringed sites πKp
: (StorKp , ÔS)→ (StorK ,OStor

K
).

Remark 4.2.2. Intuitively, we think of the ringed site (StorKp , ÔS) as a “Shimura
variety of infinite level at p”. One caveat is that, while this ad hoc definition will
be enough for our purpose, the definition of the structural sheaf here might not be
the most correct one in general. From the point of view of perfectization in [Bha,
Sec. 4.1], it is unclear whether there should be some derived structure on the sheaf

ÔS , unless we know that lim←−K′
p⊂Kp

StorKpK′
p
is perfectoid.

It was first observed by Scholze in [Sch15] that any Hodge-type Shimura va-
riety of finite level at p has a Hodge–Tate period morphism towards the associ-
ated flag variety, which played a fundamental role in his study of the p-adic ge-
ometry of Shimura varieties. (See [PS16, Lan22] for the analogous statement for
toroidal compactifications.) Using Diao–Lan–Liu–Zhu’s work on (p-adic) logarith-
mic Riemann–Hilbert correspondence and its comparison with Deligne’s (complex)
Riemann–Hilbert correspondence on all Shimura varieties (see [DLLZ23b, Thm.
1.5]), one can define Hodge–Tate period morphism for general Shimura varieties
(cf. [RC22, Thm. 4.2.1]). To state the result, we introduce some notation.

Let Fℓ denote the adic space associated with the partial flag variety FlC =
PC\GC (cf. (3.1.5)). From this quotient expression, with any representation W
of PC , increasingly filtered as in Remark 4.1.5, we can canonically associate an
increasingly filtered GC-equivariant vector bundle (WFlC

,Fil•) on FlC . By (p-adic)
analytification, we obtain the associated (increasingly) filtered G(C)-equivariant
vector bundle (WFℓ,Fil•) on Fℓ. The assignment W 7→ (WFℓ,Fil•) defines a tensor
functor from RepC(PC) to the category of increasingly filtered vector bundles on
Fℓ. Such a construction extends naturally to representations of quotient (algebraic)
groups of PC , including, in particular, Pc

C , MC , and Mc
C .
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As in Remark 4.1.6, with each W ∈ RepC(P
std,c), we also have an associated

(decreasingly) filtered vector bundle (W,Fil•) over ShK,C, together with its canoni-

cal extension (W can,Fil•) over ShtorK,C. By using the chosen isomorphism ι : C ∼→ C,

and by p-adic analytification, we obtain a filtered vector bundle (Wcan,Fil•) on

StorK . The assignment W 7→ (Wcan,Fil•) defines a tensor functor from RepC(P
std,c
C )

to the category of decreasingly filtered vector bundles on StorK .

Theorem 4.2.3. There is a Kp-equivariant morphism of ringed sites

πtor
HT : (StorKp , ÔS)→ (Fℓ,OFℓ),

called the Hodge–Tate period morphism, such that, for each W ∈ RepC(M
c),

there is a Kp-equivariant isomorphism of locally free ÔS-modules

πtor,∗
HT (WFℓ)

∼→ π∗
Kp

(Wcan).

Moreover, πtor
HT is deduced from a Kp-equivariant morphism (StorKp , Ô+

S )→ (Fℓ,O+
Fℓ)

by inverting p.

Remark 4.2.4. To make the isomorphism also equivariant with respect to the action
of local Galois group of Ev, one needs to put appropriate Tate twists by the Hodge
cocharacter µh in the isomorphism (cf. [RC22, Thm. 4.2.1] and also Remark 4.1.5).

Proof of Theorem 4.2.3. This is essentially [RC22, Thm. 4.2.1]. See also [BP21,
Thm. 4.4.40]. Let us still give a sketch here. As explained in [DLLZ23b, Sec.

5.2], any finite-dimensional V ∈ RepQp
(Gc), viewed as a representation of K̃p via

K̃p → Kc
p ⊂ Gc(Qp), defines an (automorphic) Qp-étale local system étV on ShK ,

which has unipotent geometric monodromy along the boundary (in any toroidal
compactification) and is de Rham by [LZ17, Thm. 1.2]. Therefore, by extending

étV to a Kummer étale Qp-local system kétV over ShtorK , by applying the algebraized

p-adic logarithmic Riemann–Hilbert functor Dalg
dR,log as in [DLLZ23b, Sec. 4.1], and

by base change from Ev to C, we obtain a filtered log connection over ShtorK,C . By
[DLLZ23b, Thm. 5.3.1], this last filtered log connection is canonically isomorphic
to (dRVC

can,∇,Fil•) ⊗C,ι C, where VC := V ⊗Qp,ι−1 C and (dRVC
can,∇,Fil•) is as

in the last paragraph of Section 3.5. Moreover, such canonical isomorphisms are
compatible with tensor products and duals. In the following, we shall denote by
(Vcan,∇,Fil•) the (p-adic) analytification of (dRVC

can,∇,Fil•)⊗C,ιC over StorK . Let

prokétV denote the pullback of kétV to ShtorK,prokét. (Its further pullback to StorK,prokét

is the prokétV Stor
K

constructed in Construction 2.2.2.) Since étV is de Rham and has

unipotent geometric monodromy along the boundary, prokétV on ShtorK,prokét and

(Vcan,∇,Fil•) are associated in the sense that there is a natural isomorphism

prokétV ⊗Qp OBdR,log
∼= Vcan ⊗OShtor

K

OBdR,log

over ShtorK,prokét, which is compatible with filtrations and log connections on both
sides (see the paragraph preceding [DLLZ23b, Sec. 3.5] and the notation for period
sheaves there). For simplicity, let us write X = ShtorK,prokét. Similar to [Sch13a,

Prop. 7.9], one defines an increasing Hodge–Tate filtration on prokétV ⊗Qp
ÔX using

the relative position of the B+
dR-latticesM = prokétV⊗Qp

B+
dR andM0 = (dRV⊗OShtor

K

OB+
dR,log)

∇=0 in prokétV ⊗Qp BdR; i.e.,

Fil−j(prokétV ⊗Qp
ÔX) := (M ∩ FiljM0)/(Fil

1M ∩ FiljM0),



32 KAI-WEN LAN AND LUE PAN

where both M and M0 are equipped with the ker(θ)-adic topology, and where

θ : B+
dR → ÔX denotes the usual θ map. Moreover, we have

grj(prokétV ⊗Qp ÔX) = (grj dRV )⊗OShtor
K

ÔX(−j).

Since the Hodge filtration Fil• on Vcan is induced (via ι : C ∼→ C) by the decreasing
filtration on VC|Pstd,c

C
, which is defined up to conjugation by Gc by the action of

Lieµh, or rather just µh, as in Remark 4.1.5, it follows from the above that the

Hodge–Tate filtration on prokétV ⊗Qp
ÔX is associated with the opposite parabolic

subgroup Pc
C (up to conjugation). Moreover, the formation of such filtrations are

compatible with the formation of tensor products and duals.

Consequently, the Tannakian Gc
C-torsor Gc on (X, ÔX) given by the tensor func-

tor
(
V ∈ RepQp

(Gc)
)
7→ prokétV ⊗Qp

ÔX admits a Pc
C-reduction, by [Mil90, Prop.

1.7] (based on [SR72, Ch. IV, especially IV.2.2.5]). (Here the torsors are only defined
by the Tannakian formalism, which makes sense over any ringed site.) Since prokétV
is canonically trivialized on the pro-Kummer étale cover Y := lim←−K′

p⊂Kp
StorKpK′

p
, so

is the restriction of Gc to Y . By the usual universal property of the algebraic partial
flag variety FlC , the Pc,an

C -reduction induces a morphism of ringed sites

(Y, ÔX |Y )→ (FlC ,OFlC ).

Since Fℓ ∼= FlC ×Spec(C) Spa(C,OC) (as in [Hub94, Prop. 3.8 and Rem. 4.6]), this
factors through a morphism of ringed sites

(Y, ÔX |Y )→ (Fℓ,OFℓ),

whose restriction to the underlying topological space |Y | = StorKp gives the desired

πtor
HT, which is deduced from a morphism (Y, Ô+

X |Y ) → (Fℓ,O+
Fℓ) by inverting p.

All the claimed properties then follow from the construction. □

Remark 4.2.5. In the construction of πHT, one can use the associated adjoint
Shimura datum (Gad,Xad) instead of Gc. Let Kad denote the image of K in
Gad(A∞), which is neat as K is. Up to refinement of cone decompositions for
ShK , as in Proposition 3.4.14, we can choose smooth projective toroidal compacti-
fications ShtorK of ShK and ShtorKad of ShKad with normal crossing boundary divisors
as before such that the finite map ShK → ShKad extends to a proper morphism
between toroidal compactifications ShtorK → ShtorKad . (We shall adopt a similar nota-
tion system for various objects defined by the similarly defined tower over ShtorKad .)
Then we obtain a natural morphism of ringed sites

ϕ : (StorKp , ÔS)→ (StorKad,p , ÔSad),

where (StorKad,p , ÔSad) is the analogue of (StorKp , ÔS) for ShtorKad . The Hodge–Tate
period morphisms for both the source and target of ϕ have the same target. We

claim that the Hodge–Tate period morphism for (StorKp , ÔS) factors through ϕ. This
follows from the construction and from the compatibility of the logarithmic p-adic
Riemann–Hilbert functor for local systems with unipotent geometric monodromy
under pull-back, by [DLLZ23b, Thm. 3.2.3(4)].

We will need a “locally analytic” version of the Hodge–Tate period morphism.

Definition 4.2.6. We define the sheaf Ola
S on StorKp as the subsheaf of ÔS of K̃p-

locally analytic sections. Concretely, for any open subgroup K ′
p ⊂ Kp and any
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affinoid U ⊂ StorKpK′
p
, we know that ÔS

(
π−1
K′

p
(U)

)
= Ô+

S (π
−1
K′

p
(U))[ 1p ] is a p-adic

Banach space representation ofK ′
p, and we defineOla

S
(
π−1
K′

p
(U)

)
to be the subspace of

K ′
p-locally analytic vectors of ÔS(π

−1
K′

p
(U)). This defines a K̃p-equivariant subsheaf

Ola
S of ÔS . (See also [RC22, Def. 6.2.1].)

Note that πKp
: (StorKp , ÔS)→ (StorK ,OStor

K
) induces a morphism

πla
Kp

: (StorKp ,Ola
S )→ (StorK ,OStor

K
),

because all the sections of OStor
K

are Kp-invariant, and hence Kp-locally analytic.

Theorem 4.2.7. The Hodge–Tate period morphism πtor
HT in Theorem 4.2.3 induces

a Kp-equivariant morphism of ringed sites

πla
HT : (StorKp ,Ola

S )→ (Fℓ,OFℓ)

such that, for W ∈ RepC(M
c), there is a Kp-equivariant isomorphism of locally free

Ola
S -modules

πla,∗
HT (WFℓ) ∼= πla,∗

Kp
(Wcan).

Proof. The morphism πtor
HT : (StorKp , ÔS)→ (Fℓ,OFℓ) gives a morphism of sheaves of

rings (πtor
HT)

# : (πtor
HT)

−1(OFℓ)→ ÔS . We claim that this morphism factors through
Ola

S and therefore defines a morphism πla
HT : (StorKp ,Ola

S ) → (Fℓ,OFℓ). This is a

purely local question. Suppose that Ũ = π−1
K′

p
(U) is an open subset of StorKp with

U ⊂ StorKpK′
p
affinoid and K ′

p ⊂ Kp an open subgroup, and that V ⊂ Fℓ is an affinoid

containing πtor
HT(Ũ). Note that such Ũ ’s form a basis of the topology of StorKp . Since

V is quasi-compact, it is stable under the action of an open subgroup of Kp, which
we may assume to be K ′

p up to shrinking it. Then (πtor
HT)

# gives a continuous map
of p-adic Banach spaces

OFℓ(V)→ ÔS(Ũ),
which is K ′

p-equivariant. Since Fℓ is of finite type over C, the action of K ′
p on

O+
Fℓ(V)/p factors through a finite quotient. Hence, the action of K ′

p on OFℓ(V) is
locally analytic, by [Pan25b, Prop. 2.7].

Now let W ∈ RepC(M
c). By Theorem 4.2.3, there is a Kp-equivariant isomor-

phism

(πtor
HT)

−1(WFℓ)⊗(πtor
HT)−1(OFℓ) ÔS ∼= π−1

Kp
(Wcan)⊗π−1

Kp
(OStor

K
) ÔS .

We need to show this remains an isomorphism if we replace ÔS with Ola
S . Again,

this is a local question, and we shall use the same notation as above. Up to shrinking
U and V if necessary, we may assume that Wcan|U is a trivial vector bundle, and

that WFlC
is trivial on a Zariski open subset Ṽ of FlC whose associated adic space

contains V. Choose a basis of Wcan(U) and a basis of WFlC
|Ṽ , viewed as a basis of

WFℓ(V). Then the above isomorphism corresponds to a matrix M ∈ GLn(ÔS(Ũ)),
where n = dimC(W ), and it suffices to show that M ∈ GLn(Ola

S (Ũ)). Note that
the actions of K ′

p on the two bases we choose are locally algebraic. Therefore, M

and M−1 have entries in the subspace of K ′
p-locally algebraic vectors of ÔS(Ũ),

and hence in Ola
S (Ũ). □
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Remark 4.2.8. Similar to Remark 4.2.5, πla
HT factors through its analogue for the

adjoint Shimura datum as well.

Remark 4.2.9. The ringed site (StorKp ,Ola
S ) should be thought of as a “toroidal com-

pactification of the locally analytic Shimura variety of infinite level at p”. Even
though this ad hoc definition looks very similar to the one in Definition 4.2.1, we
will see in Theorem 4.3.2 below that the issue mentioned in Remark 4.2.2 will
disappear when we replace ÔS with Ola

S .

4.3. Geometric Sen theory. The goal of this subsection is to describe the differ-
ential equation satisfied by Ola

S in terms of the geometry of Fℓ and relate Ola
S to

the construction in the previous section.
Consider the sequence of inclusions of Lie algebras

LieNC ⊂ LiePC ⊂ LieGC ,

where NC is the unipotent radical of PC , as in Sections 3.1 and 4.1. The group PC

acts on each term by the adjoint action. Hence, this sequence of Lie of algebras
defines a sequence of G(C)-equivariant vector bundles

n0 ⊂ p0 ⊂ g0 = OFℓ ⊗C g

on Fℓ. Here g := LieGC , and the last equality follows as the PC-action on LieGC

can be extended to the adjoint action of GC . Concretely, for any C-point x of Fℓ
defining a parabolic subgroup Px of GC conjugate to PC , with unipotent radical
Nx, the subspaces n0x ⊂ p0x ⊂ g0x = g are given by LieNx ⊂ LiePx ⊂ LieGC = g.
By taking the derivation of the G-action on the flag variety, we see that g acts on
OFℓ. Therefore, g0 = OFℓ ⊗C g has a nature structure of a Lie algebroid on Fℓ,
with Lie bracket

[f1 ⊗ l1, f2 ⊗ l2] = f1l1(f2)⊗ l2 − f2l2(f1)⊗ l1 + f1f2 ⊗ [l1, l2],

for any f1, f2 ∈ OFℓ and any l1, l2 ∈ g. The kernel of the natural anchor map from
g0 to the tangent bundle of Fℓ is exactly p0.

Since the action of Kp on Ola
S is locally analytic, it induces a C-linear action

of the Lie algebra g on Ola
S . By extending this action Ola

S -linearly, we obtain an

action of Ola
S ⊗C g = πla,∗

HT (g0) on Ola
S . We will focus on restrictions of this action

to πla,∗
HT (n0) and πla,∗

HT (p0). The following result was first established in the case
of modular curves by the second-named author [Pan22] and in general by Juan
Esteban Rodŕıguez Camargo [RC22].

Theorem 4.3.1. The action of πla,∗
HT (n0) on Ola

S is zero.

Proof. This is [RC22, Cor. 6.2.13]. The basic idea is that, by the general result
in geometric Sen theory, the locally analytic vectors Ola

S are annihilated by the
geometric Sen operators of the tower {StorKpK′

p
}K′

p⊂Kp
of Shimura varieties, which

can be computed via the p-adic variations of Hodge structures associated with
automorphic local systems. The main results of [DLLZ23b] identify such p-adic
variations of Hodge structures with the tautological complex variations of Hodge
structures over Shimura varieties, and from this identification, it follows that the

geometric Sen operators are essentially given by the actions of πla,∗
HT (n0). □

Next, we relate Ola
S to the constructions in Section 4.2. Recall that the tower

{SKpK′
p
}K′

p⊂Kp defines a K̃p-torsor in SK,proét. Let C la(K̃p,Qp) denote the LB
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space of Qp-valued locally analytic functions on the p-adic Lie group K̃p. It is a

representation of K̃p by the left translation action, and can be written as an induc-

tive limit of unitary p-adic Banach space representations C la(K̃p,Qp) = lim−→n
Cn.

This can be seen by taking a normal uniform pro-p subgroup K0 of finite index

in K̃p, which exists by [DdSMS99, Cor. 8.34]; and by considering C la(K̃p) as the

direct limit of Kpn

0 -analytic functions on K̃p. By applying Construction 2.2.2 to
each Cn, and by taking direct limit, we obtain a pro-Kummer étale local system

prokétC
la(K̃p,Qp) = lim−→

n
prokétCn

on StorK , which is independent of the choice of Cn. Accordingly, consider

prokétC
la(K̃p,Qp)⊗̂Qp

ÔStor
K,prokét

:= lim−→
n

(
prokétCn⊗̂Qp

ÔStor
K,prokét

)
,

where the completed tensor product means p-adically completed tensor product.
Denote by ηKp

: StorK,prokét → StorK the natural projection morphism of sites.

