SOME VANISHING RESULTS FOR THE RATIONAL
COMPLETED COHOMOLOGY OF SHIMURA VARIETIES

KAI-WEN LAN AND LUE PAN

ABSTRACT. Based on an almost Kodaira-type vanishing result in mixed char-
acteristics of Bhatt, we show that, in the locally analytic completed cohomol-
ogy of a general Shimura variety, sufficiently regular infinitesimal weights can
only show up in the middle degree.
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1. INTRODUCTION

1.1. Main result. Let p be a prime number. Emerton introduced the (p-adically)
completed cohomology of locally symmetric spaces, and described it as “a suitable
surrogate for a space of p-adic automorphic forms” [Emel4]. This paper studies
the completed cohomology of Shimura varieties below the middle degrees. Let us
briefly recall Emerton’s construction. Let (G, X) be a Shimura datum. For a neat
open compact subgroup K C G(A*°) with A denoting the ring of finite adeles,
let
Shig'c = G(Q)\(X X G(AOO))/K

be the (complex analytic) Shimura variety of level K. Fix an open compact sub-
group K? of G(A°P), where A°? is the ring of finite adeles away from p. For each
i > 0, the ¢-th completed cohomology is defined as

H' = limlim B (S5, c, o, Z/p")-
n K,

It is p-adically complete and carries a natural continuous action of G(Q,). Let
d be the dimension of X as a complex manifold. Similar to the cohomology of
usual automorphic local systems, it is believed (see [CE12]) that ¢ = d is the most
interesting degree. Our main result supports this belief in terms of the infinitesimal
character of the G(Q,)-action. To state it, we need to introduce some notation.
Let C be the p-adic completion of an algebraic closure of Q,. Let g = Lie G(C),
and let Z(U(g)) denote the center of the universal enveloping algebra of g. Fix a
Cartan subalgebra f of g, denote by W the Weyl group of g with respect to b, and
identify each character of Z(U(g)) with a Wg-orbit in the weight space h* via the
Harish-Chandra isomorphism. (Our convention is that the Wg-action is centered at
zero.) We say that a character Z(U(g)) — C or its kernel (which defines a C-point
of Spec Z(U(g))) is sufficiently regular if, for every weight X' in the corresponding
Wg-orbit [A] and every root « of g with respect to b, we have

{1,2}, 1if « is a shorter root, as in Definition [5.1.1}
{1}, otherwise.

1.11) (V,a") ¢ {

Note that the shorter root can only appear in C-simple factors of g of types B
and C. When all C-simple factors of g are of types A, D, and E, an irreducible
representation of g of highest weight A has sufficiently regular infinitesimal character
if and only if A is regular in the usual sense; i.e., not fixed by any nontrivial element
of Wgy. The set of non-sufficiently regular characters underlies a (reduced) closed
subvariety of Spec Z(U(g)) and defines an ideal Z C Z(U(g)).

Let HS := H i@@pC’ , and denote by ﬁéla its subspace of G(Q,)-locally analytic
vectors. There is a natural Lie algebra action of g on ﬁgla via derivation.
Theorem 1.1.2. Let T be as above. Then I™ annihilates (i.e., acts by zero on)
ﬁéd’la, for some n > 0. In particular, if [\ : Z(U(g)) — C is sufficiently regular,
then the [\]-isotypic part Héﬁ]a is zero.

Remark 1.1.3. In fact, Theorem will follow from a similar vanishing result
in Corollary under a slightly weaker regularity condition on the infinitesimal
characters of Lie G (rather than g = Lie G(C)), called “up-sufficient regularity”—
See Deﬁnition for this notion, and see Deﬁnitionfor the corresponding
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improvement of Z C Z(U(g)). As the name suggests, this regularity condition will
depend on the choice of a Hodge cocharacter . As we shall see in Example [5.1.7]
the pp-sufficient regularity condition for a Shimura curve will be weaker than the
one for the Hilbert modular variety associated with the same totally real field.

This result allows us to reprove the vanishing result for cohomology of automor-
phic local systems obtained by the first-named author in [Lanl6]. See Remarks
and below. As noted in [Lanl6], by using automorphic methods, Li and
Schwermer [LS04] were able to prove the vanishing result only assuming that the
highest weight of the local system is regular. It is not clear to us whether our
method can reprove the same result when g has C-simple factors of types B and C.
On the other hand, our method can also handle “big” local systems which are not
necessarily finite-dimensional. See Corollary

We shall explain in Section that the action of Z(U(g)) on Hgla can be
extended to an action of Z(U(m)), where m denotes a Levi subalgebra determined
by the Hodge cocharacter, after fixing an isomorphism ¢ : (C‘:> C of fields. The
extra symmetry comes from the (partial) Sen operators on H ’dla. Our actual main
result, Theorem [6.1.3] has a more refined version regarding this enlarged symmetry.
Very roughly speaking, if we fix an infinitesimal character [\], it determines a list of
possible Hodge-Tate-Sen weights corresponding to ¢, and the “sufficiently regular
ones” among them will not show up in H, é‘f)}f

In a follow-up paper [Pan25al, the second-named author shows that an extension
of our method in the case of Hilbert modular varieties allows one to produce ideals
of U(g) (not just ideals of the center) annihilating H, éd’la. We believe similar results
should hold for more general Shimura varieties.

Remark 1.1.4. For each i < d, there should be a notion of i-sufficiently regularity
for infinitesimal characters such that H él[)l\? = 0 when [}] is i-sufficiently regular.
Our method can give results in this direction, but we shall not purse them in this
paper. Similar to how we work out the sufficiently regular condition in Proposition

5.1.12| below, they should be reduced to combinatorial problems in Lie theory.

Remark 1.1.5. Since the pioneering work of Caraiani—Scholze [CS17, [CS24], there
has been a lot of powerful vanishing results [Kos21l [HL23| [YZ25] concerning the
cohomology of Shimura varieties below degree. There are two major differences
between our work and these works. Firstly, these works allow torsion and hence
integral coefficients, while our work is completely rational. Secondly, the genericity
conditions in these works arise from the study of p-adic (or mod p) representations
of G(Q;) at a place I # p, while our work studies p-adic representations of G(Q,).

Remark 1.1.6. H>% = 0. This is part of the Calegari-Emerton conjecture in [CE12],
and the first major breakthrough is made by Scholze in [Sch13Dl [Sch15]. Recently,
the rational analogue H@j = 0 for general Shimura varieties is proved in [RC22],

and the original H>? = 0 for general Shimura varieties is proved in [He25]. See the
references in these paper for important partial results in special cases.

1.2. Overview of the proof. For simplicity of exposition, let us assume that the
Shimura variety is compact. (Otherwise, we need to introduce toroidal compactifi-
cations.) Let us also assume that the derived group G is simply-connected, and
that the center Z(G) has the same rank over Q and over R. Fix a level K, at p,
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and let K = KPK,. After choosing any isomorphism C = C, consider the associ-
ated adic space Sk of the Shimura variety over C'. The tower of Shimura varieties
{SKPK;,}K;,CKP forms a pro-étale K,-torsor over Sk. Denote by (fla(Kp, Qp) the
space of Qp-valued locally analytic functions on K, viewed as a K,-representation
via left translation. It gives rise to an (infinite-dimensional) pro-étale local system
proét%la(KP,Qp) over Sk prost- By using the primitive comparison theorem, we
obtain a natural isomorphism

Sila o pri ~ oA
ZC = le)roét (SK7 proétcgla(Kpa Qp)®<@p OSK,proét)'

Here comes the first main ingredient of the proof. Let £ be an ample line bundle
on Si. We apply a Kodaira-type vanishing result in mixed characteristics of Bhatt’s
[Bhal, Sec. 11.2] and deduce that

H3 Sk, proct € (Kp, Qp) B, Oy proe P05, L71) =0.