Theorem 4.3.2. There is a natural quasi-isomorphism

RηKp,∗
(
prokétC

la(K̃p,Qp)⊗̂Qp
ÔStor

K,prokét

) ∼= πla
Kp,∗(O

la
S )

of sheaves of OStor
K

-modules on StorK .

Proof. This is [RC22, (6.23)]. Essentially, one needs to show that the left-hand side
is concentrated in degree zero. The key point is that H∗ of the left-hand side can be
calculated via an explicit log Higgs complex involving geometric Sen operators. □

Corollary 4.3.3. Let W ∈ RepC(M
c) be one-dimensional and of positive parallel

weight, as in Definition 3.6.4 and Remark 3.6.5. Consider the associated W can

over ShtorK,C , as in Remark 4.1.6, with analytification L over StorK . Then we have

RΓ
(
StorKp , π

la,∗
Kp

(L−1)
)
∈ D≥d(C),

where d = dimC(X).

Proof. Since StorKp
= lim←−K′

p⊂Kp
|StorKpK′

p
|, we can apply [Sta, Tag 0EXJ] and write

πla,∗
Kp

(L−1) as the colimit of the pullback sheaves of πla
K′

p,∗π
la,∗
Kp

(L−1), for K ′
p ⊂ Kp

open. Hence, RΓ
(
StorKp , π

la,∗
Kp

(L−1)
)
is the colimit of RΓ

(
StorKpK′

p
, πla

K′
p,∗π

la,∗
Kp

(L−1)
)
,

by [Sta, Tag 09YP]; and it suffices to show that, for any K ′
p,

RΓ
(
StorKpK′

p
, πla

K′
p,∗π

la,∗
Kp

(L−1)
)
∈ D≥d(C).

In fact, we may assume that K ′
p = Kp, because πla,∗

Kp
(L−1) is independent of the

level Kp, by Remark 3.5.1. By Theorem 4.3.2 and by applying the projection
formulas twice, we obtain

RΓ
(
StorK , πla

Kp,∗π
la,∗
Kp

(L−1)
) ∼= RΓ

(
StorK , πla

Kp,∗(O
la
S )⊗OStor

K

L−1
)

∼= RΓ
(
StorK , RηKp,∗(prokétC

la(K̃p,Qp)⊗̂Qp
ÔStor

K,prokét
)⊗OStor

K

L−1
)

∼= RΓ
(
StorK,prokét, prokétC

la(K̃p,Qp)⊗̂Qp
η∗Kp
L−1

)
.

Thus, this corollary follows, by applying Corollary 2.2.5 with XC = ShtorK,C , LC =
W can, U = ShK,C , and V = Cn, where the condition (2.1.9) in Theorem 2.1.8 and

https://stacks.math.columbia.edu/tag/0EXJ
https://stacks.math.columbia.edu/tag/09YP
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Corollary 2.2.5 are satisfied because of Proposition 3.6.6; and by taking direct limit
over n, which is applicable because StorK is proper over C. □

The following summarizes what we have learned so far from studying both the
complex and p-adic geometry of Shimura varieties:

Theorem 4.3.4. Let πla
HT be as in Theorem 4.2.7, and let

(4.3.5) Ola := Rπla
HT,∗(Ola

S )

in Db(OFℓ), the bounded derived category of sheaves of OFℓ-modules on Fℓ. The
Lie algebra g acts naturally on Ola when the latter is viewed as an object in the
bounded derived category of sheaves of abelian groups on Fℓ, which is compatible
with the OFℓ-module structure; i.e., we have l · (fs) = l(f)s+ f(l · s), for all l ∈ g,
f ∈ OFℓ, and s ∈ Ola. This action extends OFℓ-linearly to an action of g0 on Ola.
Moreover, we have the following:

(1) The action of n0 on Ola (defined by restricting that of g0) is zero.
(2) Let W ∈ RepC(M

c) be one-dimensional and of positive parallel weight,
as in Definition 3.6.4 and Remark 3.6.5, with associated G(C)-equivariant
line bundle LFℓ :=WFℓ over Fℓ. Then we have

H<d(Fℓ,Ola ⊗L
OFℓ
L−1
Fℓ) = 0.

From now on, we will drop the superscript “L” in the notation of derived tensor
product of Ola and vector bundles on Fℓ.

Proof. Part (1) follows from (4.3.5) and Theorem 4.3.1. Also, by (4.3.5) and the

projection formula, we have RΓ(Fℓ,Ola ⊗OFℓ
L−1
Fℓ)
∼= RΓ

(
StorKp , π

la,∗
HT (L−1

Fℓ)
)
. Based

on this, Part (2) follows from Theorem 4.2.7 and Corollary 4.3.3. □

4.4. Horizontal action. Finally, we discuss the induced action of the Levi quo-
tient m0 ∼= p0/n0 on Ola. Note that p0 annihilates OFℓ, because it is the kernel of
the anchor map of the Lie algebroid g0. Hence, the restriction of the Lie bracket of
g0 to p0 is OFℓ-bilinear. Equivalently, p

0 is the G(C)-equivariant bundle associated
with the PC-representation Lie PC , and this Lie bracket on p0 agrees with the one
coming from the Lie bracket on LiePC (viewed as a map ∧2 LiePC → LiePC). Let
U(m0) be the universal enveloping algebra of m0 over OFℓ. Equivalently, U(m0)
is the G(C)-equivariant bundle associated with the universal enveloping algebra
U(m) ∈ RepC(MC), where m := LieMC . The action of m0 on Ola extends natu-
rally to U(m0). In particular, we get an action on Ola of the center

Z(U(m)) ∼= U(m)MC ⊂ H0(Fℓ, U(m0)).

of U(m). On the other hand, since the Lie algebra g acts on Ola, the center of
the universal enveloping algebra Z(U(g)) also acts on Ola. To describe the relation
between these two actions, we recall the Harish-Chandra homomorphism. (We
also take this opportunity to explain our choices of conventions.) Fix a Cartan
subalgebra h of LieGC inside of Lie PC , and let Wg denote the Weyl group of g
with respect to h. We choose compatible positive roots of g and m, and denote by
ρ and ρm the usual half-sums of positive roots of g and m, respectively. There is an
isomorphism of C-algebras

(4.4.1) γ : Z(U(g))
∼→ U(h)Wg ,
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called the Harish-Chandra homomorphism, where the action of Wg on U(h) is
centered at 0. It has the property that:

(4.4.2)
for any irreducible representation V ∈ RepC(GC) of highest weight λ,

the center Z(U(g)) acts on V via Z(U(g))
γ−→ U(h)Wg → U(h)

λ+ρ−−−→ C.

Similarly, there is the Harish-Chandra isomorphism of C-algebras

γm : Z(U(m))
∼→ U(h)Wm ,

where Wm denotes the Weyl group of m with respect to h, viewed as a subgroup
of Wg. Consider the representation det n of MC , whose weight we shall denote
by λdet n. Since det n is one-dimensional, by the theory of highest weights, all
rational multiples of λdet n, including 1

2λdet n, are Wm-invariant. Let T− 1
2λdetn

:

U(h)→ U(h) denotes the translation by − 1
2λdet n; i.e., the induced map T ∗

− 1
2λdetn

:

SpecU(h) → SpecU(h) is the translation by − 1
2λdet n when restricted to points

defined by h∗. Then there is an injection γm : Z(U(g)) → Z(U(m)) which makes
the following diagram commute:

(4.4.3) Z(U(g))
γm

//

γ

��

Z(U(m))

γm

��

U(h)Wg

T− 1
2
λdetn

// U(h)Wm

Theorem 4.4.4. The action of Z(U(g)) on Ola factors through Z(U(m)) via γm.

Proof. This result was previously obtained by Juan Esteban Rodŕıguez Camargo,
and probably well known to experts. We may choose the positive roots such that
all the roots in n are positive. In this case, we have 1

2λdet n = ρ− ρm.
The first step is to produce a map Z(U(g)) → Z(U(m)) compatible with both

actions on Ola. Consider the quotient of U(g) by its right ideal nU(g). Let p :=
LiePC . By the Poincaré–Birkhoff–Witt theorem, the natural homomorphism of
algebras U(m) ∼= U(p)/nU(p)→ U(g)/nU(g) is injective. We shall view U(m) as a
subalgebra of U(g)/nU(g) via this injection.

Lemma 4.4.5. The image of the composition of PC-equivariant maps

Z(U(g))→ U(g)→ U(g)/nU(g)

lies in U(m). The induced map Z(U(g))→ U(m)MC = Z(U(m)) agrees with γm.

Proof of Lemma 4.4.5. For the first part, it suffices to show that

Z(U(g)) ⊂ U(m) + nU(g).

Consider the action of the Hodge cocharacter µh as in (4.1.3) which gives (via

ι : C ∼→ C) a weight decomposition g = nstd ⊕ m ⊕ n (compatible with (3.1.1),
as explained in Section 4.1), with m being the subspace of weight 0. Using this
decomposition, we can see that the weight-0 part of U(g) is contained in U(m) +
nU(g). The desired claim then follows as Z(U(g)) is fixed by µh.

For the second part, we need to recall the construction of the Harish-Chandra
isomorphism γ. Our choice of the positive roots defines a Borel subalgebra b of g.
Let u := [b, b] be its unipotent radical. Then Harish-Chandra showed that

Z(U(g)) ⊂ U(h) + uU(g).
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Moreover, the right-hand side is a direct sum and induces a map Z(U(g))→ U(h)
which gives T−ρ◦γ. Similarly, the choice of positive roots defines a Borel subalgebra
bm = b ∩m of m with unipotent radical um := [bm, bm] = u ∩m. We have

Z(U(m)) ⊂ U(h) + umU(m),

which induces T−ρm
◦ γm in a similar way. By putting these together, we obtain

Z(U(g)) ⊂ Z(U(m)) + nU(g) ⊂ U(h) + umU(m) + nU(g) ⊂ U(h) + uU(g),

which induces γ′ : Z(U(g))→ Z(U(m)) in the following commutative diagram:

Z(U(g))
γ′

//

T−ρ◦γ
��

Z(U(m))

T−ρm◦γm

��

U(h) U(h)

Since ρ = 1
2λdet n + ρm, this induced map γ′ indeed agrees with γm, as desired. □

Back to the proof of Theorem 4.4.4. Let U(g0) := OFℓ ⊗C U(g). We can define
a natural C-algebra structure on it, which extends the algebra structures of OFℓ

and U(g), and satisfies the usual relation

lf = fl + l(f),

for l ∈ g and f ∈ OFℓ. Since n0 ⊂ g0 is a Lie ideal and annihilates OFℓ, we see
that

U(g0)n0U(g0) = n0U(g0) = n0U(g)

is an ideal of U(g0). It is GC-equivariant, and under the dictionary between
G(C)-equivariant vector bundles over Fℓ and representations of PC , the inclusion
n0U(g) ⊂ U(g0) corresponds to nU(g) ⊂ U(g).

From the universal property of universal enveloping algebras, we obtain a natural
morphism U(p0)→ U(g0), which is nothing but the morphism of G(C)-equivariant
bundles associated with the natural map U(p) ⊂ U(g) of PC-representations. By
Lemma 4.4.5, the image of

Z(U(g))→ OFℓ ⊗C Z(U(g))→ OFℓ ⊗C U(g)→ U(g0)/n0U(g)

is contained in the image of the injective map

Z(U(m))→ U(m0) ∼= U(p0)/n0U(p0) ⊂ U(g0)/n0U(g),

and the induced map Z(U(g))→ Z(U(m)) agrees with γm. This proves the theorem
because, by Theorem 4.3.4(1), the natural action of U(g0) on Ola (extending that
of g0) factors through the quotient U(g0)/n0U(g). □

5. Translation functors

In this section, we explain how to deduce a vanishing result from Theorem 4.3.4,
by using translation functors to “untwist LFℓ”. The argument is pretty standard
and goes back to the first paper of Beilinson–Bernstein on localizations [BB81].

We shall proceed with the same setting as in Section 4. In particular, we shall
continue to identity algebraic objects over C with algebraic objects over C via the
chosen isomorphism ι : C ∼→ C.
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5.1. Sufficiently regular weights. Recall that we have fixed a Cartan subalgebra
h of g = LieGC inside of p = LiePC , and denoted by Wg and Wm the Weyl groups
of g and m, respectively, with respect to h. Moreover, we have the Harish-Chandra
isomorphism γ : Z(U(g))

∼→ U(h)Wg with respect to the natural action of Wg

(centered at 0 ∈ h), as in (4.4.1). Based on γ, a character Z(U(g)) → C (i.e., a
C-homomorphism) will be identified with a Wg-orbit [λ] in the space h∗ of weights

λ : h → C. Similarly, based on the Harish-Chandra isomorphism γm : Z(U(m))
∼→

U(h)Wm , a character Z(U(m))→ C will be identified with a Wm-orbit [λ]m in h∗.
For simplicity, let us introduce the following:

Definition 5.1.1. We say a root of g is a shorter root if it is shorter than some
other root in the same C-simple factor of g.

Remark 5.1.2. Shorter roots only exist on C-simple factors of g of type B or C.

Definition 5.1.3. We say that a C-simple factor of LieGC, or rather of its (semisim-
ple) derived subalgebra [LieGC,LieGC] ∼= LieGsc

C
∼= LieGder

C
∼= LieGad

C (see Lemma
3.4.2 and the paragraph preceding it), is compact (resp. noncompact) if the pull-
back of LieN to it is zero (resp. nonzero). Accordingly, we say that a C-simple
factor of Gsc

C or Gad
C is compact (resp. noncompact) if its Lie algebra is a com-

pact (resp. noncompact) factor of LieGC. With any choice of ι : C ∼→ C, we will
say that the corresponding C-simple factor of g = LieGC , its derived subalgebra
gder = [g, g] ∼= LieGsc

C
∼= LieGad

C , Gsc
C , or Gad

C is ι-compact (resp. ι-noncompact).

Remark 5.1.4. By the definition of N in Section 3.1, a C-simple factor of LieGC,
LieGsc

C
∼= LieGad

C , Gsc
C , or Gad

C is compact if and only if it acts trivially on FlC.
However, since Fl has a natural model over E ⊂ C (see Remark 4.1.4), the notions
of ι-compact and ι-noncompact factors of g depend on the embedding E ↪→ C
induced by ι in general. We will take advantage of this flexibility in the following.

Definition 5.1.5. Let ι : C ∼→ C be any isomorphism.

(1) We say a character Z(U(m))→ C or its kernel is µι
h-sufficiently regular if,

for every weight λ′ in the corresponding Wm-orbit [λ]m and every root α in
n, with its coroot denoted by α∨ as usual, we have

(λ′ − 1
2λdet n, α

∨) ̸∈

{
{−1,−2}, if α is a shorter root, as in Definition 5.1.1;

{−1}, otherwise.

(2) Similarly, we say a character Z(U(g)) → C or its kernel is µι
h-sufficiently

regular if, for every weight λ′ in the corresponding Wg-orbit [λ] and every
root α in n (or, equivalently, in all ι-noncompact C-simple factors of g—see
Remark 5.1.6 below), we have

(λ′, α∨) ̸∈

{
{−1,−2}, if α is a shorter root, as in Definition 5.1.1;

{−1}, otherwise.

(3) We say a character Z(U(LieG))→ C or its kernel is µh-sufficiently regular

if its C-linear extension Z(U(LieG))⊗QC ∼= Z(U(g))→ C is µι′

h -sufficiently

regular for some isomorphism ι′ : C ∼→ C.

Remark 5.1.6. It will follow from our explicit descriptions in Sections 5.3 and 5.4
that every root α in an ι-noncompact C-simple factor of g (see Definition 5.1.3) is
in the Wg-orbit of some root of some noncompact factor of n, because each nonzero
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factor of n contains both the longest and shortest roots. Note that, once we consider
such Wg-orbits, the signs in Definition 5.1.5 are no longer important, and this is
why we did not use negative signs in the condition (1.1.1) in the introduction.

Example 5.1.7. Definition 5.1.5 (1) and (3) in some cases of type A1:

(1) (Modular curves.) (G,X) = (GL2,H±), where H± = C \ R is the union of
the upper and lower Poincaré half-planes. In this case, Wm is trivial, and
a character λ′ of Z(U(m)) = U(m) is µι

h-sufficiently regular if and only if
λ′|m∩sl2(C) ̸= 0, where sl2(C) = [gl2(C), gl2(C)] is the derived subalgebra.
A character [λ] of Z(U(gl2(Q))) is µh-sufficiently regular if and only if
[λ]|Z(U(sl2(Q))) is not the character χ0 of the trivial representation of sl2(Q).

(2) (Shimura curves.) Let F be a finite totally real field extension of Q, and
D/F a quaternion algebra split at exactly one place v0|∞. Fix any iso-

morphism D ⊗F Fv0
∼→ M2(R), and consider the Shimura datum (G,X) =

(ResF/Q D×,H±), where (ResF/Q D×)(R) ∼=
∏

v|∞(D⊗F Fv)
× acts on H±

via the isomorphism (D⊗F Fv0)
× ∼→ GL2(R) induced by the above fixed one.

In this case, g ∼= ⊕τ :F→C(D ⊗F,τ C) ∼= ⊕τ :F→C gl2(C)τ , where each factor
gl2(C)τ is a copy of gl2(C) indexed by τ , containing its derived subalgebra

sl2(C)τ . Via any ι : C ∼→ C, the embeddings F ↪→ Fv0
∼= R ↪→ C induce an

embedding τ0 : F → C (depending on ι); and a character λ′ of Z(U(m)) is
µι
h-sufficiently regular if and only if λ′|m∩sl2(C)τ0 ̸= 0. A character [λ] of

Z(U(LieG)) is µh-sufficiently regular if and only if its C-linear extension
[λ]⊗QC : Z(U(LieG))⊗QC ∼= ⊗τ :F→C Z(U(gl2(C)τ ))→ C is not χ0⊗QC
when restricted to Z(U(sl2(C)τ )) in at least one factor Z(U(gl2(C)τ )).

(This last notion makes no use of any isomorphism ι : C ∼→ C, and hence
there is no τ0 associated with the distinguished place v0|∞ of F .)

(3) (Hilbert modular varieties.) Let F be a finite totally real field extension of
Q. Consider the Shimura datum (G,X) = (ResF/Q GL2,F ,

∏
τ :F→RH±).

As in (2), g ∼= ⊕τ :F→C gl2(C)τ ; and we have sl2(C)τ ⊂ gl2(C)τ , for
each τ . A character λ′ of Z(U(m)) is µι

h-sufficiently regular if and only
if λ′|m∩sl2(C)τ ̸= 0 for all τ , and hence this notion is independent of the
choice of ι. A character [λ] of Z(U(LieG)) is µh-sufficiently regular if and
only if [λ]⊗Q C : Z(U(LieG))⊗Q C ∼= ⊗τ :F→C Z(U(gl2(C)τ ))→ C is not
χ0⊗Q C when restricted to Z(U(sl2(C)τ )) in every factor Z(U(gl2(C)τ )).

Definition 5.1.8. The non-µι
h-sufficiently regular locus of SpecZ(U(m)) (resp.

SpecZ(U(g))) is the (necessarily reduced) Zariski closure of the closed points cor-
responding to non-µι

h-sufficiently regular kernels of characters as in Definition 5.1.5.
We denote by Iιm ⊂ Z(U(m)) (resp. Iι ⊂ Z(U(g))) the (necessarily radical) ideal
defining this locus. Equivalently, it is the intersection of all the non-µι

h-sufficiently
regular kernels of characters Z(U(m)) → C (resp. Z(U(g)) → C). Similarly, we
define the ideal I of Z(U(LieG)) as the intersection of the kernel of all the non-
µh-sufficiently regular characters.

Remark 5.1.9. Let us choose positive roots of g, with usual half-sum of positive
roots ρ. Then Z(U(g)) acts on any irreducible Vλ ∈ RepC(G

c) of highest weight λ
via the infinitesimal character [λ+ρ]. Since (ρ, α∨) = 1 for all positive roots α of g,

it follows that, if λ is sufficiently regular (via ι−1 : C
∼→ C) in the sense of [Lan16,

Thm. 4.10], then [λ+ ρ] is µι
h-sufficient regular in the sense of Definition 5.1.5(2).

The converse is true in most cases, except for the following two issues:
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(1) On ι-noncompact factors of types B and C, the condition in [Lan16, Thm.
4.10] does not distinguish between shorter and other (longer) roots, while
the condition in Definition 5.1.5(2) does. Nevertheless, the statement and
proof in [Lan16, Thm. 4.10] can be improved to take care of this difference.

(2) We have the flexibility in choosing ι : C ∼→ C and hence permuting the C-
simple factors of g, which provides additional flexibility when LieGC admits
nontrivial compact factors (see Definition 5.1.3 and Remark 5.1.4).

Proposition 5.1.10. Consider the finite homomorphism γm : Z(U(g))→ Z(U(m))
in (4.4.3).

(1) Iι = (γm)−1(Iιm). Equivalently, f : Z(U(g)) → C is µι
h-sufficiently reg-

ular if and only if every extension f ′ : Z(U(m)) → C of f via γm is
µι
h-sufficiently regular.

(2) Every homomorphism Z(U(g)) → C can be extended to a µι
h-sufficiently

regular character Z(U(m))→ C via γm.

(3) I is the radical ideal of Z(U(LieG)) ∩
∑

ι′ Iι
′
, where ι′ runs through all

isomorphisms ι′ : C ∼→ C and the sum is a finite sum.

Proof. As for (1), just note that the shift by − 1
2λdet n in Definition 5.1.5 cancels

the corresponding shift in the construction of γm. We omit the details here. As
for (2), it suffices to show that, given a Wg-orbit [λ] in h∗, we can find a Wm-orbit
[λ]m ⊂ [λ] such that, for every λ′ ∈ [λ] and every root α in n, we have

(λ′, α∨) ̸∈

{
{−1,−2}, if α is a shorter root;

{−1}, otherwise.

We may assume that (λ′, α∨) ∈ Q, for all roots α in g and λ′ ∈ [λ], by choosing a
Q-basis e1 = 1, e2, · · · , er of the Q-vector space spanned by all (λ′, α∨) in C, and by
considering the projection of [λ] onto its e1-component. Let us choose the positive
roots of g such that the roots in n are positive, and choose λ′ ∈ [λ] in the dominant
Weyl chamber. Hence, (λ′, α∨) ≥ 0, for every positive root α. Since roots in n are
Wm-invariant, (w(λ

′), α∨) ≥ 0, for all w ∈Wm and roots α in n. Thus, we can take
[λ]m = Wm(λ

′). Finally, for the last part, let L ⊂ C be a sufficiently large finite
extension of E over which all C-simple factors are defined. Then it follows that Iι
only depends on ι|L : L→ C. Then our claim follows from Definition 5.1.5. □

We now explain where the sufficient regularity condition comes from and how
we are going to use it. For technical reasons, let us assume that the following holds:

Condition 5.1.11. Gder is simply-connected, and G = Gc.

In this case, Gsc ∼→ Gder ∼→ Gder,c, and so Condition 3.6.7 holds, with H there
replaced with G here. Let W0 ∈ RepC(M

c) be any one-dimensional representation
as in Proposition 3.6.8, and let λ0 denote the weight of W0. Concretely, in the
notation of [Lan16, Sec. 3.3] (via ι : C ∼→ C), we have the following pullbacks of λ0

on individual ι-noncompact C-simple factors of Gsc
C (see Definition 5.1.3):

• Type A: (1, . . . , 1; 0, . . . , 0) (mod (1, . . . , 1; 1, . . . , 1)).
• Types B and DR: (1; 0, . . . , 0).
• Type C: (1, 1, . . . , 1).
• Type DH: ( 12 ,

1
2 , . . . ,

1
2 ).

• Types E6 and E7: (0, . . . , 0,
2
√
3

3 ) and (1, 0, . . . , 0,
√
2
2 ).
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In [Lan16, Sec. 3.3], it was also shown (by working case-by-case on all possible
C-simple factors of Gsc

C ) that (λ0, α
∨) = −1 for every root α in n unless α is a

shorter root as in Definition 5.1.1, in which case (λ0, α
∨) = −2. This explains the

appearance of −2 in the definition of µh-sufficiently regular weights.
Still assuming Condition 5.1.11, consider the finite-dimensional irreducible rep-

resentation V0 ∈ RepC(GC) of extremal weight λ0; i.e., λ0 is in the Wg-orbit of the
highest weight of V0. We shall also denote by V0 the induced g-representation.

Proposition 5.1.12. Let λ0 and V0 be as above. Then a character of Z(U(m))
is µh-sufficiently regular as in Definition 5.1.5 if and only if the corresponding
Wm-orbit [λ]m satisfies that, for all weights λ′

0 of V0 other than λ0, we have

(5.1.13) ([λ]m − 1
2λdet n − λ0 + λ′

0) ∩Wg([λ]m − 1
2λdet n) = ∅.

Equivalently, (Id−w)(λ− 1
2λdet n) ̸= λ0 − λ′

0 for all w ∈Wg, all λ ∈ [λ]m, and all
weights λ′

0 ̸= λ0 of V0.

The proof of Proposition 5.1.12 will be given in Sections 5.3 and 5.4.

5.2. Vanishing results. Recall that, in Theorem 4.3.4, we definedOla ∈ Db(OFℓ),
with natural actions of Z(U(m)) and g. Let d = dimC(Fℓ) = dim(ShK) = dimC(X).

Theorem 5.2.1. Assume that Condition 5.1.11 and Proposition 5.1.12 hold. Then
H<d(Fℓ,Ola) is annihilated by (Iιm)n, for some n > 0.

Corollary 5.2.2. Under the same assumptions, H<d(Fℓ,Ola) is annihilated by
(Iι)n, for some n > 0.

Proof. Combine Theorem 5.2.1 with Proposition 5.1.10 and Theorem 4.4.4. □

The proof of Theorem 5.2.1 uses an action of Z(U(m))⊗CZ(U(g)). For simplicity,
let us drop the subscript C in the remainder of this subsection. In Section 4.4,
we constructed an action of Z(U(m)) on Ola, which is OFℓ-linear and commutes
with the U(g)-action. Let W be a finite-dimensional representation of PC , with
associated g-equivariant vector bundle WFℓ over Fℓ, as in Section 4.2. We define
an action of Z(U(m))⊗ Z(U(g)) on WFℓ ⊗OFℓ

Ola with:

• Z(U(m)) acting only on Ola; and
• Z(U(g)) acting diagonally on the tensor product.

The upshot is that, for any map W →W ′ of PC-representations, the induced map
WFℓ ⊗OFℓ

Ola →W ′
Fℓ ⊗OFℓ

Ola is equivariant with respect to this action.
If W is a representation of MC , then n0 annihilates WFℓ, and we obtain a

diagonal action of m0 ∼= p0/n0 on WFℓ ⊗OFℓ
Ola, and this gives an action of

Z(U(m)) ⊂ H0(Fℓ, U(m0)), as explained in Section 4.4. Accordingly, we define
an action of Z(U(m))⊗ Z(U(m)) on WFℓ ⊗OFℓ

Ola, where the first (resp. second)
Z(U(m)) acts only on Ola (resp. diagonally). It follows from the proof of Theorem
4.4.4 that the previous Z(U(m))⊗ Z(U(g))-action factors through this via

Id⊗γm : Z(U(m))⊗ Z(U(g))→ Z(U(m))⊗ Z(U(m)).

When W = C is the trivial representation, the action of Z(U(m))⊗Z(U(m)) factors
through the diagonal quotient Z(U(m)). For general W , by [BG80, Thm. 2.5],
which generalizes an earlier work of Kostant’s, the action of Z(U(m))⊗Z(U(m)) on
WFℓ⊗OFℓ

Ola is zero when restricted to the ideal J∆
W ⊂ Z(U(m))⊗Z(U(m)) defined

as follows. Under the Harish-Chandra isomorphism γm : Z(U(m))
∼→ U(h)Wm ,
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elements in Z(U(m))⊗Z(U(m)) can be regarded as Wm×Wm-invariant polynomial
functions on h∗ × h∗. Then J∆

W consists of functions Q such that:

• Q(χ+ µ, χ) = 0 for any weight µ of W and χ ∈ h∗.

Denote by JW ⊂ Z(U(m)) ⊗ Z(U(g)) the ideal (Id⊗γm)−1(J∆
W ). Recall that we

introduced the representation V0 ∈ RepC(GC) of extremal weight λ0 in the para-
graph preceding Proposition 5.1.12. Let W0 be the one-dimensional representation
of MC of (highest) weight λ0, as before.

Lemma 5.2.3. Suppose W is any nontrivial representation of MC appearing as a
subquotient of V0⊗C W∨

0 (viewed as a representation of PC). Then the composition

of Z(U(m))
Id⊗1−−−→ Z(U(m))⊗Z(U(g))→

(
Z(U(m))⊗Z(U(g))

)
/(JW +JC) factors

through Z(U(m))/(Iιm)n, for some n > 0.

Proof. Recall that Iιm was introduced in Definition 5.1.8 as the ideal defining the
non-µh-sufficiently regular locus of SpecZ(U(m)). By Hilbert’s Nullstellensatz,
it suffices to prove the assertion at the level of maximal ideals. Via the Harish-
Chandra isomorphism, a closed point of Spec

((
Z(U(m)) ⊗ Z(U(g))

)
/(JW + JC)

)
corresponds to a Wm-orbit [λ]m and a Wg-orbit [χ] in h∗ satisfying:

• λ′ + µ− 1
2λdet n ∈ [χ], for some λ′ ∈ [λ]m and weight µ of W ; and

• λ′ − 1
2λdet n ∈ [χ], for some λ′ ∈ [λ]m.

Hence,

([λ]m − 1
2λdet n + µ) ∩Wg([λ]m − 1

2λdet n) ̸= ∅,
for some weight µ of W . By our assumption, µ = −λ0 + λ′

0, for some weight λ′
0 of

V0. Thus, by Proposition 5.1.12, [λ]m is not µh-sufficiently regular. □

Proof of Theorem 5.2.1. Consider the PC-equivariant surjection

V0 ↠ W0,

with kernel W ′. Let LFℓ (resp. W ′
Fℓ) be the line bundle (resp. vector bundle) on

Fℓ associated with W0 (resp. W ′) in RepC(PC), as in Section 4.2. Then we have a
g-equivariant exact sequence of the corresponding vector bundles on Fℓ

0→W ′
Fℓ → OFℓ ⊗C V0 → LFℓ → 0.

By taking the tensor product with Ola ⊗OFℓ
L−1
Fℓ , we obtain an exact triangle

Ola ⊗OFℓ
L−1
Fℓ ⊗OFℓ

W ′
Fℓ → Ola ⊗OFℓ

L−1
Fℓ ⊗C V0 → Ola +1−−→

equivariant with respect to the Z(U(m)) ⊗ Z(U(g))-action introduced before. By
Proposition 3.6.8, Remark 4.1.6, and Theorem 4.3.4, we have

H<d(Fℓ,Ola ⊗OFℓ
L−1
Fℓ ⊗C V0) ∼= H<d(Fℓ,Ola ⊗OFℓ

L−1
Fℓ)⊗C V0 = 0.

Hence, for i < d, the cohomology of the above exact triangle gives a short exact
sequence

0→ Hi(Fℓ,Ola)→ Hi+1(Fℓ,Ola ⊗OFℓ
L−1
Fℓ ⊗OFℓ

W ′
Fℓ).

Note that L−1
Fℓ ⊗OFℓ

W ′
Fℓ is filtered by equivariant vector bundles on Fℓ associated

with nontrivial irreducible PC-subquotients W of V0⊗W∨
0 . Therefore, its cohomol-

ogy Hi+1(Fℓ,Ola ⊗OFℓ
L−1
Fℓ ⊗OFℓ

W ′
Fℓ) is filtered by Z(U(m))⊗Z(U(g))-modules

annihilated by JW , for some such W . Since JC annihilates Hi(Fℓ,Ola), the above



44 KAI-WEN LAN AND LUE PAN

short exact sequence implies that Hi(Fℓ,Ola) is filtered by Z(U(m)) ⊗ Z(U(g))-
modules annihilated by JW + JC . Thus, by Lemma 5.2.3, the Z(U(m))-action on
Hi(Fℓ,Ola) factors through Z(U(m))/(Iιm)n, for some n > 0, as desired. □

Remark 5.2.4. The proof shows that, to make the exponent of Iιm in Theorem 5.2.1
explicit, it suffices to understand the exponent of Iιm in Lemma 5.2.3.

5.3. Justification of the key observation. In order to prove Proposition 5.1.12,
we need to show that a weight λ : h → C satisfies λ − w(λ) = λ0 − λ′

0, for some
1 ̸= w ∈ Wg and weight λ′

0 of V0 other than λ0, if and only if there exists some
root α of n such that (λ, α∨) ∈ {−1,−2} or {−1} depending on whether α is
a shorter root as in Definition 5.1.1 or not. Since the roots in n are chosen to
be negative in [Lan16], to reduce the number of negative signs, we shall switch
from n to the opposite algebra nstd, and consider the equivalent condition that
there exists some root α of nstd such that (λ, α∨) ∈ {1, 2} or {1} depending on
whether α is a shorter root as in Definition 5.1.1 or not. Since G is reductive
and g = LieG(C), we have g ∼= z ⊕ gder, where z = Z(g) is the center of g,
and gder = [g, g] ∼= ⊕υ∈Υ gυ, where the gυ’s are its C-simple factors (cf. Definition
5.1.3). Accordingly, we have decompositions m ∼= z⊕(⊕υ∈Υ mυ), h ∼= z⊕(⊕υ∈Υ hυ),
Wg
∼=

∏
υ∈Υ Wgυ , Wm

∼=
∏

υ∈Υ Wmυ , etc. (We shall use similar subscripts “υ” for
other similar decompositions, without explicitly introducing them.) In particular,
we have m∩gder ∼= ⊕υ∈Υ hυ and h∩gder ∼= ⊕υ∈Υ hυ. Based on these decompositions,
let us write λ|gder = (λυ)υ∈Υ, λ0|m∩gder = (λ0,υ)υ∈Υ, and λ′

0|m∩gder = (λ′
0,υ)υ∈Υ.

Since V0 is irreducible, λ0 ̸= λ′
0 (as weights of m ∼= z ⊕ (⊕υ∈Υ mυ)) if and only if

λ0,υ ̸= λ′
0,υ (as weights of mυ) for some υ ∈ Υ. So it suffices to prove the following:

Proposition 5.3.1. In the above, for each υ ∈ Υ, a weight λυ : hυ → C satisfies
λυ − w(λυ) = λ0,υ − λ′

0,υ, for some 1 ̸= w ∈ Wgυ and weight λ′
0,υ of V0|mυ other

than λ0,υ, if and only if there exists some root α of nstdυ such that (λ, α∨) ∈ {1, 2}
or {1} depending on whether α is a shorter root as in Definition 5.1.1 or not.