Now the question is how to untwist this £~!. For simplicity, let us temporarily
write F = proét‘fgla(Kp,QP)QBQP@SKJ"O&. We use an argument essentially due to
Beilinson—Bernstein in their work on localization [BB8I]. Choose a finite-dimensional
representation V' of G, and consider

H5e (Sk, F Qos, L7 @V) 2 HSL (Sk, F ®os, L)@V =0,
where the last isomorphism uses ¢'*(K,,Q,) @ V = ¢'*(K,,Q,) ® V, with K,
acting on every term except for the last V. By making suitable choices of £ and
V under our simplifying assumptions, we can arrange that F appears as a direct
summand of F ®os L7 ® V on the sufficiently regular locus of Spec Z(U(g)). A
more careful study of the Z(U(g))-action gives our main theorem.

Such an argument is probably unsurprising for people who are familiar with the
Beilinson—Bernstein localization: there is a close relationship between twisting of a
line bundle and the translation functor (defined as a direct summand of the functor
of tensoring with a finite dimensional representation [BG80]) in the localization
[BG99]. We remark that it was first observed in [Pan22] and further generalized in
[RC22|] that the sheaf F is annihilated by certain first-order differential operators
coming from geometric Sen theory, and hence can be regarded after pushing forward
along the Hodge—Tate period map as some sort of localization of H, gla on the partial
flag variety defined by the Hodge cocharacter.

The paper is organized as follows. In Section [2| we discuss Bhatt’s Kodaira-
type vanishing theorem, and make a slight generalization using some standard
cyclic cover technique. In Section we recollect various standard facts about
locally symmetric varieties and their compactifications, and about automorphic
vector bundles and their canonical extensions. In Section [4] we summarize some
results of [RC22] on locally analytic functions over Shimura varieties at infinite
levels. In Section [5, under the simplifying assumptions that the derived group G4e*
is simply-connected, and that the center Z(G) has the same rank over Q and over R,
we carry out the translation functor argument sketched above, and explain where
the sufficiently regular condition comes from. Finally, in Section [0} we explain how
to remove the simplifying assumptions by working with towers of closely related
locally symmetric varieties.
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Notation and conventions. We shall fix a prime number p. Let C' be p-adic
completion of an algebraic closure of Q,, with ring of integers Oc. We shall denote
by D(O¢)* the almost derived category of quasi-coherent sheaves on O¢ with
almost structure with respect to the maximal ideal of O¢, as in [Bhal, Sec. 3.3].

For any algebraic group H over a base field k and any k-algebra [, we shall
denote by Rep;(H) the category of algebraic representations of H (or rather its base
extension H ® 1) over [.

For simplicity, we will often omit “®” when denoting (possibly negative) tensor
powers of line bundles.

2. AN ALMOST KODAIRA VANISHING THEOREM OF BHATT

2.1. Bhatt’s mixed characteristic Kodaira vanishing result. Recently, Bhar-
gav Bhatt proved an almost Kodaira vanishing result over a mixed characteristic
base. See [Bhal, Sec. 11.2]. We will state (a special case of) his result below. Let us
begin by introducing some notation.

Let X be a finitely presented flat Og-scheme. We shall denote by X its generic
fiber; by D% (X, 7Z/p™) the usual constructible derived category of étale Z/p"-
sheaves on X¢; by X the p-adic completion of X, viewed as a p-adic formal scheme;
and by X its adic generic fiber. We have a natural “support” map n' : X — X¢
induced by taking the supports of valuations, and a nearby cycles map v/ : X — X
defined by taking the centers of valuations. We shall denote by 7 : X — X ¢t the
morphism of étale sites induced by 7', and by v : Xg — X the composition of v/
with the projection Xg — X.

Theorem 2.1.1 (Bhatt). Let X be a flat projective Oc-scheme of relative dimen-
sion d, and L an ample line bundle on X. For any F € PDZ° (X¢,Z/p") (i.e.,

cons
coconnective with respect to the perverse t-structure for middle perversity, as in

[BBDGIS| §4]), we have
RY (X, (0 F) @z, v* L) € DZ4(0c)°,
where the pullback v* is understood as the pullback of a line bundle with respect

to the integral structure sheaf (’);\';ét on Xg; and where L denotes the p-adic formal

completion of L, which is a line bundle on X.

Proof. When n = 1, this is Bhatt’s “reformulation of almost Kodaira vanishing via
O%” in [Bhal, Sec. 11.2]. The general case then follows by induction on n > 1. O

Corollary 2.1.2. Let X and L be as in Theorem |2.1.1] Let j : U — X be an open
immersion from a smooth subvariety. For every étale finite Z/p™-locally constant
sheaf F' on U, we have

R (Xst, (1% Rjst « F) @z, v L1) € D24(00)".
Proof. Since j : U — X is an open immersion, by [BBDGIS| Prop. 2.1.6], Rjg « is
perverse t-left exact. Therefore, Rjg F[d] € PDZ2 (Xc,Z/p"), and we can apply

cons

Bhatt’s theorem. O

We will need a version of this corollary “completely on the generic fiber”. Let
us explain the arguments as follows.
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Construction 2.1.3. Let X¢ be an algebraic variety over C, and j : U — X¢
an open immersion. Suppose K is a profinite group, and Uisa pro-étale K -torsor
over U. Concretely, this means that, for every open normal subgroup H of K, we
have an étale K/H-torsor Uy over U; and for open normal subgroups Hy and Ho
of K such that Hi C Hs, we have a K-equivariant map Uy, — Ug, which satisfies
usual compatibilities when having a tower of open normal subgroups.

Let V be a unitary p-adic Banach space representation of K. Then the unit ball
V° is p-adically complete and K -stable. For n > 1, every vector of V,, := V° /p"V°
is fized by an open subgroup of K. Hence, we can write

Vn = UMCVn M7

where M Tuns over all finite K -stable subgroups of Vi, and such M’s form a direct
system. For each M, the action of K on it factors through a finite quotient K/H.
By descending the constant étale sheaf associated with M along the K/H-torsor
Uy — U, we obtain a locally constant étale sheaf s M on U, which is independent
of the choice of H. We define an étale sheaf

étﬁiz llgfl aM,
MCVy,

which we view as the étale local system associated with V,,. Note that the open
immersion j : U — X¢ is quasi-compact. By abuse of notation, let us define
étMXC = Rjet« e M (even though this is not a sheaf in general), and define

étﬁxc = Rjét,* étl = 1\/}% Rjét,* M.
CVy

Then {ét&Xc}n form a projective system as {s Vs }n does.
Let Xprose denote its pro-étale site, introduced in [Schl3al. Let

Tproét - Xproét — Xét — XC,ét

denote the composition of natural projections of sites. Still by abuse of notation,
consider

(214) PrOét&X = n;roét ét&Xc’
and consider the following derived limit
(215) proétLOX =R 117rln proétﬁx =R 1171111 n;roétRjét,* ét&~

Since V° is p-adically complete and torsionfree, it follows from the construction
that there are exact sequences

(2.1.6) 0 = Vi 2 6Vt — Vi = 0.

By applying 0,06 Rjst,« to this, and by taking derived limit over m, we obtain
proétLoX / pn = proétﬁ X

for each m > 1, where /p" is understood in the derived sense; i.e., ®%p (Z/p™).