On each C-simple factor mυ of m∩gder as above, the weights λ′
0,υ of V0,υ := V0|mυ

are integral in the sense that it paired integrally with the coroots of mυ. Moreover,
when we view them as subsets of the corresponding real vector spaces spanned by
all integral weights, they lie in the convex hull of the Wgυ

-orbit of λ0,υ. Given the
explicit description of λ0,υ, there is a very short list of all weights λ′

0,υ’s of V0,υ.
On classical factors, given our explicit knowledge of Wgυ as combinations of sign

changes and permutations, we can easily verify by case-by-case arguments, which
we shall explain based on the types of gυ in the following Sections 5.3.1–5.3.5. As
for the exceptional factors, since there are only two possible cases, we shall resort
to brute force computation, and we shall explain our methods in Section 5.4.

5.3.1. Type An. In this case, by using the same notation system as in [Lan16, Sec.
3.3.1], we have the following:

• λ0,υ = ϖrυ ≡ (1, . . . , 1; 0, . . . , 0) (mod (1, . . . , 1; 1, . . . , 1)), where the semi-
colon “;” occurs between the rυ-th and (rυ + 1)-th entries;
• Wgυ

∼= Sn+1 (the permutation group on n+ 1 elements); and
• λ0,υ−λ′

0,υ can be any vector with entries in {0,±1}, with +1’s only occur-
ring before “;” and the −1’s only occurring after “;”, and with the number
of +1’s and −1’s being nonzero and equal to each other. (See, e.g., the ex-
plicit descriptions on representations of sln+1(C) in [FH91, §§15.2–15.3].)
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Hence, λυ − w(λυ) = λ0,υ − λ′
0,υ, where λυ = (λυ,1, . . . , λυ,n+1), exactly when all

the following hold:

• (λυ, ei − ew(i)) = λυ,i − λυ,w(i) ∈ {0, 1}, for 1 ≤ i ≤ rυ;
• (λυ, ei − ew(i)) = λυ,i − λυ,w(i) ∈ {0,−1}, for rυ < i ≤ n+ 1; and
• the numbers of +1’s and −1’s in the above are nonzero and equal to each
other.

Assuming that all of these hold, we would like to show that (λυ, α
∨) = 1 for some

root α of nstdυ . Note that the roots of nstdυ are ei1 − ei2 , for all 1 ≤ i1 ≤ rυ < i2 ≤
n+1, and there are no shorter roots. Hence, it suffices to verify the claim that there
exist some 1 ≤ i1 ≤ rυ < i2 ≤ n+ 1 such that λυ,i1 − λυ,i2 = (λυ, ei1 − ei2) = 1.

Let i0 be any integer such that 1 ≤ i0 ≤ rυ and λυ,i0 −λυ,w(i0) = 1, which exists
by assumption. Consider its orbit under the action of powers of w (as elements
of Sn). Let N0 denote the cardinality of this orbit. For any integer N such that
0 ≤ N < N0, we define the integer-valued function

F (N) :=

N∑
j=0

(λυ,wj(i0) − λυ,wj+1(i0)) = λυ,i0 − λυ,wN+1(i0).

By the choice of i0, we have F (0) = 1. Since wN0(i0) = i0, we have F (N0− 1) = 0.
Note that F (N)−F (N−1) ∈ {0, 1} when 1 ≤ wN (i0) ≤ rυ, and F (N)−F (N−1) ∈
{0,−1} when rυ < wN (i0) ≤ n + 1. In particular, when the variable N increases
by 1 from N −1, the value of F can either increase by 1, stay the same, or decrease
by 1. The value can increase only when 1 ≤ wN (i0) ≤ rυ, and can decrease only
when rυ < wN (i0) ≤ n+ 1. Hence, we may assume that there exists some N1 such
that 1 ≤ wN1(i0) ≤ rυ and F (N1) ≥ F (N), for all 0 ≤ N < N0. In particular,
F (N1) ≥ F (0) = 1. Since F (N0 − 1) = 0 < F (N1), the value of F has to decrease
by 1 at some point; i.e., there exists some N2 > N1 such that rυ < wN2(i0) ≤ n+1,
λυ,wN2 (i0) − λυ,wN2+1(i0) = −1, and F (N2) = F (N1) − 1. If 1 ≤ wN2+1(i0) ≤ rυ,

we set i1 := wN2+1(i0) and i2 := wN2(i0). Otherwise, and we set i1 := wN1(i0)
and i2 := wN2+1(i0). In both cases, we have 1 ≤ i1 ≤ rυ < i2 ≤ n + 1 and
λυ,i1 − λυ,i2 = (λυ, ei1 − ei2) = 1, justifying the above claim.

Conversely, suppose α = ei − ej , for some 1 ≤ i ≤ rυ < j ≤ n + 1, is a root of
nstdυ , with coroot α∨ = ei−ej ; and suppose (λυ, α

∨) = λυ,i−λυ,j = 1. Let w ∈Wgυ

be the simple reflection with respect to α. Then λυ − w(λυ) = (λυ, α
∨)α = α =

ei − ej = λ0,υ − λ′
0,υ, if we take λ′

0,υ = w(λ0,υ) in this case.
We shall write λυ = (λυ,1, . . . , λυ,n) in the remaining classical cases.

5.3.2. Type Bn. In this case, by using the same notation system as in [Lan16, Sec.
3.3.2], we have the following:

• λ0,υ = ϖ1 = (1; 0, . . . , 0);
• Wgυ

∼= Sn ⋉ {±1}n, and we shall denote by sgn(w, i) the sign of w ∈Wgυ

at the i-th factor of {±1}n; and
• λ0,υ − λ′

0,υ is either (2; 0, . . . , 0) or (1; 0, . . . , 0) or (1; 0, . . . , 0,±1, 0, . . . , 0).
(See, e.g., the explicit description on the so-called standard representation
of so2n+1(C) in [FH91, §18.1 and §19.4].)

Hence, λυ−w(λυ) = λ0,υ−λ′
0,υ exactly when one of the following three cases holds:

(1) • λυ,1 − sgn(w, 1)λυ,w(1) = 2; and
• λυ,i − sgn(w, i)λυ,w(i) = 0, for all 1 < i ≤ n.
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(2) • λυ,1 − sgn(w, 1)λυ,w(1) = 1; and
• λυ,i − sgn(w, i)λυ,w(i) = 0, for all 1 < i ≤ n.

(3) • λυ,1 − sgn(w, 1)λυ,w(1) = 1;
• λυ,i0 − sgn(w, i0)λυ,w(i0) = ±1, for exactly one 1 < i0 ≤ n; and
• λυ,i − sgn(w, i)λυ,w(i) = 0, for all i ̸= 1, i0.

Assuming that one of the above cases holds, we would like to show that (λυ, α
∨) ∈

{1, 2} or {1} depending on whether α is a shorter root or not. Note that the roots
of nstdυ are e1 and e1 ± ei, for all 1 < i ≤ n, and e1 is the only shorter root.

In case (1), consider the orbit of 1 under the action of powers of w (as elements
of Sn). Let N1 denote the cardinality of this orbit. For all 1 ≤ j < N1, since
wj(1) ̸= 1, we have λυ,wj(1) − sgn(w,wj(1))λυ,wj+1(1) = 0, or rather λυ,wj(1) =

sgn(w,wj(1))λυ,wj+1(1). Since we cannot have λυ,1 − λυ,1 = 2, we must have

λυ,1 − sgn(w, 1)λυ,w(1) = λυ,1 −
∏

0≤j<N1
sgn(w,wj(1))λυ,1 = λυ,1 + λυ,1 = 2, in

which case sgn(w,wj(1)) = −1 for an odd number of exponents 0 ≤ j < N1. If we
consider the root α = e1 of nstdυ , with coroot α∨ = 2e1, then (λυ, α

∨) = 2λυ,1 = 2.
In cases (2) and (3), if w(1) = 1, in which case sgn(w, 1) = −1 and 2λυ,1 = 1, and

if we consider the root α = e1 of n
std
υ , with coroot α∨ = 2e1, then (λυ, α

∨) = 2λυ,1 =
1. Otherwise, if w(1) ̸= 1, and if we consider the root α = e1−sgn(w, 1) ew(1) of n

std
υ ,

with coroot α∨ = e1 − sgn(w, 1) ew(1), then (λυ, α
∨) = λυ,1 − sgn(w, 1)λυ,w(1) = 1.

In all three cases, we have (λυ, α
∨) ∈ {1, 2} or {1} depending on whether α is a

shorter root or not.
Conversely, suppose α is a root of nstdυ .

• Suppose α = e1, with α∨ = 2e1. Let w ∈Wgυ
denote the simple reflection

with respect to α. Then λυ −w(λυ) = (λυ, α
∨)α. If (λυ, α

∨) = (λυ, 2e1) =
2, then λυ−w(λυ) = (2; 0, . . . , 0), and we are in case (1) above. If (λυ, α

∨) =
(λυ, 2e1) = 1, then λυ−w(λυ) = (1; 0, . . . , 0), and we are in case (2) above.
• Suppose α = e1±ei for some 1 < i ≤ n and some sign ±, with α∨ = e1±ei.
Suppose (λυ, α

∨) = 1. Let w ∈ Wgυ
denote the simple reflection with

respect to α. Then λυ − w(λυ) = (λυ, α
∨)α = α = e1 ± ei = λ0,υ − λ′

0,υ, if
we take λ′

0,υ = w(λ0,υ) in this case, and we are in case (3) above.

These show that, if (λυ, α
∨) ∈ {1, 2} or {1} depending on whether α is a shorter

root or not, then we are in one of the three cases (1), (2), and (3) above, for some
w ∈Wgυ

and weight λ′
0,υ of V0,υ other than λ0,υ.

5.3.3. Type Cn. In this case, by using the same notation system as in [Lan16, Sec.
3.3.3], we have the following:

• λ0,υ = ϖn = (1, 1, . . . , 1);
• Wgυ

∼= Sn ⋉ {±1}n, and we shall denote by sgn(w, i) the sign of w ∈Wgυ

at the i-th factor of {±1}n; and
• λ0,υ − λ′

0,υ is any nonzero vector with entries in {0, 1, 2}, with an even
(and possibly zero) number of occurrences of 1’s. (See, e.g., the explicit
descriptions on representations of sp2n(C) in [FH91, §§17.2–17.3].)

Hence, λυ − w(λυ) = λ0,υ − λ′
0,υ exactly when both of the following holds:

• λυ,i − sgn(w, i)λυ,w(i) ∈ {0, 1, 2}, with an even number of occurrences of
1’s as i runs over all integers from 1 to n; and
• there exists some integer i0 such that λυ,i0 − sgn(w, i0)λυ,w(i0) ̸= 0.
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Note that the roots of nstdυ are ei1 + ei2 , for all 1 ≤ i1, i2 ≤ n (including the case
where i1 = i2 and ei1 + ei2 = 2ei1), and the shorter roots are those with i1 ̸= i2.
The corresponding coroots are ei1 + ei2 when i1 ̸= i2, and ei1 when i1 = i2.

Assuming that both of the above hold, we claim that either (λυ, ei1+ei2) ∈ {1, 2},
for some 1 ≤ i1, i2 ≤ n such that i1 ̸= i2; or (λυ, ei1) = 1, for some 1 ≤ i1 ≤ n. Let
i0 be any integer such that 1 ≤ i0 ≤ n and λυ,i0 − sgn(w, i0)λυ,w(i0) ∈ {1, 2}.

Firstly, suppose w(i0) ̸= i0. Consider its orbit under the action of powers
of w (as elements of Sn). Let N0 denote the cardinality of this orbit. Since
w(i0) ̸= i0, we have N0 > 1. Moreover, wj+1(i0) ̸= wj(i0), for all j ∈ Z. If
sgn(w,wj(i0)) = 1, for all 0 ≤ j < N0, then λυ,wj(i0) − sgn(w,wj(i0))λυ,wj+1(i0) =
λυ,wj(i0) − λυ,wj+1(i0) ∈ {0, 1, 2}, for all 0 ≤ j < N0; and (as integers) 0 =∑N0−1

j=0 (λυ,wj(i0) − λυ,wj+1(i0)) ≥ λυ,i0 − λυ,w(i0) > 0, which is a contradiction.

Hence, there exists some 0 ≤ j0 < N0 such that sgn(w,wj(i0)) = 1, for all 0 ≤ j <
j0; but sgn(w,w

j0(i0)) = −1. In this case, λυ,wj0 (i0)−sgn(w,wj0(i0))λυ,wj0+1(i0) =
λυ,wj0 (i0) + λυ,wj0+1(i0) ∈ {0, 1, 2}. If λυ,wj0 (i0) + λυ,wj0+1(i0) ∈ {1, 2}, then we

can verify the claim by setting i1 = wj0(i0) and i2 = wj0+1(i0). Otherwise,
λυ,wj0 (i0) + λυ,wj0+1(i0) = 0, or rather λυ,wj0+1(i0) = −λυ,wj0 (i0), and we can-
not have j0 = 0. Let j1 be the largest integer such that 0 ≤ j1 < j0 and
λυ,wj1 (i0) − sgn(w,wj1(i0))λυ,wj1+1(i0) = λυ,wj1 (i0) − λυ,wj1+1(i0) ∈ {1, 2} (i.e., it

is nonzero). Then λυ,wj(i0)− sgn(w,wj(i0))λυ,wj+1(i0) = λυ,wj(i0)−λυ,wj+1(i0) = 0,
or rather λυ,wj(i0) = λυ,wj+1(i0), for all j1 < j < j0. Therefore, λυ,wj1+1(i0) = · · · =
λυ,wj0 (i0) = −λυ,wj0+1(i0), and λυ,wj1 (i0) − λυ,wj1+1(i0) = λυ,wj1 (i0) + λυ,wj0+1(i0) ∈
{1, 2}. Thus, we can verify the claim by setting i1 = wj1(i0) and i2 = wj0+1(i0).

Secondly, suppose w(i0) = i0. Then we must have sgn(w, i0) = −1 and 2λυ,i0 ∈
{1, 2}. If 2λυ,i0 = 2, then we can verify the claim by setting i1 = i2 = i0. Otherwise,
2λυ,i0 = 1. Since the number of occurrences of 1’s in λ0,υ − λ′

0,υ is even, we know
there exists some i′0 such that λυ,i′0

− sgn(w, i′0)λυ,w(i′0)
= 1. If w(i′0) = i′0, then we

must have 2λυ,i′0
= 1, and hence λυ,i0 + λυ,i′0

= 1, in which case we can verify the
claim by setting i1 = i0 and i2 = i′0. If w(i′0) ̸= i′0, then we can replace i0 with i′0,
and resort to the previous paragraph. Now the claim has been verified in all cases.

Conversely, suppose α is a root of nstdυ .

• Suppose α = 2ei, with α∨ = ei, for some 1 ≤ i ≤ n. Let w ∈ Wgυ

denote the simple reflection with respect to α. Suppose (λυ, α
∨) = 1. Then

λυ −w(λυ) = (λυ, α
∨)α = α = 2ei = λ0,υ −λ′

0,υ, if we take λ
′
0,υ = w(λ0,υ).

• Suppose α = ei+ej for some 1 ≤ i < j ≤ n, with α∨ = ei+ej . Let w ∈Wgυ

denote the simple reflection with respect to α. Suppose (λυ, α
∨) ∈ {1, 2}.

Then λυ − w(λυ) = (λυ, α
∨)α is either ei + ej or 2ei + 2ej , both of which

can occur as λ0,υ − λ′
0,υ for some λ′

0,υ. (See the above.)

5.3.4. Type DR
n. In this case, by using the same notation system as in [Lan16, Sec.

3.3.4, case of type DR
n], we have the following:

• λ0,υ = ϖ1 = (1; 0, . . . , 0);
• Wgυ

∼= Sn ⋉ {±1}n,+, where + indicates an even number of −1’s, and we
shall denote by sgn(w, i) the sign of w ∈Wgυ at the i-th factor of {±1}n,+;
and

• λ0,υ − λ′
0,υ is either (2; 0, . . . , 0) or (1; 0, . . . , 0,±1, 0, . . . , 0). (See, e.g., the

explicit description on the so-called standard representation of so2n(C) in
[FH91, §18.1 and §19.2].)
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Hence, λυ−w(λυ) = λ0,υ−λ′
0,υ exactly when one of the following three cases holds:

(1) • λυ,1 − sgn(w, 1)λυ,w(1) = 2; and
• λυ,i − sgn(w, i)λυ,w(i) = 0, for all 1 < i ≤ n.

(2) • λυ,1 − sgn(w, 1)λυ,w(1) = 1;
• λυ,i0 − sgn(w, i0)λυ,w(i0) = ±1, for exactly one 1 < i0 ≤ n; and
• λυ,i − sgn(w, i)λυ,w(i) = 0, for all i ̸= 1, i0.

Assuming that one of the above cases holds, we would like to show that (λυ, α
∨) = 1

for some root α of nstdυ . Note that the roots of nstdυ are e1 ± ei, for all 1 < i ≤ n
and both signs ±, and there are no shorter roots.

In case (1), consider the orbit of 1 under the action of powers of w (as elements
of Sn). Let N1 denote the cardinality of this orbit. For all 1 ≤ j < N1, since
wj(1) ̸= 1, we have λυ,wj(1) − sgn(w,wj(1))λυ,wj+1(1) = 0, or rather λυ,wj(1) =

sgn(w,wj(1))λυ,wj+1(1). Since we cannot have λυ,1 − λυ,1 = 2, we must have

λυ,1 − sgn(w, 1)λυ,w(1) = λυ,1 −
∏

0≤j<N1
sgn(w,wj(1))λυ,1 = λυ,1 + λυ,1 = 2,

in which case sgn(w,wj(1)) = −1 for an odd number of exponents 0 ≤ j < N1.
Consider all the orbits of the action of powers of w on {1, 2, . . . , n}. Since the total
number of i’s in the orbit of 1 such that sgn(w, i) = −1 is odd, and since the total
number of i’s in {1, 2, . . . , n} such that sgn(w, i) = −1 is even, there must exist
some orbit not containing 1 such that the total number of i’s in that orbit such
that sgn(w, i) = −1 is also odd. Let i0 be any element of this latter orbit, and let N0

be the cardinality of this orbit. Then λυ,wj(i0) − sgn(w,wj(i0))λυ,wj+1(i0) = 0, or

rather λυ,wj(i0) = sgn(w,wj(i0))λυ,wj(i0), for all 0 ≤ j < N0. In this case, λυ,i0 =∏
0≤j<N0

sgn(w,wj(i0))λυ,i0 = −λυ,i0 , which implies that λυ,i0 = 0. If we consider

the root α = e1− ei0 of nstdυ , with coroot e1− ei0 , then (λυ, α
∨) = λυ,1− λυ,i0 = 1.

In case (2), firstly, suppose w(1) = 1, in which case sgn(w, 1) = −1 and 2λυ,1 =
1. By assumption, we have λυ,i0 − sgn(w, i0)λυ,w(i0) = ±1, for exactly one 1 <
i0 ≤ n, for some sign ±. Consider the orbit of i0 under the action of powers
of w. Let N0 denote the cardinality of this orbit. For all 1 ≤ j < N0, since
wj(i0) ̸= i0, we have λυ,wj(i0)− sgn(w,wj(i0))λυ,wj+1(i0) = 0, or rather λυ,wj(i0) =

sgn(w,wj(i0))λυ,wj+1(i0). Since we cannot have λυ,i0 − λυ,i0 = ±1, we must have

λυ,i0 − sgn(w, i0)λυ,w(i0) = λυ,i0 −
∏

0≤j<N0
sgn(w,wj(i0))λυ,i0 = λυ,i0 + λυ,i0 =

±1, in which case sgn(w,wj(i0)) = −1 for an odd number of exponents 0 ≤ j < N0.
Thus, λυ,1±λυ,i0 = 1. Secondly, suppose w(1) ̸= 1. Then λυ,1−sgn(w, 1)λυ,w(1) =
1 is also of the form λυ,1 ± λυ,i0 for some 1 < i0 = w(1) ≤ n and some sign ±. In
both cases, if we consider the root α = e1 ± ei0 , where the sign ± is the same as
above, with coroot α∨ = e1 ± ei0 , then (λυ, α

∨) = λυ,1 ± λυ,i0 = 1.
Conversely, suppose α = e1 ± ei is a root of nstdυ , for some 1 < i ≤ n and some

sign ±. Suppose (λυ, α
∨) = 1. Let w ∈ Wgυ

denote the simple reflection with
respect to α. Then λυ −w(λυ) = (λυ, α

∨)α = α = e1 ± ei = λ0,υ − λ′
0,υ, if we take

λ′
0,υ = w(λ0,υ) in this case; and we are in case (2) above. (By combining this with

the above arguments, we see that case (1) is actually part of case (2).)

5.3.5. Type DH
n . In this case, by using the same notation system as in [Lan16, Sec.

3.3.4, case of type DH
n ], up to a change of coordinates, we have the following:

• λ0,υ = ϖn = ( 12 ,
1
2 , . . . ,

1
2 );

• Wgυ
∼= Sn ⋉ {±1}n,+ (with the same meaning as before); and
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• λ0,υ − λ′
0,υ is any vector with entries in {0, 1}, with a positive and even

number of occurrences of 1’s. (See, e.g., the explicit description on the
so-called half-spin representations of so2n(C) in [FH91, §20.1].)

Then λυ − w(λυ) = λ0,υ − λ′
0,υ exactly when both of the following holds:

• λυ,i − sgn(w, i)λυ,w(i) ∈ {0, 1}, with an even number of occurrences of 1’s
as i runs over all integers from 1 to n; and
• there exists some i0 such that λυ,i0 − sgn(w, i0)λυ,w(i0) ̸= 0.

Note that the roots of nstdυ are of the form ei1 + ei2 , with associated coroots of the
form ei1 + ei2 , for 1 ≤ i1 < i2 ≤ n. There are no shorter roots.

Assuming that both of the above hold, we claim that (λυ, ei1 +ei2) = 1, for some
1 ≤ i1, i2 ≤ n such that i1 ̸= i2. Let i0 be any integer such that 1 ≤ i0 ≤ n and
λυ,i0 − sgn(w, i0)λυ,w(i0) = 1.

Firstly, suppose w(i0) ̸= i0. Consider its orbit under the action of powers of w (as
elements of Sn). Let N0 denote the cardinality of this orbit. Since w(i0) ̸= i0, we
have N0 > 1. Moreover, wj+1(i0) ̸= wj(i0), for all j ∈ Z. If sgn(w,wj(i0)) = 1, for
all 0 ≤ j < N0, then λυ,wj(i0)− sgn(w,wj(i0))λυ,wj+1(i0) = λυ,wj(i0)−λυ,wj+1(i0) ∈
{0, 1}, for all 0 ≤ j < N0; and (as integers) 0 =

∑N0−1
j=0 (λυ,wj(i0) − λυ,wj+1(i0)) ≥

λυ,i0 −λυ,w(i0) > 0, which is a contradiction. Hence, there exists some 0 ≤ j0 < N0

such that sgn(w,wj(i0)) = 1, for all 0 ≤ j < j0; but sgn(w,w
j0(i0)) = −1. In this

case, λυ,wj0 (i0) − sgn(w,wj0(i0))λυ,wj0+1(i0) = λυ,wj0 (i0) + λυ,wj0+1(i0) ∈ {0, 1}. If

λυ,wj0 (i0) + λυ,wj0+1(i0) = 1, then we can verify the claim by setting i1 = wj0(i0)

and i2 = wj0+1(i0). Otherwise, λυ,wj0 (i0)+λυ,wj0+1(i0) = 0, or rather λυ,wj0+1(i0) =
−λυ,wj0 (i0), and we cannot have j0 = 0. Let j1 be the largest integer such that

0 ≤ j1 < j0 and λυ,wj1 (i0)− sgn(w,wj1(i0))λυ,wj1+1(i0) = λυ,wj1 (i0)−λυ,wj1+1(i0) =

1 (i.e., it is nonzero). Then λυ,wj(i0) − sgn(w,wj(i0))λυ,wj+1(i0) = λυ,wj(i0) −
λυ,wj+1(i0) = 0, or rather λυ,wj(i0) = λυ,wj+1(i0), for all j1 < j < j0. There-
fore, λυ,wj1+1(i0) = · · · = λυ,wj0 (i0) = −λυ,wj0+1(i0), and λυ,wj1 (i0) − λυ,wj1+1(i0) =

λυ,wj1 (i0) + λυ,wj0+1(i0) = 1. Thus, we can verify the claim by setting i1 = wj1(i0)

and i2 = wj0+1(i0).
Secondly, suppose w(i0) = i0. Then we must have sgn(w, i0) = −1 and 2λυ,i0 =

1. Since the number of occurrences of 1’s in λ0,υ − λ′
0,υ is even, we know there

exists some i′0 such that λυ,i′0
− sgn(w, i′0)λυ,w(i′0)

= 1. If w(i′0) = i′0, then we must
have 2λυ,i′0

= 1, and hence λυ,i0 + λυ,i′0
= 1, in which case we can verify the claim

by setting i1 = i0 and i2 = i′0. If w(i′0) ̸= i′0, then we can replace i0 with i′0, and
resort to the previous paragraph. Now the claim has been verified in all cases.

Conversely, suppose α = ei + ej , for some 1 ≤ i < j ≤ n, is a root of nstdυ , with
α∨ = ei+ ej . Let w ∈Wgυ denote the simple reflection with respect to α. Suppose
(λυ, α

∨) = 1. Then λυ − w(λυ) = (λυ, α
∨)α = α = ei + ej , which can occur as

λ0,υ − λ′
0,υ for some weight λ′

0,υ of V0,υ other than λ0,υ. (See the above.)

5.4. Computations in exceptional cases. In this subsection, we shall finish the
proof of Proposition 5.1.12, or rather Proposition 5.3.1, by explaining our com-
putations in the remaining cases of types E6 and E7. Since there are no shorter
roots in these two cases, we just need to verify that a weight λυ : hυ → C satisfies
λυ−w(λυ) = λ0,υ−λ′

0,υ, for some 1 ̸= w ∈Wgυ
and some weight λ′

0,υ of V0,υ other

than λ0,υ, if and only if there exists some root α of nstdυ such that (λυ, α
∨) = 1.

Unlike the classical cases in Section 5.3, where the Weyl groups can be explicitly
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described as signed or unsigned permutations, the Weyl groups of Lie algebras of
types E6 and E7 do not have such handy descriptions.

5.4.1. General description of the methods. Let us start with the “if” part, which is
easier and can be done without using computers. We shall resort to the following
lemma, and verify the two conditions in it:

Lemma 5.4.1. For each υ ∈ Υ, the condition (λυ, α
∨) = 1 for some root α of nstdυ

implies the condition that λυ − w(λυ) = λ0,υ − λ′
0,υ for some weight λ′

0,υ of V0,υ

other than λ0,υ, provided that the following two conditions hold:

(1) Wmυ
acts transitively on the roots of nstdυ .

(2) There exists at least one root α0 of nstdυ such that α0 = λ0,υ−λ′′
0,υ for some

weight λ′′
0,υ of V0,υ other than λ0,υ.

Proof. Suppose (λυ, α
∨) = 1 for some root α of nstdυ . By (1), there exists some

w0 ∈Wmυ
such that α = w0(α0). Note that w0(λ0,υ) = λ0,υ, because λ0,υ is Wmυ

-

invariant; and (w−1
0 (λυ), α

∨
0 ) = (λυ, w0(α

∨
0 )) = (λ, α∨) = 1, because the pairing is

W-invariant. Let α0 = λ0,υ − λ′′
0,υ be as in (2), and let w1 ∈ Wgυ

be the simple

reflection with respect to α0. Let w := w0w1w
−1
0 and λ′

0,υ := w0(λ
′′
0,υ). Then

λυ − w(λυ) = w0(w
−1
0 (λυ) − w1(w

−1
0 (λυ))) = w0((w

−1
0 (λυ), α

∨
0 )α0) = w0(α0) =

w0(λ0,υ − λ′′
0,υ) = λ0,υ − λ′

0,υ, verifying the condition, as desired. □

As for the “only if” part, we shall use computers, and our method can be de-
scribed as follows, which works on any computer algebra system that performs
Gaussian elimination and allows the creation of multiple loops:

Method 5.4.2. Fix any υ ∈ Υ.

(1) Filter the Weyl group Wgυ by an increasing sequence

Wgυ,0 = {1} ⊂Wgυ,1 ⊂ · · · ⊂Wgυ,m = Wgυ
,

with explicitly known coset representatives Wj
gυ for Wgυ,j/Wgυ,j−1, for j =

1, . . . ,m. Then we can create loops running through all elements of Wgυ

by forming products of the form

w = wm · wm−1 · · · · · w1,

with wj running through all elements of Wj
gυ , for j = 1, . . . ,m.

(2) For each w ∈ Wgυ
in the above loops in (1), compute the rank Rw of the

matrix Aw of Id−w. Create a loop running over all weights λ′
0,υ of V0,υ

other than λ0,υ.
(3) For each λ′

0,υ in the above loop in (2), construct the augmented matrix
Aw,λ′

0,υ
for the system of linear equations (Id−w)(λυ) = λ0,υ − λ′

0,υ (with

variables given by the entries of λυ) by adding a column given by λ0,υ−λ′
0,υ.

Compute the rank Rw,λ′
0,υ

of Aw,λ′
0,υ

by performing Gaussian elimination.

If Rw ̸= Rw,λ′
0,υ

, move on to the next step of the loop for λ′
0,υ. Otherwise,

create a loop running over all roots α of nstdυ .
(4) For each α in the above loop in (3), construct an augmented matrix Aw,λ′

0,υ,α

by adding to Aw,λ′
0,υ

(or its row echelon form obtained after performing

Gaussian elimination in (3)) one more row for the additional equation
(λυ, α

∨) = 1, and compute the rank Rw,λ′
0,υ,α

of Aw,λ′
0,υ,α

by performing

Gaussian elimination. If Rw,λ′
0,υ,α

̸= Rw,λ′
0,υ

, move on to the next step of
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the loop for α. Otherwise, Rw,λ′
0,υ,α

= Rw,λ′
0,υ

, and we stop the loop for α

here. In the latter case, the condition (Id−w)(λυ) = λ0,υ−λ′
0,υ implies the

condition (λυ, α
∨) = 1, for these particular w, λ′

0,υ, and α.

The verification succeeds for a particular pair of w ∈ Wgυ
and weight λ′

0,υ of V0,υ

other than λ0,υ if either Rw,λ′
0,υ
̸= Rw, or if Rw,λ′

0,υ
= Rw and we can find at least

one root α of nstdυ such that Rw,λ′
0,υ,α

= Rw,λ′
0,υ

. The whole verification succeeds if

the verification succeeds for all pairs of w and λ′
0,υ.

Remark 5.4.3. The loops in (1) can run through at most #Wgυ possibilities of w.
For each w, there is one Gaussian elimination for the matrix Aw. The loop in (2)
can run through at most dimC(V0,υ) − 1 possibilities of λ′

0,υ. For each pair of w
and λ′

0,υ, there is one Gaussian elimination for the matrix Aw,λ′
0,υ

. The loop in

(3) can run through at most dυ = dimC(nυ) = dimC(n
std
υ ) = dimC(gυ)− dimC(pυ)

possibilities of α, but this last loop is only needed when Rw,λ′
0,υ

= Rw, and even

when it is needed, it does not need to run through all the dυ possibilities. For each
triple of w, λ′

0,υ, and α, there is one Gaussian elimination for the matrix Aw,λ′
0,υ,α

.

Hence, the total number of Gaussian eliminations is bounded by (#Wgυ
)+(#Wgυ

)·
(dimC(V0,υ)− 1)+ (#Wgυ

) · (dimC(V0,υ)− 1) · dυ = (#Wgυ
) · [1 + (dimC(V0)− 1) ·

(dυ + 1)]. Since the computations for distinct pairs (w, λ′
0,υ) are unrelated to each

other, they can be performed in a parallel manner.

5.4.2. Type E6. In this case, we shall follow the same notation system as in [Lan16,
Sec. 3.3.5]. We shall assume that α6 ̸∈ ΦMυ

, so that λ0,υ = ϖ6. (By using an
automorphism that swaps simple roots as in [Lan16, Sec. 5.1.5], the case where
α1 ̸∈ ΦMυ

can be deduced from the case where α6 ̸∈ ΦMυ
.)

Let s1, s2, . . . , s6 ∈ Wgυ
denote the simple reflections associated with the six

positive roots α1, α2, . . . , α6, respectively. We filter the Weyl group Wgυ by sub-
groups

{1} ⊂Wgυ,A1 = ⟨s1⟩ ⊂ Wgυ,A2 = ⟨s1, s2⟩ ⊂ Wgυ,A3 = ⟨s1, s2, s3⟩
⊂Wgυ,A4

= ⟨s1, s2, s3, s4⟩ ⊂ Wgυ,D5
= ⟨s1, s2, s3, s4, s5⟩

⊂Wgυ,E6
= ⟨s1, s2, s3, s4, s5, s6⟩ = Wgυ

,

where the notation ⟨· · · ⟩ means the subgroup generated by the elements listed
within the angular brackets. Between successive filtered pieces, we choose coset
representatives as follows:

WA1
gυ

= {1, s1} for Wgυ,A1
/{1};

W
A2/A1
gυ = {1, s2, s1s2s1} for Wgυ,A2/Wgυ,A1 ;

W
A3/A2
gυ = {1, s3, s2s3s2, s1s2s3s2s1} for Wgυ,A3/Wgυ,A2 ;

W
A4/A3
gυ = {1, s4, s3s4s3, s2s3s4s3s2, s1s2s3s4s3s2s1} for Wgυ,A4

/Wgυ,A3
;

W
D5/A4
gυ = {±1}5,+ for Wgυ,D5

/Wgυ,A4
,

where {±1}5,+ means reflections in the first five coordinates of the form (xi) 7→
(±xi) with an even number of −’s, as in Section 5.3.5. (There are 25−1 = 16 such

reflections in total.) As for the representatives W
E6/D5
gυ for Wgυ,E6/Wgυ,D5 , we

choose them to be the 27 Weyl elements in the third column of Table 1, which
define distinct cosets modulo Wgυ,D5

, because Wgυ,D5
fixes ϖ6 when it only acts
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on the first five coordinates by evenly signed permutations, and the first column

of Table 1 shows that distinct w ∈ W
E6/D5
gυ define distinct wϖ6. Using these

representatives, we can express all elements of Wgυ
as

w = wE6/D5 · wD5/A4 · wA4/A3 · wA3/A2 · wA2/A1 · wA1 ,

where w? ∈ W?
gυ
, for ? = E6/D5, D5/A4, A4/A3, A3/A2, A2/A1, A1. Since

λ0,υ = ϖ6 is a minuscule weight (i.e., |(λ0,υ, α
∨)| ≤ 1 for all roots α of gυ), by the

theory of highest weights, all weights of the irreducible gυ-representation V0,υ of
highest weight λ0,υ are extremal and hence lie in the same Wgυ -orbit. Since λ0,υ

is fixed by Wgυ,D5
, we can express each weight of V0,υ as

wE6/D5ϖ6,

for some (uniquely determined) wE6/D5 ∈ W
E6/D5
gυ ; and we have recorded all such

weights in the first column of Table 1. These allow us to efficiently carry out Method
5.4.2 and verify the “only if” part. Note that

#Wgυ
= (#W

E6/D5
gυ ) · (#W

D5/A4
gυ ) · (#Wgυ,A4

) = 27 · 16 · 5! = 51840,

dimC(V0,υ) − 1 = 27 − 1 = 26, and dυ = 16. As explained in Remark 5.4.3, the
total number of Gaussian eliminations needed is bounded by

(#Wgυ
) · [1 + (dimC(V0,υ)− 1) · (dυ + 1)] = 51840 · [1 + 26 · 17] = 22965120.