Remark 2.1.7. We emphasize that we are pushing forward along the algebraic open
immersion j, which is quasi-compact, instead of the induced open immersion j
between adic spaces, which is not quasi-compact in general. Let n : X& — Xcgt
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and ny : Usy — Usgt denote the canonical morphisms. Since ¢ M is constructible for
each finite M, by Huber’s comparison theorem [Hub96l Thm. 3.8.1], we have
étﬁx = U*étﬁxc = W*Rjét,* étl = h_n>r1 n*R.jét,* M = hg Rjét,ﬂ](*J aM.
McV, McV,
Since j might not be quasi-compact and &t Vn might not be constructible either, we

do not know whether étﬁx is equal to Rjét’*’f];} & Vn & Rjét’* li_r}nMCvn ngr M.

Theorem 2.1.8. Let X be a normal projective variety over C of dimension d,
and Lc a line bundle on X¢. Suppose that X¢ and Lo are defined over a finite
extension of Q,. Let U C X¢c be a smooth open subvariety, K a profinite group,
and U a pro-étale K -torsor of U (as in Construction [2.1.3). Assume that:

L{ is globally generated, for some m € Z>1 (i.e., Lo is semiample),
(2.1.9)  whose global sections define a morphism ¢, : Xc — PHY(Xc, LW);
and the restriction ¢p|v : U — PHY (X, LE) is an immersion.

Then, for every unitary p-adic Banach space representation V of K, we have
RF(Xproéta proétLOX(gan}Lal) S DZd(C)a

where Ny : (Xpmét,@x

oee) = (X, Ox,) is the composition of the natural projec-

tion of ringed sites (Xproét76Xproét) — (Xet, Ox,,) and n, and where @z, denotes
the p-adically completed tensor product. Then we can write:

proétVioX(éZanjYL_l = (R li}ln(proétviox ®Zp (O;proét /pn))) ®6;§ . nj(L(_;l
proé
The assumption in Theorem holds if Lo is ample. The essential
improvement here is that L¢ is no longer assumed to be extendable to a (semiample)
line bundle on some integral model of X (over O¢). The rest of this subsection
will be devoted to the proof of this theorem. Unsurprisingly, we will use some
technique of cyclic coverings to reduce it to Bhatt’s result.

Construction 2.1.10 (cf. [Laz04, Prop. 4.1.6]). Let X be a variety over a field of
characteristic zero, and L a line bundle on X. Suppose m € Z>1, and s € I'(X,L™)
is a nonzero section, which defines a divisor D C X. Then there exists a finite flat
covering 7 : Y — X of degree m, whereY is a scheme such that L' := n* L admits a
section ' € T(Y, L") satisfying (s')™ = 7*(s). Explicitly, Y is the relative spectrum
of the quotient of the quasi-coherent Ox -algebra

Syme (L) = @ieZZOL_i —Ox®L 'L 2. -

by the Ox-ideal generated by s(x) — x, for all x € L™™, where s is viewed as a
morphism L™ — Ox. By construction, there is a natural isomorphism
Oy 2O0xa Ll 'aL e .. L "
of Ox -modules. Moreover, there is a natural action of p,, on'Y, defined by
u-a=u'a,

for all uw € p,, and a € L', for all i = 0,—1,...,—m + 1. Clearly, p,, acts
transitively on each fiber of . If X and D are nonsingular, then so is Y.

The following proposition roughly says that it suffices to prove Theorem [2.1.8]
after passing to a cyclic cover.
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Proposition 2.1.11. Same setup as in Theorem 1.8 Let m € Z>y and 0 #
s € I'(X¢e, LE), so that we have a cyclic covering m: Y — X¢ as in Construction
. Let Y denote the adic space associate with Y, and let © : Y — X denote
the induced morphism. Let U' := n=Y(U), and let j' : U' — 'Y denote the canonical
open immersion. (We shall use superscripts ' to denote objects on Y.) By forming
fiber products, the pro-étale K-torsor U over U pulls back to a pro-étale K -torsor
U’ over U'. Let &tV over Usy and proeV° x = R1imy, progt Vi, over Xprost be as in
Construction . By applying Construction toj, U, and V' =V instead,
we obtain étl,,; over Uy and proetV'°y = Rlim, proétgy over Vprost- Then

naturally acts on proet V’°y and W*L(}l ; and there is a natural isomorphism
. ~ 1N\~ : o = o 1
H' (Xproéta proétLoX ®ZP T’j{ LC ) =~ H (yproéta proétLoy ®Zp W;roét n,*X LC )Hm )

fOf’ each © > 0. In particular, if Hi(ypmét,proétV’°y®Zp%;roétn}L51) = 0, then
H(Xproet, proarV ° 2@z, my L) = 0.

Proof. By the projection formula, we have
Hi (yproét ) proétL/Oy ®Zp %;roét 77;( LEI )
= Hl (Xproét ) R’ﬁ-proét Sk (proéthy ®ZP ﬁ-;roét 77} Lal ) )

~ i =) > A -1
=~ H (Xproéta Rﬂ_proét,* (proéthy ®Zp prmét ) ®@X 77:;( LC )

proét

Since taking p,,,-invariants is exact over characteristic zero base fields, and it suffices
to show that the canonical morphism

=~ A o ) B,
proétLOX ®ZP OXproét — (Rﬂ'proét,* (proét V/Oy®Zp prroét ))
is an isomorphism. Let us also abusively denote by (- )*m the operation of taking
derived invariants, even when the coefficients are not over characteristic zero fields.
Since 7 is proper, so is the associated morphism 7 of adic spaces, and Ritproct,«
commutes with inverting p. Therefore, it suffices to prove that the integral version
9 > A o
— (-R’ﬂ—proét,*(pr()ét‘/vmy@Zp(gJr ))

o o A+
proétLX ®Zp O}( Vproét

proét

is an almost isomorphism, which then implies the above assertion by inverting p.
Since Ritprogt,« commutes with derived limits by [Stal, Tag 0A07], since proet Vo y =
Rlimy, prost Vi 5 and proct V'®y, = Rlim, proétl,riy by construction, and since prost Vi 5

and proétgy are filtered by copies of prost Vi , and proétK{)ﬂ respectively, it suffices
to show that the canonical morphism

/p) — (Rﬁ-proét,*(proétﬂy ®IF,, (O;pmét /p)))l‘l’m

is an almost isomorphism. Since both Rip,0¢t,« and tensor products commute with
filtered colimits because 7 is proper, by writing V/ = V; as a union of K-stable
finite-dimensional IF,,-subspaces, we may assume from now on that V{ = V4 is finite.