Assume that we can compute at least 10000 Gaussian eliminations per second.
This is not unreasonable, given that computations for distinct (w, λ′

0,υ) can be
performed in a parallel manner, and that the matrices all have small sizes and
entries. Then the total amount of time needed is bounded by 38.2752 minutes.
Our actual computations took less than one minute on a personal computer with
an 8-core CPU.

As for the “if” part, we shall apply Lemma 5.4.1 by verifying the two conditions
(1) and (2) there. As for (1), the roots of nstdυ (cf. [Lan16, (3.82)]) is

{(± 1
2 ,±

1
2 ,±

1
2 ,±

1
2 ,±

1
2 ,+

√
3
2 )T (transposed) with an odd number of +’s},

which admits a transitive action of Wmυ = Wgυ,D5
∼= S5 ⋉ {±1}5,+ (acting on the

first five coordinates). As for (2), by taking λ′′
0,υ = (12 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2
√
3
)T (see the

second row of Table 1), we have λ0,υ − λ′′
0,υ = (− 1

2 ,−
1
2 ,−

1
2 ,−

1
2 ,−

1
2 ,

√
3
2 )T , which

is a root of nstdυ (cf. [Lan16, (3.82)]). Thus, the “if” part has also been verified.

5.4.3. Type E7. In this case, we shall follow the same notation system as in [Lan16,
Sec. 3.3.6], so that α1 ̸∈ ΦMυ

and λ0,υ = ϖ1.
Let s1, s2, . . . , s7 ∈Wgυ denote the simple reflections associated with the seven

positive roots α1, α2, . . . , α7, respectively. We filter the Weyl group Wgυ by sub-
groups

{1} ⊂Wgυ,A1 = ⟨s2⟩ ⊂ Wgυ,A2 = ⟨s2, s3⟩ ⊂ Wgυ,A3 = ⟨s2, s3, s4⟩
⊂Wgυ,A4

= ⟨s2, s3, s4, s5⟩ ⊂ Wgυ,D5
= ⟨s2, s3, s4, s5, s6⟩

⊂Wgυ,E6
= ⟨s2, s3, s4, s5, s6, s7⟩ ⊂ Wgυ,E7

= ⟨s1, s2, s3, s4, s5, s6, s7⟩ = Wgυ
.

Note that, for ? = A1,A2,A3,A4,D5,E6, the subgroup Wgυ,? is as in Section 5.4.2,
except that the indices of the generators are shifted by one. Between successive
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Table 1. {wϖ6}w∈W
E6/D5
gυ

in the case of type E6

(wϖ6)
T (transposed) l(w) w ∈ W

E6/D5
gυ

(0, 0, 0, 0, 0, 2√
3
) 0 1

( 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
√

3
) 1 w1 = s6

( 1
2
, 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
√

3
) 2 w2 = s5w1

( 1
2
, 1
2
,− 1

2
, 1
2
,− 1

2
, 1
2
√

3
) 3 w3 = s3w2

( 1
2
,− 1

2
, 1
2
, 1
2
,− 1

2
, 1
2
√

3
) 4 w4I

= s2w3

( 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
√

3
) 4 w4II

= s4w3

(− 1
2
, 1
2
, 1
2
, 1
2
,− 1

2
, 1
2
√

3
) 5 w5I

= s1w4I

( 1
2
,− 1

2
, 1
2
,− 1

2
, 1
2
, 1
2
√

3
) 5 w5II

= s2w4II

(− 1
2
, 1
2
, 1
2
,− 1

2
, 1
2
, 1
2
√

3
) 6 w6I

= s4w5I
= s1w5II

( 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
, 1
2
√

3
) 6 w6II

= s3w5II

(− 1
2
, 1
2
,− 1

2
, 1
2
, 1
2
, 1
2
√

3
) 7 w7I

= s3w6I
= s1w6II

( 1
2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
, 1
2
√

3
) 7 w7II

= s5w6II

(− 1
2
,− 1

2
, 1
2
, 1
2
, 1
2
, 1
2
√

3
) 8 w8I

= s2w7I

(− 1
2
, 1
2
,− 1

2
,− 1

2
,− 1

2
, 1
2
√

3
) 8 w8II

= s5w7I
= s1w7II

(1, 0, 0, 0, 0,− 1√
3
) 8 w8III

= s6w7II

(− 1
2
,− 1

2
, 1
2
,− 1

2
,− 1

2
, 1
2
√

3
) 9 w9I

= s5w8I
= s2w8II

(0, 1, 0, 0, 0,− 1√
3
) 9 w9II

= s6w8II
= s1w8III

(− 1
2
,− 1

2
,− 1

2
, 1
2
,− 1

2
, 1
2
√

3
) 10 w10I

= s3w9I

(0, 0, 1, 0, 0,− 1√
3
) 10 w10II

= s6w9I
= s2w9II

(− 1
2
,− 1

2
,− 1

2
,− 1

2
, 1
2
, 1
2
√

3
) 11 w11I

= s4w10I

(0, 0, 0, 1, 0,− 1√
3
) 11 w11II

= s6w10I
= s3w10II

(0, 0, 0, 0, 1,− 1√
3
) 12 w12I

= s6w11I

(0, 0, 0, 0,−1,− 1√
3
) 12 w12II

= s5w11II

(0, 0, 0,−1, 0,− 1√
3
) 13 w13 = s5w12I

= s4w12II

(0, 0,−1, 0, 0,− 1√
3
) 14 w14 = s3w13

(0,−1, 0, 0, 0,− 1√
3
) 15 w15 = s2w14

(−1, 0, 0, 0, 0,− 1√
3
) 16 w16 = s1w15

filtered pieces, we choose coset representatives as follows:

WA1
gυ

= {1, s2} for Wgυ,A1/{1};

W
A2/A1
gυ = {1, s3, s2s3s2} for Wgυ,A2

/Wgυ,A1
;

W
A3/A2
gυ = {1, s4, s3s4s3, s2s3s4s3s2} for Wgυ,A3

/Wgυ,A2
;

W
A4/A3
gυ = {1, s5, s4s5s4, s3s4s5s4s2, s2s3s4s5s4s3s2} for Wgυ,A4

/Wgυ,A3
;

W
D5/A4
gυ = {±1}5,+ for Wgυ,D5

/Wgυ,A4
,

where {±1}5,+ means reflections in the middle five coordinates of the form (xi) 7→
(±xi) with an even number of −’s, as in Section 5.3.5. (There are 25−1 = 16 such

reflections in total.) As for the representatives W
E6/D5
gυ for Wgυ,E6

/Wgυ,D5
, we

choose them to be the 27 Weyl elements in the third column of Table 2, which define
distinct cosets modulo Wgυ,D5 , because Wgυ,D5 fixes ϖ7 when it only acts on the
middle five coordinates by evenly signed permutations, and the first column of Table

2 shows that distinct w ∈ W
E6/D5
gυ define distinct wϖ6. As for the representatives

W
E7/E6
gυ for Wgυ,E7

/Wgυ,E6
, we choose them to be the 56 Weyl elements in the third

column of Table 3, which define distinct cosets modulo Wgυ,E6
, because Wgυ,E6

=
⟨s2, s3, s4, s5, s6, s7⟩ fixes ϖ1 when (ϖ1, α

∨
i ) = 0 for all 2 ≤ i ≤ 7, and because the

first column of Table 3 shows that distinct w ∈W
E6/D5
gυ define distinct wϖ6. Using
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these representatives, we can express all elements of Wgυ
as

w = wE7/E6 · wE6/D5 · wD5/A4 · wA4/A3 · wA3/A2 · wA2/A1 · wA1 ,

where w? ∈W?
gυ
, for ? = E7/E6, E6/D5, D5/A4, A4/A3, A3/A2, A2/A1, A1. Since

λ0,υ = ϖ1 is a minuscule weight (cf. Section 5.4.2) fixed by Wgυ,E6
, we can express

each weight of the irreducible gυ-representation V0,υ of highest weight λ0,υ as

wE7/E6ϖ1,

for some (uniquely determined) wE7/E6 ∈ W
E6/D5
gυ ; and we have recorded all such

weights in the first column of Table 3. These allow us to efficiently carry out Method
5.4.2 and verify the “only if” part. Note that

#Wgυ
= (wE7/E6

υ ) · (#Wgυ,E6
) = 56 · 51840 = 2903040,

dimC(V0,υ) − 1 = 56 − 1 = 55, and dυ = 27. As explained in Remark 5.4.3, the
total number of Gaussian eliminations needed is bounded by

(#Wgυ
) · [1 + (dimC(V0,υ)− 1) · (dυ + 1)] = 2903040 · [1 + 55 · 28] = 4473584640.

Assuming as in Section 5.4.2 that we can compute at least 10000 Gaussian elimi-
nations per second, the total amount of time needed is bounded by 5.17776 days.
Our actual computations took less than 3 hours on a personal computer with an
8-core CPU.

Table 2. {wϖ7}w∈W
E6/D5
gυ

in the case of type E7

(wϖ7)
T (transposed) l(w) w ∈ W

E6/D5
gυ

(0, 0, 0, 0, 0, 0,
√
2) 0 1

( 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1√

2
) 1 w1 = s7

( 1
2
, 1
2
, 1
2
, 1
2
,− 1

2
,− 1

2
, 1√

2
) 2 w2 = s6w1

( 1
2
, 1
2
, 1
2
,− 1

2
, 1
2
,− 1

2
, 1√

2
) 3 w3 = s4w2

( 1
2
, 1
2
,− 1

2
, 1
2
, 1
2
,− 1

2
, 1√

2
) 4 w4I

= s3w3

( 1
2
, 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
, 1√

2
) 4 w4II

= s5w3

( 1
2
,− 1

2
, 1
2
, 1
2
, 1
2
,− 1

2
, 1√

2
) 5 w5I

= s2w4I

( 1
2
, 1
2
,− 1

2
, 1
2
,− 1

2
, 1
2
, 1√

2
) 5 w5II

= s3w4II

( 1
2
,− 1

2
, 1
2
, 1
2
,− 1

2
, 1
2
, 1√

2
) 6 w6I

= s5w5I
= s2w5II

( 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
, 1√

2
) 6 w6II

= s4w5II

( 1
2
,− 1

2
, 1
2
,− 1

2
, 1
2
, 1
2
, 1√

2
) 7 w7I

= s4w6I
= s2w6II

( 1
2
, 1
2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
, 1√

2
) 7 w7II

= s6w6II

( 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
, 1
2
, 1√

2
) 8 w8I

= s3w7I

( 1
2
,− 1

2
, 1
2
,− 1

2
,− 1

2
,− 1

2
, 1√

2
) 8 w8II

= s6w7I
= s2w7II

(1, 1, 0, 0, 0, 0, 0) 8 w8III
= s7w7II

( 1
2
,− 1

2
,− 1

2
, 1
2
,− 1

2
,− 1

2
, 1√

2
) 9 w9I

= s6w8I
= s3w8II

(1, 0, 1, 0, 0, 0, 0) 9 w9II
= s7w8II

= s2w8III
( 1
2
,− 1

2
,− 1

2
,− 1

2
, 1
2
,− 1

2
, 1√

2
) 10 w10I

= s4w9I

(1, 0, 0, 1, 0, 0, 0) 10 w10II
= s7w9I

= s3w9II
( 1
2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
, 1
2
, 1√

2
) 11 w11I

= s5w10I

(1, 0, 0, 0, 1, 0, 0) 11 w11II
= s7w10I

= s4w10II
(1, 0, 0, 0, 0, 1, 0) 12 w12I

= s7w11I
(1, 0, 0, 0, 0,−1, 0) 12 w12II

= s6w11II
(1, 0, 0, 0,−1, 0, 0) 13 w13 = s6w12I

= s5w12II
(1, 0, 0,−1, 0, 0, 0) 14 w14 = s4w13
(1, 0,−1, 0, 0, 0, 0) 15 w15 = s3w14
(1,−1, 0, 0, 0, 0, 0) 16 w16 = s2w15
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Table 3. {wϖ1}w∈W
E7/E6
gυ

in the case of type E7

(wϖ1)
T (transposed) l(w) w ∈ W

E7/E6
gυ

(1, 0, 0, 0, 0, 0, 1√
2
) 0 1

(0, 1, 0, 0, 0, 0, 1√
2
) 1 w1 = s1

(0, 0, 1, 0, 0, 0, 1√
2
) 2 w2 = s2w1

(0, 0, 0, 1, 0, 0, 1√
2
) 3 w3 = s3w2

(0, 0, 0, 0, 1, 0, 1√
2
) 4 w4 = s4w3

(0, 0, 0, 0, 0, 1, 1√
2
) 5 w5I

= s5w4

(0, 0, 0, 0, 0,−1, 1√
2
) 5 w5II

= s6w4

(0, 0, 0, 0,−1, 0, 1√
2
) 6 w6I

= s6w5I

( 1
2
, 1
2
, 1
2
, 1
2
, 1
2
,− 1

2
, 0) 6 w6II

= s7w5II
(0, 0, 0,−1, 0, 0, 1√

2
) 7 w7I

= s4w6I

( 1
2
, 1
2
, 1
2
, 1
2
,− 1

2
, 1
2
, 0) 7 w7II

= s5w6II
(0, 0,−1, 0, 0, 0, 1√

2
) 8 w8I

= s3w7I

( 1
2
, 1
2
, 1
2
,− 1

2
, 1
2
, 1
2
, 0) 8 w8II

= s4w7II
(0,−1, 0, 0, 0, 0, 1√

2
) 9 w9I

= s2w8I

( 1
2
, 1
2
,− 1

2
, 1
2
, 1
2
, 1
2
, 0) 9 w9II

= s3w8II
( 1
2
, 1
2
, 1
2
,− 1

2
,− 1

2
,− 1

2
, 0) 9 w9III

= s6w8II
(−1, 0, 0, 0, 0, 0, 1√

2
) 10 w10I

= s1w9I

( 1
2
,− 1

2
, 1
2
, 1
2
, 1
2
, 1
2
, 0) 10 w10II

= s7w9I
= s2w9II

( 1
2
, 1
2
,− 1

2
, 1
2
,− 1

2
,− 1

2
, 0) 10 w10III

= s3w9III
(− 1

2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 0) 11 w11I

= s7w10I
= s1w10II

( 1
2
,− 1

2
, 1
2
, 1
2
,− 1

2
,− 1

2
, 0) 11 w11II

= s6w10II
= s2w10III

( 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
,− 1

2
, 0) 11 w11III

= s4w10III
(− 1

2
, 1
2
, 1
2
, 1
2
,− 1

2
,− 1

2
, 0) 12 w12I

= s6w11I
= s1w11II

( 1
2
,− 1

2
, 1
2
,− 1

2
, 1
2
,− 1

2
, 0) 12 w12II

= s4w11II
= s2w11III

( 1
2
, 1
2
,− 1

2
,− 1

2
,− 1

2
, 1
2
, 0) 12 w12III

= s5w11III
(− 1

2
, 1
2
, 1
2
,− 1

2
, 1
2
,− 1

2
, 0) 13 w13I

= s4w12I
= s1w12II

( 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
,− 1

2
, 0) 13 w13II

= s3w12II
( 1
2
,− 1

2
, 1
2
,− 1

2
,− 1

2
, 1
2
, 0) 13 w13III

= s5w12II
= s2w12III

(− 1
2
, 1
2
,− 1

2
, 1
2
, 1
2
,− 1

2
, 0) 14 w14I

= s3w13I
= s1w13II

( 1
2
,− 1

2
,− 1

2
, 1
2
,− 1

2
, 1
2
, 0) 14 w14II

= s5w13II
= s3w13III

(− 1
2
, 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
, 0) 14 w14III

= s1w13III
(− 1

2
,− 1

2
, 1
2
, 1
2
, 1
2
,− 1

2
, 0) 15 w15I

= s2w14I
( 1
2
,− 1

2
,− 1

2
,− 1

2
, 1
2
, 1
2
, 0) 15 w15II

= s4w14II
(− 1

2
, 1
2
,− 1

2
, 1
2
,− 1

2
, 1
2
, 0) 15 w15III

= s1w14II
= s3w14III

(− 1
2
,− 1

2
, 1
2
, 1
2
,− 1

2
, 1
2
, 0) 16 w16I

= s5w15I
= s2w15III

(− 1
2
, 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
, 0) 16 w16II

= s1w15II
( 1
2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
, 0) 16 w16III