Let A @ Xprogt — Aé denote the canonical projection of sites, and let Oj'(ét /P

denote the mod p structure sheaf on Xz. Then we have proét Vi, = A" eV, and
@}pmét/p & )\"‘(Oj;ét /D), by [Schl3al Lem. 4.2(iii)]. Similar statements hold over

Y. By [Schi3al Cor. 3.17], it suffices to show that the étale version

«Viy ©r, (0%, /p) = (Rﬂét,*(étﬂy ®r, (0%, /p))""

A+
proéthx ®]FP (OX

proét


https://stacks.math.columbia.edu/tag/0A07
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is an almost isomorphism. Let 1’ : Vs — Yi denote the canonical projection
of sites. By construction, étzll >~ g étKlly, where étﬂy = Rjét,* étKll is a con-
structible [F,-sheaf on Yz by our assumption that V{ = V4 is finite. Since 7 is finite,
by the primitive comparison theorem [Sch13b, Thm. 3.13] (although the almost ver-
sion is sufficient for our purpose, see also [Zav25l, Cor. 7.2.9] for a non-almost version
in this case), the canonical morphism

(Rt étﬂy) ®r, (0%,./p) = Rﬁét,*(étﬂy ®r, (03,,/p))
is an almost isomorphism. Thus, it remains to show that the canonical morphism
Vi, — (Rﬁ'ét,*étﬁy)um

is an isomorphism. Write 7’ = w|ys : U’ — U, so that moj' = jon' : U — X¢.
By Huber’s comparison theorem (see [Hub96l, Prop. 2.1.4 and Thm. 3.8.1]),

R%ét,*étﬂy = R%ét,*n/*Rjét,* étKll = U*Rﬂ-ét,*Rjét,* étK{ = W*Rjét,*RWét,* étK{-
Since étﬁx = 1" Rjst,« 6t V1, it suffices to show that the canonical morphism
Vi — (R, s V)i

over Uy, is an isomorphism. By construction, V' = V and V] = 7« Vi. Let
ét&U (resp. ét@w) denote the constant sheaves associated with F, over U (resp.
U’). Since 7’ is finite, by [Sta, Tag 0A4K]| and the projection formula [Stal, Tag
0GL5|, (Wét,* ét&U/) ®F, etV1 = Wét,*ﬂ'g Vi = R’I'rét,*ﬂ'ét & Vi. Thus, to complete
the proof, it suffices to note that the canonical morphism ét&U — Wét’* ét&Ul is an
isomorphism, because p,, acts transitively on each fiber of 7, by construction. [

Proof of Theorem [2.1.8|. First assume the following:
(2.1.12) There is a finite morphism ¢ : X — PN such that (b*(’)]pg(l) ~ Le.

We claim that there exists a finitely presented flat O¢-integral model X of X, and
L can be extended to an ample line bundle L on X. To see this, since X¢ and L¢
are defined over a finite extension E of Q,, we may assume that X¢ = Xg ®g C
for some variety X g over E, and that Lc comes from an ample line bundle Lg over
Xpg. Tt suffices to produce integral models of Xg and Lg (over Og).

It follows from our assumption that there is finite morphism ¢p : Xp — ]P’g .
Consider the standard integral model of ]P’gE of P¥, and take its normalization
Xo, in Xg, as in [Stal Tag 035H|. Since X is reduced and PgE is Nagata (by
[Stal, Tag 0335 and Tag 033S]), the natural morphism ¢ : Xp, — PJ_ is finite (by
[Stal [Tag 03GH]). In particular, the pullback Lo, = é*OPgE (1) is ample on Xp,,
and extends Lg. Then we can take X := Xp, ®o, C and L := Lo, ®o, C.

Recall that, in the beginning of the section, there are the morphism of ringed
sites ' : (X,0x) — (X¢, Ox.) defined by taking the support of a valuation, and
the nearby cycles map v/ : (X,0%) — ()/(\', Oy) defined by taking the center of a
valuation. Then there is a natural isomorphism

(2.1.13) V'L @or Ox 21" Lo

of invertible O x-modules on X. Indeed, the case of X = ]P’gc and L = Ox(1) can
be checked directly. The general case follows by pullback along ¢.


https://stacks.math.columbia.edu/tag/0A4K
https://stacks.math.columbia.edu/tag/0GL5
https://stacks.math.columbia.edu/tag/0GL5
https://stacks.math.columbia.edu/tag/035H
https://stacks.math.columbia.edu/tag/0335
https://stacks.math.columbia.edu/tag/033S
https://stacks.math.columbia.edu/tag/03GH
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As before, write V,, = Uprcy, M as a union of finite K-stable subgroups. By
Corollary for each such M, we have

RT(Xa, (1* Rjso e M) @7, v*L7Y) € DZ4(0O0) .

By taking the directed limit over all such M and noting that both functors n* and
Rjest,« commute with filtered colimits, we obtain

RT(Xa, (1* Rjso v 6 Va) @z, v L7Y) € DZ4Oc)".

Recall that 06tV °y = Rlim, proét Vn y» and each proét Vi 3 18 the pullback of

N Rjsex et Vi via A 1 Aprosy — Xeg (see (2.1.4) and (2.1.5). By [Schi3al Cor.

3.17] and the above, and by taking derived limit over n, we obtain
RF(Xproéty proétLOX®Zp V;roétz_l) € DZd(OC)a7

where Vprost 1= Aov : (Xproét, @/J{, ) — ()? ,O%). The pullback of the isomorphism

proét

(2.1.13) to the pro-étale site gives V;roétf_l [%] = nvaal. Since & is quasi-compact,

RF(Xproét ) proétLOX ®ZP 77;( Lal ) = RF(Xproét 5 proétEX (/X\)Zp V;roét Z_ ! ) [%]

belongs to D=4(C).
In general, we will use the following lemma to put ourselves in the situation
where I'(X¢, Lc) defines a finite morphism of X¢ to PY, for some N > 0.

Lemma 2.1.14. Let X be a projective variety over a field E of characteristic zero,
and U C X a smooth open subvariety. Let L be a line bundle on X such that
L™ is globally generated and ¢p,|y : U — PHO(X, L™) is an immersion, for some
m > 0. Then there exists a basis sg,--+,sy of ['(X, L™) such that, if we denote
by m; 1 Y; = X the cyclic cover constructed from s;, as in Construction for
1=0,--- ,N,and bym:Y =Yy xx Y1 Xx - Xx YNy — X the fiber product of all
7;, then m=1(U) is smooth and Y is reduced (i.e., Y is a variety).

Assuming this lemma, let us finish the proof of Theorem [2.1.8] By assumption,
Xc and L¢ are defined over a finite extension £ of Q,. Let m be as in the
theorem, so that we have global sections sg, -, sy of L} defined over I, and we
can construct Yy, -, Yy and 7 : Y — X¢ as in the lemma. Let Ly, = 7*L¢.
By Construction Ly, carries global sections s, ..., sy defined over E such
that (s;)™ = n*s;, for i = 0,..., N. In particular, s, ..., sy induces a morphism
¢' 1Y — PY which fits into the commutative diagram

¢/

Y —2—p¥
TrJ/ J'Vm
¢7YL N
X —— P4
in which PY is identified with PH?(X¢, L) using so,- -+ , sy and vy, is defined
by raising the homogeneous coordinates associated with sg,--- , sy to their m-th

powers. Consider the open immersion j’ : U’ := 7= 1(U) — Y. Since ¢,,|v is an
immersion and v, is finite, ¢'|y is quasi-finite. Consider the Stein factorization of

¢’ given by Y 2,z 5 pN , where g is finite and ¢" has connected fibers. By [Stal

Tag 03HO and Tag 03GW], j” := ¢" |y : U’ — Z is an open immersion. Moreover,

since Ly, = ¢*Opn (1), it descends to the ample line bundle LY, := ¢*Opn (1) on Z.
C (e}


https://stacks.math.columbia.edu/tag/03H0
https://stacks.math.columbia.edu/tag/03GW
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Note that Y and ¢ are still defined over a finite extension of Q. Let Z denote the
adic space associated with Z; define nz : (Zpro6t, Oz,,e ) = (Z,Oz) as in Theorem
and define 06t V"° z by applying Construction to j”, the pullback U”
of U to Z, and V" = V. By what we have proved under the assumption (2.1.12)),
(2.1.15) RT(Zpro6ts proct V" 2@z, m5 (LE) ™) € D=24(C),
On the other hand, since ¢” : Y — Z is proper (and V" = V' = V), by the same
arguments based on Scholze’s primitive comparison theorem [Sch13bl Thm. 3.13]
in the proof of Proposition [2.1.11] there is a natural isomorphism

proctV" 282,z (L&) ™1 2 Rfroee v (proctV 2y @z, 15 (L) ™).
over Zprost. Thus, it follows from ([2.1.15)) that

R (Vprost procsV°y @z, 15 (Le) ™) € D=(C).

Since 7w : Y — X is the composition Y =Yy xx Y] Xx -+ Xx Yy = Yoy Xx Y] Xx
cooXxYn_1 — -+ = Yy — X of cyclic covering maps pulled back from the 7;’s, we
can finish the proof of Theorem [2.1.8] by repeatedly applying Proposition[2.1.11] O

Proof of Lemma [2.1.14, One can argue as in the proof of [Laz04, Thm. 4.1.10] (the
so-called Bloch—Gieseker coverings). For the convenience of the reader, let us give a
more direct proof in our case. For any nonzero s € I'(P%, Opy (1)), we shall denote

by Hj the hyperplane it defines in PY. By repeatedly applying Bertini’s theorem,
there exist nonzero sg,--- ,sy € I'(PY, Opg(l)) such that, for i =0,--- | N:
e H,, does not contain any irreducible component of ¢,,(X); and
e H,, intersects ¢,,(U) N (Njer Hy,) transversally, for any I C {0,--- ,i—1}.
Construct the finite cover 7 : ¥ — X as in the lemma. We first prove that
Y is reduced. Since this is a local property, we may assume that X = Spec(A)

is affine and that L is trivial, and identify sg,---,sy with elements in A. Then
Y = Spec(B), where B = Alxg,...,xn]/(xf" — So,-.., 2% — sn). We may enlarge
E so that ™ — 1 splits completely in E. Note that G = p,,, X -+ x p,, (N + 1)-
copies of u,,) acts on B via (ag, - ,an) - z; = a;x;. Let f € B be a nilpotent
element which is also an eigenvector of G. Then f = cwcéo = x?{}” for some a € A
and ig, -+ ,iy € {0,--- ,m —1}. Since f™ = amséo e s?{,v € A is nilpotent, but A
is reduced and sg, - , Sy are nonzero, we must have ¢ = 0 and hence f = 0.

To see the smoothness of 7=1(U), we may similarly assume that U = Spec(A4)
and 7~ 1(U) = Spec(B), where B = Alxg,--- ,zn]/ (@] — s0,..., 2% — sn). Let
m be a maximal ideal of B, and my := m N A. Let I be the set of i’s such that
s; € my4. By our transversality assumption, we can find elements tq,--- ,t; € may,
with [ = dim(A) — |I|, such that the images of {¢1,--- ,#;} and {s;}ies form a basis
of my/m?%. Since z* — s; in B, for each i € I, and since m € E*, the images of
{t1,--+,t;} and {z;}ies also form a basis of m/m?. Thus, B is smooth at m. O

2.2. Reformulation via Kummer étale site. Instead of working with the com-
plexes ¢V ° x o and prostV ° y introduced in Construction we shall make use of
the Kummer étale and pro-Kummer étale sites introduced in [DLLZ23a] and work
instead with sheaves (i.e., complexes concentrated in single degrees). Our setup
is as follows. Let X denote a smooth variety over C', and D C X an effective
divisor with normal crossings, with complementary open immersion j : U — X.
Let X and D denote the rigid analytic varieties over C associated with X. Then
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D is also a normal crossings divisor on X', with complementary open immersion
5 : U — X, which defines an fs log structure on X' whose restriction to U is the triv-
ial one, as explained in [DLLZ23al, Ex. 2.3.16]. Let Xjs denote its Kummer étale
site with integral structure sheaf Oj{két, as in [DLLZ23al, Def. 4.1.16 and 4.3.1], and
let g : Xkgt — Xg the canonical morphism induced by forgetting the log struc-
ture. The restriction gy : Uxst — Ust s trivially an isomorphism, and the canonical
morphisms of sites jét : Usy — Xg and jkét : Uy, — Xigy satisfy g o jkét = jét.
Proposition 2.2.1. Let F' be an étale Z/p™-local system of finite rank over U.

(1) Purity: Rjxe«F = jrer,«F s a torsion Kummer étale local system.

(2) There is a natural isomorphism

(Rjer o F) ®z, 0% = (Rgjist s F) @z, 0% = Rgu(jrstoF ©z, OF ).

Proof. See [DLLZ23al Lem. 4.5.8 and Thm. 4.6.1]. Note that (Rjs; «F) ®z, (’)j;ét =
(Rjst,«F) @z/pm (O}ét/p”), because O}ét is flat over Z,,. O

Construction 2.2.2. Suppose K is a profinite group, and Uisa pro-étale K-
torsor over U, as in Construction 2.1.3} Let V be a unitary p-adic Banach space
representation of K. As in Construction m Vi, = V°/p" = Upncv, M, where
M runs over all finite K -stable subgroups of V;,; and for each M, we constructed an
étale sheaf e M over U. Let ny : Usy — Ust denote the canonical morphism of sites.
Over Xygr, we define xeeM y = Rjkét’*n[*] M, for each M as above; and define
ket Vi y 1= li_r}nMCvn ket M o, which can be thought as the associated Kummer étale
local systems. (These are sheaves, not just complexes.) Let Xppoker denote the pro-
Kummer-étale site introduced in [DLLZ23al, Def. 5.1.2], and let Ax : Xprokst — Xkt
denote the projection of sites. We define pro-Kummer étale sheaves prokst Vi =
>\_>;c' két&xy prokétﬁ){ = mn prokét&xy and prokétz)( = prokétﬂ){ Rz Q; which
are the pro-Kummer étale local systems associated with V,,, V°, and V', respectively.

The projective limit in Construction agrees with the derived limit, by the
following lemma.

Lemma 2.2.3. In Construction [2.2.2], assume moreover that everything is defined
over a finite extension of Q, (as in [DLLZ23al Sec. 5.3]). Then:

(Z) R lim,, prokét&){ =0, fori > 0.
(2) proketV°x /P" = prokét Vi 5, for eachn > 1.

Proof. Starting with the short exact sequence (2.1.6]), by Proposition and
by expressing V,1,, as the direct limit of its finite stable K-subgroups, we obtain

a short exact sequence
0= k6tVim y = ket Vtm = kétVo, = 0.

The same holds for its pullback by Ay. Taking the inverse limit over m, we see that
implies . It remains to prove . Let X be a universal cover of a log affinoid
perfectoid object of Xproxst, as in the proof of [DLLZ23a, Prop. 5.3.13]. Since X is
quasi-compact, for all ¢ > 0, by using [Stal Tag 0739], we have

Hi(Xprokét/)?a prokét&x) = Hi (Xprokét/ja hﬂ )\j(jkét,*nik] étM)
McCV,
= hﬂ Hi(Xprokét/fv )\}jkét,*n?} étM)v
MCV,

(2.2.4)


https://stacks.math.columbia.edu/tag/0739
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where M runs through all finite K-stable subgroups of V,,. By |[DLLZ23al Prop.
5.3.13], (2.2.4)) is zero when 7 > 0. Therefore, for all n > 1, the natural map

HO(Xprokét/_)?» prokét Vn+1X) — HO (Xprokét/;f; prokétﬁx)
is surjective; and R' lim,, HO(Xproket e prokét V) = 0. Since such X form a basis
of Xproxst, by [DLLZ234, Prop. 5.3.12], follows, by [Schi3al, Lem. 3.18]. O

The following is the Kummer version of Theorem [2.1.8

Corollary 2.2.5. Let X¢ be a smooth equidimensional projective variety over C
of dimension d, and Lo a line bundle on X¢o. Let U C X¢o be a smooth open
subvariety whose complement D is an effective divisor of normal crossings, so that
we have the associated fs log adic spaces X etc as in the beginning of this Section
. Let K be a pmﬁmte group, and U a pro-étale K -torsor over U. Assume that
the same condition as in Theorem “ 8| holds. Assume moreover that Xc,

U, and U are deﬁned over a finite extension of Q,. Then, for every unitary p-adic
Banach space representation V of K, to which Construction applies, we have

RF( prokét, prokét VX ®Qp prokethl)
= RF( prokét proketLX®ZP proketLil) € DZd(C>7

where Vproket : ( pmket,C’)X ) = (X, Ox,) is the natural projection of ringed
sites, where OXpmkéf, denotes the completed structure sheaf (as in [DLLZ23al, Def.
5.4.1]), and where @Zp denotes p-adically completed tensor product.