= s6w15II
(− 1

2
,− 1

2
, 1
2
,− 1

2
, 1
2
, 1
2
, 0) 17 w17I

= s4w16I
(− 1

2
, 1
2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
, 0) 17 w17II

= s6w16II
(1, 0, 0, 0, 0, 0,− 1√

2
) 17 w17III

= s7w16III

(− 1
2
,− 1

2
,− 1

2
, 1
2
, 1
2
, 1
2
, 0) 18 w18I

= s3w17I
(− 1

2
,− 1

2
, 1
2
,− 1

2
,− 1

2
,− 1

2
, 0) 18 w18II

= s2w17II
(0, 1, 0, 0, 0, 0,− 1√

2
) 18 w18III

= s1w17III

(− 1
2
,− 1

2
,− 1

2
, 1
2
,− 1

2
,− 1

2
, 0) 19 w19I

= s6w18I
= s3w18II

(0, 0, 1, 0, 0, 0,− 1√
2
) 19 w19II

= s7w18II
= s2w18III

(0, 0, 0, 1, 0, 0,− 1√
2
) 20 w20I

= s7w19I
= s3w19II

(− 1
2
,− 1

2
,− 1

2
,− 1

2
, 1
2
,− 1

2
, 0) 20 w20II

= s4w19I
(0, 0, 0, 0, 1, 0,− 1√

2
) 21 w21I

= s4w20I

(− 1
2
,− 1

2
,− 1

2
,− 1

2
,− 1

2
, 1
2
, 0) 21 w21II

= s5w20II
(0, 0, 0, 0, 0,−1,− 1√

2
) 22 w22I

= s6w21I

(0, 0, 0, 0, 0, 1,− 1√
2
) 22 w22II

= s7w21II

(0, 0, 0, 0,−1, 0,− 1√
2
) 23 w23I

= s5w22I
= s6w22II

(0, 0, 0,−1, 0, 0,− 1√
2
) 24 w24I

= s4w23I

(0, 0,−1, 0, 0, 0,− 1√
2
) 25 w25I

= s3w24I

(0,−1, 0, 0, 0, 0,− 1√
2
) 26 w26I

= s2w25I

(−1, 0, 0, 0, 0, 0,− 1√
2
) 27 w27I

= s1w26I

As for the “if” part, we shall apply Lemma 5.4.1 by verifying the two conditions
(1) and (2) there. The roots of nstdυ (cf. [Lan16, (3.92)]) is a union of three subsets

{e1 ± ej : j = 2, 3, 4, 5, 6}

∪ {( 12 ,±
1
2 ,±

1
2 ,±

1
2 ,±

1
2 ,±

1
2 ,

√
2
2 )T (transposed) with an even number of 1

2 ’s}

∪ {(0, 0, 0, 0, 0, 0,
√
2)T },
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each of which admits a transitive action of Wgυ,D5
∼= S5 ⋉ {±1}5,+ (acting on the

middle five coordinates). In order to verify (1), it suffices to show that some ele-

ments of Wmυ bring, for example, e1+e2 (in the first subset) and (0, 0, 0, 0, 0, 0,
√
2)T

(in the third subset) to ( 12 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

√
2
2 )T (in the second subset), respectively.

For the former, the reflection with respect to the root (− 1
2 ,−

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

√
2
2 )T of

mυ (cf. [Lan16, (3.90)]) brings e1 + e2 to (12 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

√
2
2 )T . For the latter,

the reflection with respect to the root (− 1
2 ,−

1
2 ,−

1
2 ,−

1
2 ,−

1
2 ,−

1
2 ,

√
2
2 )T of mυ (cf.

[Lan16, (3.90)] again) brings (0, 0, 0, 0, 0, 0,
√
2)T to ( 12 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

√
2
2 )T . As for

(2), by taking λ′′
0,υ = (0, 1, 0, 0, 0, 0, 1√

2
)T (see the second row of Table 3), we have

λ0,υ − λ′′
0,υ = e1 − e2, which is a root of nstdυ . Thus, the “if” part has also been

verified.

6. Vanishing results for completed cohomology

6.1. Completed cohomology. The p-adically completed cohomology for locally
symmetric spaces was introduced by Emerton to serve as a p-adic analogue of spaces
of automorphic forms. We refer to [Eme14, CE12] for more details. In this paper,
we will only consider the case of Shimura varieties.

Definition 6.1.1. Let (G,X) be a Shimura datum. Fix a tame level, i.e., an open
compact subgroup Kp of G(A∞,p). The (i-th) completed cohomology at tame level
Kp is defined as

H̃i := lim←−
n

lim−→
Kp

Hi(ShanKpKp,C,Z/p
n),

where Kp runs through all open compact subgroups of G(Qp) such that KpKp is
neat. (See Section 4.1 for the notation here.)

The completed cohomology H̃i is p-adically complete and admits a natural ad-
missible representation of G(Qp). In particular, H̃i ⊗Z Q is an admissible p-adic

Banach space representation of G(Qp). We denote by H̃i,la the subspace of G(Qp)-
locally analytic vectors, which is a G(Qp)-invariant dense subspace, by [ST03, Thm.
7.1]. The Lie algebra LieGQp of G(Qp) acts naturally on it by derivation. We put

H̃i
C := H̃i⊗̂ZpC, the p-adically completed tensor product, and denote by H̃i,la

C its
subspace of G(Qp)-locally analytic vectors. Equivalently,

H̃i,la
C = H̃i,la⊗̂QpC,

the completed tensor product for LB-spaces, as in [Eme17, Prop. 1.1.32]. Note

that, after fixing an isomorphism ι : C ∼→ C, by [RC22, Thm. 6.2.6] and the very
construction of Ola = Rπla

HT,∗(Ola
S ) in (4.3.5), we have g-equivariant isomorphisms

(6.1.2) H̃i,la
C
∼= Hi(StorKp ,Ola

S )
∼= Hi(Fℓ,Ola).

(Here we freely use the notation introduced in Section 4.) As explained in Section
4.4, there is a natural action of Z(U(m)) on Ola and hence (by (6.1.2)) also on

H̃i,la
C , extending the natural action of Z(U(g)). Recall that, in Definitions 5.1.5 and

5.1.8, we introduced the notion of µι
h-sufficiently regular infinitesimal characters and

ideals Iι ⊂ Z(U(g)) and Iιm ⊂ Z(U(m)).

Theorem 6.1.3. Let d = dimC(X) and ι : C ∼→ C an isomorphism. Then (Iι)n
and (Iιm)n annihilate H̃<d,la

C , for some n > 0. In particular, if [λ] : Z(U(g)) → C
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(resp. [λ]m : Z(U(m)) → C) is µι
h-sufficiently regular, then the [λ]- (resp. [λ]m-)

isotypic part H̃<d,la
C,[λ] (resp. H̃<d,la

C,[λ]m
) of H̃<d,la

C is zero.

Recall that, in Definitions 5.1.5 and 5.1.8, we also introduce the notion of µh-
sufficiently regular infinitesimal characters and ideal I of Z(U(LieG)). Note that

Z(U(LieG)) ⊂ Z(U(LieGQp)) acts naturally on H̃i,la.

Corollary 6.1.4. The ideal In annihilates H̃<d,la, for some n > 0. In particular,

if [λ] : Z(U(LieG))→ Qp is µh-sufficiently regular, then H̃<d,la
[λ] = 0.

Proof. By Proposition 5.1.10(3), we can find isomorphisms ι1, · · · , ιl : C
∼→ C such

that the radical ideal of
∑l

i=1 Iιi contains I. By Theorem 6.1.3, there exists N > 0

such that (Iιi)N annihilates H̃<d,la
C , for all i = 1, · · · , l. Hence, a power of I

annihilates it as well. □

Remark 6.1.5. When Condition 5.1.11 holds, Theorem 6.1.3 follows from Theorem
5.2.1 and Corollary 5.2.2, which we have already proved in Section 5.2. In the next
subsection, we will explain how to reduce the general case to this special case.

Remark 6.1.6. Let Kp be an open compact subgroups of G(Qp) such that KpKp is
neat. Suppose that V is a finite-dimensional representation of Gc over C. Denote
by VC the corresponding C-local system on ShanKpKp,C. Our main result implies that,
if VC has µh-sufficiently regular infinitesimal weights for an isomorphism C ∼= C,
then

H<d(ShanKpKp,C, VC) = 0.

This vanishing result was previously obtained by the first-named author [Lan16,
Thm. 4.10] by a different method. To see the implication, by using an isomorphism

ι : C ∼→ C over E, we may assume that V is defined over a finite extension L of
Qp and VC has µι

h-sufficiently regular infinitesimal character. By the comparison
theorems for various étale cohomology, it suffices to prove the analogue for the étale
local system étVL on ShKpKp,C . By [Eme14, Thm. 0.5], there is a spectral sequence

Ei,j
2 = Exti

Lie K̃p
(V ∨

L , H̃j,la)⇒ Hi+j
ét (étVL),

where V ∨
L denotes the dual of VL, and Hi+j

ét (étVL) := lim−→Kp
Hi+j

ét (ShKpKp,C , étVL).

Note that there is a natural smooth action ofKp onHi+j
ét (étVL), andHi+j

ét (étVL)
Kp ∼=

Hi+j
ét (ShKpKp,C , étVL). By considering the action of the center Z(U(LieGQp

)), we

see that our vanishing result gives Ei,<d
2 = 0 (see, e.g., the proof of [Mil14, Thm.

1.1]), and hence H<d
ét (ShKpKp,C , étVL) = 0.

A similar argument as in Remark 6.1.6 works for more general pro-étale Zp-local

systems arising from a locally analytic representation of K̃p (not necessarily of

finite rank). Let ShtorKpKp
be a toroidal compactification of ShKpKp , as before, and

consider the tower lim←−K′
p⊂Kp

StorKpK′
p
defining a pro-Kummer-étale K̃p-torsor over

StorKpKp
, as in the beginning of Section 4.2. (So, implicitly, we fix an isomorphism

ι : C ∼→ C.) Recall that, in Construction 2.2.2, for each p-adic unitary Banach

space representation V of K̃p, we defined a pro-Kummer-étale sheaf prokétV =

prokétV Stor
KpKp

functorial in V . (For simplicity, we shall similarly omit the subscript

“StorKpKp
” in the notation for the similarly constructed sheaves below.) When V is
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a general p-adic Banach space representation, one can choose a K̃p-invariant open
bounded lattice of V and apply the same construction. Then it is standard that
the resulting pro-Kummer-étale sheaf is independent of the choice of the lattice.

Corollary 6.1.7. Suppose that V is a locally analytic (p-adic) Banach space repre-

sentation of K̃p. The center Z(U(LieGQp
)) acts naturally on V , prokétV , and their

cohomology. The ideal In annihilates H<d
prokét(StorKpKp

, prokétV ), for some n > 0. In

particular, H<d
prokét(StorKpKp

, prokétV ) = 0 if V has a µh-sufficiently regular infinites-

imal character.

Proof. One may shrinkKp and assume that K̃p is uniform pro-p. (See the discussion
after Lemma 6.2.12 below.) For r ∈ (1/p, 1) ∩ pQ, we can consider the space

C(r) ⊂ C la(K̃p,Qp) of r-analytic functions on K̃p, which is dual to the distribution

algebra D<r(K̃p,Qp) considered in [ST03]. See also [CD14, Def. IV.1], where it was

denoted by LA(h). Via the left translation action, C(r) is a locally analytic unitary

Banach space representation of K̃p. We have the following:

Lemma 6.1.8. There is a natural isomorphism

Hi
prokét(StorKpKp

, prokétC
(r)) ∼= (H̃i⊗̂Zp

C(r))K̃p ⊂ (H̃i⊗̂Zp
C la(K̃p,Qp))

K̃p ∼= H̃i,la.

Therefore, In annihilates H<d
prokét(StorKpKp

, prokétC
(r)), for some n > 0.

Proof of Lemma 6.1.8. For each n > 0, the K̃p-representation Vn := C(r),◦/pn

defines an étale sheaf étVn on ShKpKp,C . The same argument as in [Eme06, (2.1.10)]
gives a spectral sequence

Ei,j
2 = Hi(K̃p, H̃

j ⊗Zp Vn)⇒ Hi+j(ShKpKp,C , étVn).

A result of Schneider–Teitelbaum’s implies that H>0(K̃p, H̃
j⊗̂Zp

C(r)) = 0, as H̃j is
admissible (see [Pan22, Thm. 2.2.3]). A standard argument using the open mapping

theorem (see [Pan22, Prop. 2.3.3]) shows that H>0(K̃p, H̃
j⊗̂ZpC

(r),◦) is annihilated

by pN , for some N > 0, and hence

pNH>0(K̃p, H̃
j ⊗Zp Vn) = 0,

for all n ≥ 0. Up to enlarging N if necessary, we see that pN kills the kernel and
cokernel of the natural map

(H̃j ⊗Zp Vn)
K̃p → Hj

ét(ShKpKp,C , étVn).

Moreover, pN kills the cokernel of (H̃j ⊗Zp Vn+1)
K̃p → (H̃j ⊗Zp Vn)

K̃p (by con-

sidering the exact sequence 0 → V1
×pn

−−−→ Vn+1 → Vn → 0), and so it also kills

R1 limn(H̃
j ⊗Zp

Vn)
K̃p . Therefore, we have

(H̃j⊗̂ZpC
(r))K̃p ∼=

(
lim
n
(H̃j ⊗Zp Vn)

K̃p
)
⊗Zp Qp

∼=
(
R lim

n
(H̃j ⊗Zp Vn)

K̃p
)
⊗Zp Qp.

Thus, we see that (H̃j⊗̂Zp
C(r))K̃p ∼=

(
R limn H

j
ét(ShKpKp,C , étVn)

)
⊗Zp

Qp. Finally,
by Huber’s comparison theorem [Hub96, Thm. 3.8.1], by Proposition 2.2.1(1), and
by the construction of prokétC

(r), we see that(
R lim

n
Hj

ét(ShKpKp,C , étVn)
)
⊗Zp

Qp
∼= Hi

prokét(StorKpKp
, prokétC

(r)).

The lemma now follows. □
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Back to the proof of Corollary 6.1.7, for a general Banach locally analytic rep-
resentation V , we shall proceed by induction on i. For any such V , there exists

some r such that, for any v ∈ V , the orbit map ov : g ∈ K̃p 7→ g(v) is a function in

C(r)⊗̂QpV . The map V → C(r)⊗̂QpV sending v to ov is a closed embedding, and is

K̃p-equivariant with respect to the diagonal action of K̃p on C(r)⊗̂QpV . We shall
denote the cokernel by N , and consider the long exact sequence (for simplicity, we
shall drop all the StorKpKp

and the subscripts “prokét”)

· · · → Hi−1(prokétN)→ Hi(prokétC
(r))→ Hi(prokétC

(r)⊗̂QpV )→ · · · .

By our choice of r, there is an isomorphism C(r)⊗̂Qp
V ∼= C(r)⊗̂Qp

V , where K̃p acts
on every term except the last V (cf. [Pan26, Sec. 2.1.1]). Hence,

Hi(prokétC
(r)⊗̂QpV ) ∼= Hi(prokétC

(r))⊗̂QpV

is annihilated by In, for n ≫ 0. Note that In also annihilates Hi−1(prokétN), by
the induction hypothesis. The proof of Corollary 6.1.7 is now complete. □

Remark 6.1.9. Fix an isomorphism ι : C ∼→ C and an infinitesimal character [λ] :
Z(U(g))→ C, not necessarily µι

h-sufficiently regular. By Proposition 5.1.10, there
always exists a µι

h-sufficiently regular character [λ′]m : Z(U(m))→ C extending [λ]
via γm such that

H̃<d,la
C,[λ′]m

= 0.

Intuitively, in view of the relationship between the Z(U(m))-action and the ι|E-
arithmetic Sen operator on H̃<d,la

C , fixing [λ] determines all possible Hodge–Tate–
Sen weights appearing in the [λ]-isotypic part, and this result says that at least one

possible Hodge–Tate–Sen weight is missing in H̃<d,la
C,[λ] .

6.2. Proof of Theorem 6.1.3. The basic idea is quite simple. We will relate the
completed cohomology for (G,X) to the completed cohomology of another Shimura
datum (G1,X

′
1) with Gder

1 being the simply-connected cover of Gder, in which case
we can apply the result in Section 5.2. Firstly, we need to understand the relation-
ship between the usual completed cohomology and a connected version of it. As
before, we shall fix an isomorphism ι : C ∼→ C.

Same setup as in Section 6.1 and, in particular, Definition 6.1.1. Fix Kp such
that K = KpKp is neat, and fix a connected component X+ of X. Consider the
neutral component Sh◦,anK,C := ΓK\X+ of ShanK,C, as in (3.2.10), which forms a tower
as K varies.

Definition 6.2.1. Let K = KpKp be a neat level. We define the (i-th) completed
cohomology of the neutral component Sh◦,anK,C as

H̃i(Sh◦,anK,C) := lim←−
n

lim−→
Kp

Hi(Sh◦,anKpKp,C,Z/p
n),

equipped with the projective limit topology.

In general, G(Qp) no longer acts on H̃i(Sh◦,anK,C ), but a subgroup of Gder(Qp)

still does. More precisely, let Gsc be the simply-connected cover of Gder, and let
ϱ : Gsc → Gder denote the central isogeny, as in Section 3.4. Denote by

ϱp := ϱ(Qp) : G
sc(Qp)→ Gder(Qp)
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the induced map between Qp-points. By [Del79, 2.1.3], im(ϱp) acts trivially on the
set of connected components of Shimura varieties. It follows that there is a natural
action of im(ϱp) on H̃i(Sh◦,anK ). Thus, an open subgroup of Kp ∩Gder(Qp) acts on

H̃i(Sh◦,anK ), by the following well-known fact.