Remark 2.2.6. The condition (2.1.9) in Theorem and Corollary holds if

there is a morphism 7 : X¢ — Yo of projective varieties such that «|y : U — Yo
is an open immersion and such that L descends to an ample line bundle on Y.
In applications, X will be some projective smooth toroidal compactification of a
Shimura variety, and Yo will be the associated minimal compactification.

Proof of Corollary 2.2.5] In view of Theorem [2.1.8] it suffices to show that
Rgprokét,*(prokétlox(gzp V;rokétLal) = prOétLOX ®Zp U}Laly

where gprokss denotes the canonical projection Xprokst — Xproet. Since Rgproket,«
commutes with derived limit, by the projection formula, it suffices to show that

(2.2.7) Rgproket, *(()‘X ketVnX)®Z/p ( pmm/p )) = proétVn X®Z/P"( pmut/p )-

By definition (see Def. 5.4.1]), we have (A% kst Vi 1) ®2,/pn ( T /P =
A (ketV Rz, ((9;;k /p")) = Ny (et Vi ®z, O;ket) By [DLLZ23al, Prop. 5.2.1],
the left-hand side of (2.2.7) is the pullback of Rg.(xstVn o @z, o1 ) via the natural
projection A : Xprost — Ayt On the other hand, the rlght hand 51de of { - is
the pullback of (7" Rjst,« ¢t Va) @z, (9/.,(ét via . Hence, it suffices to prove that

Rg.(xetVay @2, Ox,,) = (0" Rjetx Vi) ®2, O, -
When V,, is finite, this follows from Proposition and Huber’s comparison the-
orem [Hub96, Thm. 3.8.1]. In general, we have Rjet « 6t Vn = @Mcv Rjat + st M,
with M running through all finite K-stable subgroups of V;,, as usual; and it re-

mains to observe that Rg, commutes with filtered colimits, as g : Xket — Xt is
qcgs, and that tensor product commutes with colimits [Stal [Tag 03EP]. O


https://stacks.math.columbia.edu/tag/03EP
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3. LOCALLY SYMMETRIC VARIETIES AND AUTOMORPHIC VECTOR BUNDLES

In this section, we study (disjoint unions of) locally symmetric varieties and their
minimal and toroidal compactifications, and explain materials that will be useful
for our study of completed cohomology of Shimura varieties in later sections.

3.1. General setup. We shall consider pairs (H,Y) of the following type.

e H is a connected reductive algebraic group over Q. We shall denote its
center by Z(H), and consider the associated adjoint group H*d := H/Z(H).

e Y is a finite disjoint union of Hermitian symmetric domains such that H(R)
acts transitively on Y via its image under H(R) — H24(R), and such that
the neutral component (or identity component; i.e., the connected compo-
nent containing the identity element) H2d(R)* of H*d(R) acts with maximal
compact stabilizer subgroups. (Since H*(R)* is a connected semisimple
Lie group, this is consistent with the classification of their associated Her-
mitian symmetric domains, which we allow to be trivial when the Lie group
is compact, as in [Hel01]. See also [Del79) Sec. 1.2] and [Mil05], Sec. 1].)

Let yo € Y be any fixed choice of a point of Y, and let Y* be the connected
component of Y containing yo. For any group A acting continuous on Y, we shall
denote by A the stabilizer YT in A4; i.e., the subgroup of A consisting of elements of
A stabilizing YT. In particular, we have H(R), the stabilizer of YT in H(R), so that
Yt 2 HR)y /Ko = H¥(R)T /K2 where K, (resp. K24, by abuse of notation) is
the stabilizer of yo in H(R), (resp. H*(R)*). By our assumption above, K24 is a
maximal compact subgroup of H*(R)*. We shall extend this notation system by
adding subscripts “+” to stabilizers of YT in other groups acting on Y.

Since the underlying Riemannian symmetric space of Y* parameterizes Cartan
decompositions, the point 39 € YT induces a decomposition

(3.1.1) Lie He 5 (T, Y1)z @ (Lie Koo)c @ (T, Y )i

where (T, Y*){ (resp. (T, YT )z) is the holomorphic (resp. anti-holomorphic) tan-
gent space of YT at yo; and the complex structure of Y+ at the point yo fixed by
K24 defines a homomorphism u : Uy := {z € C* : 2| = 1} — K24 c H*(R)" (as
in [Mil05, Thm. 1.21 and Cor. 1.22]), whose complexification gives a homomorphism

(3.1.2) 1 Gy e — H2

By construction, is a decomposition into spaces of weights —1, 0, and 1 for
the representation of C defined by the composition of Lie u®d : C — Lie H((a:d with
the canonical splitting Lie H*! 2 [Lie Hc, Lie Hc] < Lie Hc; and there are no other
weights. This implies, in particular, that both (T,,,YT){ and (T, Y*)z are abelian
unipotent Lie subalgebras of Lie He normalized by the adjoint actions of (Lie K ).

Let M, N, and N9 be connected subgroups of H¢ such that induce
LieM 5 (Lie Koo )¢, LieN 5 (T, YT) &, and LieNstd 5 (T, Y*)<. Then

(3.1.3) P:=NM=NxM and  P%.= MN*d = M x Notd

are two opposite parabolic subgroups with unipotent radicals N and N*¢, respec-
tively; and M is a common Levi subgroup of P and P**d. In H(C), we have
Ko = H(R), NPst4(C) = H(R); NP(C). Then we also have the following:
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Remark 3.1.4. Given any W in Repg(P) (resp. Repe(P5tY)), the action of the
composition of Lie ! with (Lie K2d)¢ C (Lie Koo )c = Lie M defines an increasing
(resp. decreasing) filtration on W by subrepresentations of P (resp. Pstd).

Over C, we have two partial flag varieties
(3.1.5) Fl:=P\Hc and  FIF":=H¢/P*,

with natural transitive right and left actions of G¢, respectively. (It is a matter of
conventions that we choose to have right and left actions as above. We can easily flip
our choices by taking inverses.) By definition, the assignments of the decomposition
and of parabolic subgroups to yg € YT are H(R), -equivariant. Accordingly,
we have the H(R) -equivariant Borel embedding

(3.1.6) YT < H(C)/P*(C) = (FIF*d)an

from a Hermitian symmetric domain to its compact dual (cf. [BJO6, Prop. 1.5.24]).
Note that it is the complex analytic (FlStd)a“ that serves as targets of Borel embed-
dings, while the p-adic analytification (i.e., associated adic space) of Flg will serve
as targets of Hodge—Tate period morphisms (to be explained in Section .

Let H¢ be the quotient of H by the minimal subtorus Zs(H) of Z(H) such that
the torus Z(H)°/Zs(H) has the same split ranks over Q and R. For any closed
algebraic subgroup A of H, we denote its closed (schematic) image in H® by A°€.
In particular, we have algebraic subgroups M¢, P¢, and Pst%:¢ of H®. For ? = ()
and std, since N’ intersects ker(H — H¢) C Z(H) trivially, the canonical short
exact sequence 1 — N” — P? — M — 1 induces a canonical short exact sequence
1 — N? = P"¢ — M¢ — 1. Similarly, for any subgroup A of H(R), where R is any
Q-algebra, we denote its image in H°(R) by A¢. In particular, the image of any
open compact subgroup K C H(A®) in H¢(A*) is denoted by K°.

3.2. Arithmetic quotients and double coset spaces. Let (H,Y) be any pair
as in Section together with H*!, Y, etc introduced there.

Let T be any neat arithmetic subgroup of H(Q), (see, e.g., [Borl9l 7.11, 17.1,
and 17.3]), whose action on Y factors through its image I'*¢ in H*4(Q). By [Bor19)
Thm. 8.9, Rem. 8.11, and 17.3], T is again a neat arithmetic subgroup. Note that
" acts on YT via I'*d and the neatness of I'*d implies that the finite discrete group
r=dnK gg is trivial, in which case I'*? acts freely on YT. Hence, the quotient

(3.2.1) San=T\YT =8, .= Tad\y+

is a complex manifold (which we shall view as a smooth complex analytic space) as

Y+ is. Since H(R) acts on Y via its image in H*4(R), the whole center Z(H)(R) acts

trivially and hence lies in H(R),.. Therefore, we have I'** = T'/(I' N (Z(H)(Q))).
For any open compact subgroup K C H(A), consider the double coset space

(3.2.2) W= SIR(H,Y) := H(Q)\ (Y x H(A™)) /K,

where H(Q) acts diagonally on Y x H(A®) from the left-hand side, and where K
acts only on H(A*) from the right-hand side. Since H is connected as an algebraic
group over Q, by a special case of weak approximation (see [PR94] Sec. 7.3, Thm.
7.7]), H(Q) is dense in H(R) in the real topology. Consider H(Q); := H@Q)NH(R),
which is the stabilizer of YT in H(Q). Then we can rewrite as

(3.2.3) = H(Q) \ (YT x H(A®)) /K.
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For each h € H(A®), let us introduce the subspace

(3.2.4) S32, = H(Q)4 \ (Y+ x (H(Q)1 hK)) /K

of S22, Since YhK = hK for v € H(Q) exactly when v € hKh™!, we can write
(3.2.5) SHh =St = Crr\YT

instead of , which is a connected topological space as YT is, where
(3.2.6) Tk :=H(@Q)L N (RKA™)

is an arithmetic subgroup of H(Q), whose action on Y+ factors through its image

1%, 2 Trn/(Cxn N (Z(H)(Q)))
= (H(Q)+ N (hER™)) /((Z(H)(Q)) N (hKR™Y))

in H24(Q), which is an arithmetic subgroup of H*4(Q). For simplicity, when h = 1,
we shall suppress 1 from the notation, and simply write I'x = I'x ;1 and 1’“}}i = Fi}gl.

By [Bor63, Thm. 5.1], #(H(Q)+\H(A*)/K) < oo; i.e., there exists a finite set
of representatives {h;};ecs such that

(3.2.8) H(A®) = [JH(@Q)hK).
i€l

By substituting this into (3.2.2)), and by using (3.2.5]), we obtain disjoint unions

(3.2.9) ®=Is%n =15%....

iel i€l

(3.2.7)

which show that {S%, }icr are the (finitely many) connected components of S3.
The component labeled by h =1 is called the neutral component

(3.2.10) SR =83, =TE\YT =TF\Y*.

When K C H(A*) is neat as in [Pin89, 0.6], 'k 5, C H(Q) and their images

13, € H*4(Q) are neat as in [Bor19, 17.1 and 17.3]. So S = S;{:d and S22

are complex manifolds (viewed as smooth complex analytic spaces) as Y+ is. For
simplicity, we will only consider neat levels K’s, unless otherwise stated.

3.3. Locally symmetric varieties and their compactifications. In this sub-
section, we shall s1multaneously work with complex manifolds of the forms S§", S3,
and S% ), introduced in Section To simplify the exposition, when the statements
apply to all three kinds of mani ds above, we shall write S7', where I" can stand
for either I, or K, or a pair of K and h. Later, when referring to results stated
this way, we shall freely replace I" with I' etc depending on the context.

By [BB66] (applied to all connected components), the complex analytic space
S$ is Zariski open dense in its so-called Satake—Baily—Borel or minimal compactifi-
cation ST™™  which is the analytification of a normal projective variety SE® (over
C). Hence, S3" is the analytification of a (necessarily smooth) quasi-projective
variety Sp. By [Bor72, Thm. 3.7 and its proof] and GAGA [Ser56], any holomor-
phic map from the analytification of an algebraic variety over C to S or S™m™?"
uniquely algebraizes, and it follows that the algebraic structures of S r and Stin
are unique. Varieties over C of the form Sp are called locally symmetric varieties

(although the notion is often reserved for the special case where I' =T).
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When h = 1, we have the neutral components Si( = Sgq, S = Sr;;“l‘ o
and S%’min : Sm‘n Therefore, the disjoint union is the analytification of
(3.3.1) Sk =Sk(H,Y) =[] Skn = HSFK

i€l i€l

(over C), and its minimal compactification

(332) S?q(in,an — Smln an H Y Hsmln ,an
iel

is the analytification of the canonical normal projective variety

(3.3.3) SR = SRN(H,Y) = [ S®,
el

Remark 3.3.4. When H is simply-connected (and semisimple), H(R) is connected in
the real topology, by [PR94} Sec. 7.2, Prop. 7.6], in which case Y = Y7 is connected,
HR); = H(R), and H(Q); = H(Q). Moreover, by strong approximation (see
[PRO4l Sec. 7.4, Thm. 7.12]), H(A*) = H(Q) K, for any open compact subgroup K
of H(A*°). Thus, in , the index set I is a singleton and can be chosen to be
{1}. Therefore, S52 = SR™ =Tk \Y, where I'x = ' 1, is connected as a complex
manifold. This forces Sk to be connected as an algebraic variety (over C). In this
case, we have S = Sk j = Sk1 = S%, for all h € H(A™).

By [AMRTI0, Ch. ITII, Thm. 5.2, and Ch. IV, Thm. 2.2] (again, applied to all
connected components), there is a collection {8392}2 of normal projective varieties
called toroidal compactifications—indexed by certain combinatorial data ¥ called
(collections of) cone decompositions, and we shall assume that all ¥’s are projec-
tive as in [AMRTI0, Ch. IV, Def. 2.1]—such that the canonical open immersion
Sr <> SW" with dense image factors through Sy < SFy — Sminwhere the first
morphism is a canonical open immersion with dense image, whose (reduced closed)
complement 8835?% = (StporE — Sr)red is an effective divisor; and where the second
morphism is proper (and necessarily surjective, by density of Sr in both its source
and target). The analytifications of all of these are denoted similarly, with addi-
tional superscripts “an”. When I" is an open compact subgroup K C H(A*), any
¥ as above is a collection ¥ = {¥j, },cm(a~=), Where each X, is a cone decomposition
for the component Sk . Without explaining the meaning of cone decompositions,
let us still summarize the following qualitative facts:

Proposition 3.3.5. (1) For each X, the above S3 — Stli”;an and hence its
algebraization Sp — S}?’“E are uniquely characterized by the extension prop-
erty defined by ¥ as in [AMRT10, Ch. III, Thm. 7.5].