Proposition 6.2.2. Let ϕ : G1 → G2 be a homomorphism of p-adic Lie groups
such that dϕ : Lie(G1) → Lie(G2) is an isomorphism. Then there exist open sub-
groups H1 ⊂ G1 and H2 ⊂ G2 such that ϕ(H1) = H2 and ϕ|H1

: H1 → H2 is an
isomorphism of p-adic Lie groups.

Proof. See [Sch11, Prop. 18.17]. □

As explained in Section 4.1, by Corollary 3.4.21, the action of Kp on the tower

lim←−K′
p⊂Kp

ShanKpKp,C factors through the quotient K̃p given by (3.4.24) (with H there

replaced with G here). Let K◦
p ⊂ K̃p denote the stabilizer of the neutral component

lim←−K′
p⊂Kp

Sh◦,anKpK′
p,C

of lim←−K′
p⊂Kp

ShanKpK′
p,C. Our discussion above shows that there

is a natural homomorphism of p-adic Lie groups

Kp ∩ im(ϱp)→ K◦
p .

Lemma 6.2.3. This homomorphism is locally an isomorphism. Equivalently, it
induces Lie(K◦

p ) = Lie(Gder
Qp

).

Proof. It suffices to prove this for sufficiently small Kp and Kp. In particular, by
[Del79, Cor. 2.0.13], we may shrink K = KpKp and assume that

(6.2.4) ΓK = Γ′ × Ξ

for some neat congruence subgroup Γ′ of Gder(Q) and some congruence subgroup
Ξ of Z◦(Q), where Z◦ denotes the neutral component of the center Z of G. Clearly,

ΓK → Γad
K induces Γ′ ∼→ Γad

K . Note that subgroups of the form K1M1, where K1

is an open compact subgroup of Gder(Qp) and M1 is an open compact subgroup
of Z(Qp), form a system of open neighborhoods of 1 ∈ G(Qp). Moreover, for
sufficiently small K1 and M1, the above (6.2.4) induces

ΓK1M1 = ΓK ∩ (K1M1) = (Γ′ ∩K1)× (Ξ ∩M1).

Hence, ΓK1M1
→ Γad

K1M1
induces Γ′ ∩K1

∼→ Γad
K1M1

. Consequently, K◦
p is nothing

but the closure of Γ′ in Gder(Qp), which is, in particular, a subgroup of Gder(Qp).

On the other hand, since the kernel of the natural map Kp → K̃p is contained
in Z(Qp), the induced homomorphism Kp ∩ im(ϱp) → K◦

p ⊂ Gder(Qp) is injective,

and hence is an isomorphism in an open neighborhood of 1 ∈ Gder(Qp). □

Remark 6.2.5. It follows from the proof of Lemma 6.2.3 that, if ΓK = Γ′ × Ξ for
some neat congruence subgroup Γ′ of Gder(Q) and some congruence subgroup Ξ of
Z◦(Q), as in (6.2.4), then we have

H̃i(Sh◦,anK,C ) = lim←−
n

lim−→
Kder

p

Hi((Γ′ ∩Kder
p )\X+,Z/pn),

where Kder
p runs through open compact subgroups of Gder(Qp).
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Proposition 6.2.6. Let {gi}i∈I be any set of representatives of G(Q)+\G(A∞)/K.
There is a natural Kp-equivariant isomorphism

H̃i ∼=
⊕
i∈I

Ind
giK̃pg

−1
i

giK◦
pg

−1
i

H̃i(Sh◦,an
giKg−1

i

),

where Ind
giK̃pg

−1
i

giK◦
pg

−1
i

H̃i(Sh◦
giKg−1

i
) denote the continuous induction, i.e., continuous

functions f : giK̃pg
−1
i → H̃i(Sh◦

giKg−1
i

) such that f(gh) = g · f(h), for all g ∈
giK

◦
pg

−1
i and h ∈ giK̃pg

−1
i , and such that Kp acts on it via (l · f)(h) = f(hgi l̄g

−1
i ),

for all l ∈ Kp with image l̄ in K̃p.

Proof. For an open subgroup K ′
p ⊂ Kp, we denote by πK′

p
: ShanKpK′

p,C → ShanK,C

the natural projection map. Then {π−1
K′

p
(Sh◦,anK,C)}K′

p⊂Kp
forms a projective system.

Since K̃p acts transitively on the set of connected components of lim←−π−1
K′

p
(Sh◦,anK,C)

andK◦
p is its stabilizer at lim←− Sh◦,anKpK′

p,C
, we see that there is a natural K̃p-equivariant

isomorphism

lim−→
K′

p

Hi(π−1
K′

p
(Sh◦,anK,C),Z/p

n) ∼= Ind
K̃p

K◦
p

(
lim−→
K′

p

Hi(Sh◦,anKpK′
p,C

,Z/pn)
)

sending s ∈ lim−→K′
p

Hi(π−1
K′

p
(Sh◦,anK,C ,Z/pn) to the function f : h ∈ K̃p 7→ r(h · s),

where r : lim−→Hi(π−1
K′

p
(Sh◦,anK,C),Z/pn) → lim−→Hi(Sh◦,anKpK′

p,C
,Z/pn) is the restriction

map induced by the natural inclusion Sh◦,anKpK′
p,C
⊂ π−1

K′
p
(Sh◦,anK,C).

In general, the Hecke action of gi induces an isomorphism between Sh◦,an
giKg−1

i ,C
and the connected component ΓK,gi\X+ of ShanK,C and identifies the completed coho-

mology of the tower {π−1
K′

p
(ΓK,gi\X+)}K′

p⊂Kp with the induction of the completed

cohomology of Sh◦,an
giKg−1

i ,C from giK
◦
pg

−1
i to giK̃pg

−1
i . Then the proposition fol-

lows by writing the completed cohomology H̃i as the direct sum over i ∈ I of the
completed cohomology of the towers {π−1

K′
p
(ΓK,gi\X+)}K′

p⊂Kp . □

Denote by H̃i(Sh◦,anK,C)C := H̃i(Sh◦,anK,C)⊗̂ZpC, the p-adically completed tensor

product, and by H̃i(Sh◦,anK,C)
la
C its subspace of im(ϱp)-locally analytic vectors. The

derived subalgebra gder ∼= Lie(Gder
C ) naturally acts on it, and induces an action

of Z(U(gder)) on H̃i(Sh◦,anK,C)
la
C . The natural restriction map H̃i,la

C → H̃i(Sh◦,anK,C)
la
C

is K◦
p -equivariant and hence Z(U(gder))-equivariant. Recall that there is a natural

action of Z(U(m)) on H̃i,la
C . This algebra Z(U(m)) has a subalgebra Z(U(m∩gder)).

Proposition 6.2.7. The action of Z(U(gder)) on H̃i(Sh◦,anK,C)
la
C naturally extends

to an action of Z(U(m ∩ gder)) such that the restriction map H̃i,la
C → H̃i(Sh◦,anK,C)

la
C

is Z(U(m ∩ gder))-equivariant.

Proof. The construction of the Z(U(m))-action works verbatim here. One can
define a gder-equivariant object Ola,◦ ∈ Db(OFℓ) similar to Ola, which is annihilated

by n0 and whose cohomology computes H̃i(Sh◦,anK,C)
la
C . In fact, Ola,◦ is nothing but

the pushforward along πHT of the restriction of Ola
S to the neutral component (see

Section 4 for the notation). The equivariance of Z(U(m∩ gder)) is tautological. □
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In view of the definition of µι
h-sufficiently regular infinitesimal characters in Def-

inition 5.1.8, we see that the ideals Iι ⊂ Z(U(g)) and Iιm ⊂ Z(U(m)) are generated

by Iι,der := Iι ∩ Z(U(gder)) and Iι,derm := Iιm ∩ Z(U(m ∩ gder)), respectively.
We will prove the following connected version of Theorem 6.1.3:

Theorem 6.2.8. (Iι,der)n and (Iι,derm )n annihilate H̃<d(Sh◦,anK,C)
la
C , for some n > 0.

Remark 6.2.9. By Proposition 5.1.10, it suffices to show that (Iι,derm )n annihilates

H̃<d(Sh◦,anK,C)
la
C , for some n > 0.

Lemma 6.2.10. Theorems 6.2.8 and 6.1.3 imply each other.

Proof. It follows from the proof of Proposition 6.2.6 that the isomorphism there is
Z(U(m ∩ gder))-equivariant. □

By Remark 6.1.5, Theorem 5.2.1 and Corollary 5.2.2 imply the following:

Corollary 6.2.11. Theorem 6.2.8 holds when Condition 5.1.11 holds.

In order to prove Theorem 6.2.8 in general, we may shrink the level if necessary:

Lemma 6.2.12. Let Γ1 be a subgroup of ΓK of finite index N , and K ′ an open
subgroup of K. Then (ΓK′ ∩ Γ1)\X+ is a finite cover of ΓK′\X+, and the kernel of
the natural map Hi(ΓK′\X+,Z/pn)→ Hi((ΓK′ ∩ Γ1)\X+,Z/pn) is N !-torsion.

Proof. There is a natural injection of sets of cosets ΓK′/(ΓK′∩Γ1)→ ΓK/Γ1. Thus,
the degree of the covering map (ΓK′ ∩ Γ1)\X+ → ΓK′\X+ is bounded by N and
hence divides N !. Our claim follows as the kernel of the induced map of cohomology
groups is annihilated by the degree by the standard argument using the trace map
(or restriction-corestriction sequence). □

Corollary 6.2.13. The natural map H̃i(Sh◦,anK,C)C → H̃i(Sh◦,anK1,C)C is injective, for

any open subgroup K1 = Kp
1K1,p of K, by taking Γ1 = ΓK1

and K ′ = KpK ′
p, where

K ′
p varies over open subgroups of Kp.

Let us now begin the proof of Theorem 6.2.8. By Corollary 6.2.13, we may shrink
K and assume as in Remark 6.2.5 that

ΓK = Γ′ × Ξ,

for some neat congruence subgroup Γ′ of Gder(Q) and some congruence subgroup Ξ
of Z◦(Q) (by [Del79, Cor. 2.0.13]). As in the proof of Lemma 6.2.3, for sufficiently
small open compact subgroups K1 of Gder(Qp) and M1 of Z(Qp), the canonical
homomorphism ΓK → Γad

K induces

Γ′ ∩K1
∼→ Γad

KpK1M1
.

Recall that ϱ : Gsc → Gder denotes the simply-connected cover of Gder. By Lemma
3.4.2, Gsc and Gder have the same adjoint quotient Gad. By [Mil05, Cor. 5.8],
(Gder,X+) is a connected Shimura datum, as in [Mil05, Prop. 4.8]. It follows that
(Gsc,X+) is a connected Shimura datum as well.

Lemma 6.2.14. We can extend (Gsc,X+) to a Shimura datum (G̃, X̃) such that

G̃der = Gsc and G̃
∼→ G̃c. In this case, (G̃, X̃) satisfies Condition 5.1.11.
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Proof. By [Mil13, Prop. 8.5], we can extend (Gsc,X+) to a Shimura datum (G̃0, X̃0)

with G̃der
0 = Gsc such that the image of any h̃0 : ResC/R Gm,C → G̃0,R (parameter-

ized by X̃0 as in Section 4.1) in (G̃0/G̃
der
0 )R is anisotropic modulo the image of its

weight cocharacter defined over Q. Let T be the smallest subtorus of G̃0/G̃
der
0 such

that TR contains this image of h̃0 in (G̃0/G̃
der
0 )R. Let G̃ be the preimage of T in

G̃0, and replace X̃0 with the G̃(R)-orbit of h̃0. Then Zs(G̃) is trivial, and G̃
∼→ G̃c,

as desired. (This is essentially the same argument as in the proof of [Mil13, Cor.
8.6], but there is a minor mistake there which missed the quotient by the image of
a weight cocharacter defined over Q.) □

By [Del79, Cor. 2.0.13], we can find a neat open compact subgroup Ksc =

Ksc,pKsc
p of G̃(A∞) such that ϱ(A∞)(Ksc ∩Gsc(A∞)) ⊂ K, and

ΓKsc = Γsc,′ × Ξ′,

for some neat congruence subgroup Γsc,′ of Gsc(Q) and congruence subgroup Ξ′ of

Z(G̃)◦(Q). Note that ϱ(Q)|Γsc,′ is injective by the neatness, and

ϱ(Q)(Γsc,′) ⊂ Γ′,

which has finite index, say N , by a result of Borel’s [Bor19, Thm. 8.9]. This gives
a natural finite covering map Sh◦,anKsc,C → Sh◦,anK,C , which canonically algebraizes to a

finite étale map Sh◦Ksc → Sh◦K , as in Construction 3.4.7. Suppose that Kder
p is a

torsionfree open compact subgroup of Gsc(Qp). Then ϱp|Kder
p

is injective, and its

image is an open compact subgroup of Gder(Qp). Hence, the natural map of cosets

(Γ′ ∩ ϱp(K
der
p ))/ϱ(Q)(Γsc,′ ∩Kder

p )→ Γ′/ϱ(Q)(Γsc,′)

is injective. The same argument as in the proof of Lemma 6.2.12 shows that the
natural map

Hi
(
(Γ′ ∩ ϱp(K

der
p ))\X+,Z/pn

)
→ Hi

(
(Γsc,′ ∩Kder

p )\X+,Z/pn
)

is injective modulo N !-torsion. Therefore, by Remark 6.2.5, the induced map

(6.2.15) H̃i(Sh◦,anK,C)C → H̃i(Sh◦,anKsc,C)C

is injective. Since Gsc
C is simply-connected as the notion of simply-connectedness

does not depend on the base field (see [CGP10, Cor. A.4.11]), the desired vanishing

result for H̃i(Sh◦,anKsc,C)
la
C is known by Corollary 6.2.11. Thus, in order to prove

Theorem 6.2.8, it suffices to prove the following.

Lemma 6.2.16. The map H̃i(Sh◦,anK,C)
la
C → H̃i(Sh◦,anKsc,C)

la
C canonically induced by

(6.2.15) is Z(U(m ∩ gder))-equivariant.

Proof. We will see that, in view of the construction of the Z(U(m ∩ gder))-action,
this is a question about the compatibility of Hodge–Tate period morphisms for G
and G̃. More precisely, using the notation in Section 4.2, with compatible choices
of toroidal compactifications made there, consider the topological space

S◦,torKp := lim←−
K′

p⊂Kp

|S◦,torKpK′
p
| ⊂ StorKp
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where S◦,torKpK′
p
denotes the neutral component of StorKpK′

p
. One can define a K◦

p -

equivariant sheaf of C-algebras Ola
S◦ as in Definition 4.2.6 from the pro-Kummer-

étale K◦
p -torsor lim←−K′

p⊂Kp
S◦,torKpK′

p
. It inherits a Hodge–Tate period morphism

π◦,tor
HT : (S◦,torKp ,Ola

S◦)→ Fℓ

from StorKp . With compatible choices of toroidal compactifications, by Proposition
3.4.14, we have a natural map

lim←−
Ksc,′

p ⊂Ksc
p

Sh◦,tor
Ksc,pKsc,′

p
→ lim←−

K′
p⊂Kp

Sh◦,torKpK′
p

equivariant for the open compact subgroup Ksc,◦
p of Gsc(Qp). We can similarly

define the ringed site (S◦,torKsc,p ,Ola
Ssc,◦), with a gder-equivariant map of ringed sites

ϕ : (S◦,torKsc,p ,Ola
Ssc,◦)→ (S◦,torKp ,Ola

S◦)

induced by the above natural map, and with its Hodge–Tate period morphism

πsc,◦,tor
HT : (S◦,torKsc,p ,Ola

Ssc,◦)→ Fℓ.

Note that both π◦,tor
HT and πsc,◦,tor

HT have the same target, because it only depends

on the shared adjoint Shimura datum (Gad,Xad) = (G̃ad, X̃ad), by Lemma 3.4.1
and Remark 4.2.5. Since the Z(U(m ∩ gder))-action is extracted from the action
of OFℓ ⊗C gder, where OFℓ acts via the Hodge–Tate period morphism (see Section
4.4), it remains to prove the following:

Lemma 6.2.17. For sufficiently small Kp, one can compatibly choose toroidal

compactifications such that πsc,◦,tor
HT = π◦,tor

HT ◦ ϕ.

Proof of Lemma 6.2.17. Consider (Gad,Xad) = (G̃ad, X̃ad), the adjoint Shimura

datum associated with both (G,X) and (G̃, X̃). Up to shrinking Kp and hence
Kad

p if necessary, choose a neat level Kad = Kad,pKad
p such that the natural map

(G,X) → (Gad,Xad) induces a morphism of Shimura varieties ShK → ShKad , and
such that this morphism can be extended to some morphism of smooth toroidal
compactifications with normal crossing boundary divisors StorK → StorKad , up to re-
finement of cone decompositions for ShK , as in Proposition 3.4.14. One can define

(Sad,◦,tor
Kad,p ,Ola

Sad,◦) and πad,◦,tor
HT : (S◦,tor

Kad,p ,Ola
Sad,◦) → Fℓ, and similarly for S◦,tor

Kad .
There are natural morphisms

(S◦,torKsc,p ,Ola
Ssc,◦)

ϕ−→ (S◦,torKp ,Ola
S◦)→ (Sad,◦,tor

Kad,p ,Ola
Sad,◦),

whose composition is the canonical morphism induced by the canonical map of
Shimura data (G̃, X̃) → (G̃ad, X̃ad) = (Gad,Xad). By Remark 4.2.8, both πsc,◦,tor

HT

and π◦,tor
HT factor through (Sad,◦,tor

Kad,p ,Ola
Sad,◦), and Lemma 6.2.17 follows. □

The proofs of Lemma 6.2.16 and hence of Theorem 6.2.8 are now complete. □
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