(2) Let ¢, : S5 — ST be the canonical morphism, which s an tsomorphism
over the open dense Sp. Hence, it induces Oslrgin fz Ostor by the
normality of S and Zariski’s main theorem.

(3) S3* — StFO’rE’aLn is locally isomorphic to analytifications of affine toroidal em-
beddings as in [KKMSDT73l, Ch. 1], and X tells us which affine toroidal em-
beddings are meeded in such local descriptions. Concretely, when we work
componentwise with some S = T\Y* = T2d\Y+ — S (where, by
abuse of notation, ¥ means the cone decomposition for this particular com-

ponent), based on [AMRTI10, Ch. III], we have the following:
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(4)

(5)

(6)
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(a) Let F be a rational boundary component of YT, which is a subset of
FI**(C) = H(C)/P*4(C) (see (3.1.6)) stabilized by a rational par-
abolic subgroup of H*(R)*, by [AMRT10, Ch. III, Prop. 3.6]. By
[AMRT10, Ch. III, Def. 3.12], this (real Lie) subgroup is of the form
Pad(R)NH*(R) T, for a uniquely associated parabolic subgroup P2 of
the algebraic group H*! over Q. Let W,%d (resp. U,a:d, resp. Véd) denote
the unipotent radical of P (resp. center of Wad, resp. Wad /Uad),

(b) Consider Y* < Y+(F) := U24(C) - YT in FI*Y(C), and Y*(F) :=
Y*(F)/U2d(C). ThenY*(F) — YT (F) is canonically a U24(C)-torsor,
and Y*(F) — F is canonically a VE(R)-torsor. (See the summary
near the end of [AMRTI0, Ch. III, Sec. 4.3].)

(¢) Consider I‘%.dF = T2 N P2d(Q) and I‘?ﬁ = T2 N U(Q).

(d) Consider Tg" := Upd(C)/T3L, which is the analytification of an alge-
braic torus T over C with cocharacter group T}, Then THI\YT(F) —
Y*(F) is canonically a T2 -torsor. We shall denote Tg by e Tg when
we want to emphasize its dependence on T4,

(e) Consider the algebraic toroidal embedding T — TE (5.3, where {04}
is given by X and admits an action of Fi‘;‘i (with a finite number of
orbits). Then the pushout of the Tg"-torsor DI \Y(F) — Y*(F)’ via
the analytification TE" — T‘g?{%} gives an analytic toroidal embedding
(CEAYH(F)) = (DEL\Y*(F)) xTF Tg",, , over Y*(F)".

(f) Finally, form the quotient of (DF\YT(F)) x T Ty — YT (F)Y — F
by Tad /T3 . Then T!\F gives a boundary stratum of Sp™™, and an
open subspace of (I‘f_—‘,‘i/F%‘i)\((F%(i \Y*+(F))x T T,‘?f‘{ga}) is what forms
the an open neighborhood in S;O,rz’an of the preimage of THI\F wvia
the canonical map §y," : S;(jrz’an — gpinan,

By passing to formal completions of both S}Orz and GS}?‘"E, which we can
compare with their analytic analogues, and by Artin’s approzimation (see

[Art69, Thm. 1.12, and the proof of the corollaries in Sec. 2]), we see that

Sp — SE?‘E is étale locally products of toroidal embeddings of the form
Tr < TF (5.} with identity morphisms of smooth schemes.

There is a condition on 3, depending only on the subgroups F%ﬁ of Ugd((@)

as in , that ensures that all relevant toroidal embeddings above have

smooth targets, in which case the underlying scheme of SS?"E is also smooth;
and that 68352% is a normal crossings divisor.

The collection X is partially ordered by refinements. For any finite num-

ber of given collections of cone decompositions ¥;’s, we can find a 3 refining

all of the ¥;’s and satisfying any subset of the above conditions.

By and [II02, 7.3, (b)—(d)], if we equip S}?‘"Z with the fs log structure
induced by the divisor 8835:%, or equivalently the direct image of the trivial
log structure on the open subvariety Sp, then S}OTE is log smooth over

C. Then the sheaf of log differentials leotgogl (with the base field C omitted
r,x

from notation), which is denoted by wégg/spec(c) in [Kat89, (1.7)], and

log,e _ /\.Qlog,l

its exterior powers Qsm Stor 5 are defined. In the top degree d :=
r,s r,s
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dime (Y1), we have the log canonical bundle Q%%%. When % is smooth

Stor
and 9S'®%, is a normal crossings divi h Qlog’l ~ 0l (1 OSs
tor, gs divisor, we have Qgiey sten (log 5)s

the sheaf of differentials with log poles along (“)S“”r In this case, leofnd 1s

the usual log canonical bundle. (This justifies the above terminologies. )
(7) Suppose ¥ is smooth. By [MumT77, Prop. 3.4] (and GAGA [Ser56]), leot%;

are the canonical extensions (constructed for more general automor-

phic vector bundles in [MumT77]) of Qgp, and leoc%; descends to an am-

ple line bundle on S®™, which we shall abuszvely denote by Q... and
r

call the canonical bundle on S®. Thus, leot%,d =] f; ngm, and so
r

~ log,d
(ngm)@)m fz . fz( ngm ®m) fz *( Qsot%r ®m , by and the pro-
jection formula, for allm € Z. Since Qsmm 18 ample over the proper scheme
. . r
S over Spec(C), we obtain SP™ = Proj (GBmEOHO(STIE““ (Qg) m)) =

Proj (@m0 HO(S1%;, (Qéﬁ%ﬂ)@m))

(8) The formation of minimal and toroidal compactifications is naturally com-
patible with direct products of the data involved.

3.4. Compatibility with central isogenies.

Lemma 3.4.1. Let po : Hy — Hs be any central isogeny of connected algebraic
groups over Q. Then it induces an isomorphism ¢*d : H 5 H3d. Equivalently,
Z(Hy) is the schematic preimage of Z(Hs); i.e., Z(Hy) = Z(Hs) xu, Hy.

Proof. This is well known, but let us still include some explanation, for the con-
venience of the readers. Since the base field Q is of characteristic zero, o is finite
étale. Therefore, we may verify the lemma by base change from Q to any algebraic
closure Q of @, and compare the points of Z(H;) and Z(Hy) xg, H; over Q. Since
o is a central isogeny between connected algebraic groups, it is surjective and in-
duces a surjection homomorphism o(Q) : H; (Q) — H2(Q), which maps Z(H;)(Q)
to Z(H2)(Q). Conversely, suppose hy € (Z(Hz) xu, Hy)(Q), or equivalently a point
of H;(Q) mapped to Z (Hg)(@) in Hy(Q). Consider the commutator morphism
Hig = H,g: h hohhg 'h=1. Since hg is mapped to Z(Hz)(Q) in Hy(Q), the
morphism factors through the discrete ker(o(Q)), or rather the identity, by the
connectedness of H; (and hence of H; ). Thus, kg € H;(Q), as desired. O

Let Hér denote the derived group of H (see [CGP10, Def. A.1.14] and the ref-
erences there). Then H4 is connected and semisimple. By [CGP10, Cor. A.4.11],
there is a central isogeny H*® — H9" from a simply-connected connected semisim-
ple algebraic group H®, which we shall call the simply-connected cover of HIe
whose formation is compatible with base change from Q to any extension field. Let
Hsead .= {5 /Z(H¢) and Hdemad .= Hder /Z(H4er) | as in the case of H* = H/Z(H).

Lemma 3.4.2. (1) The canonical homomorphism H3¢24 — HIerad yndyced by
Hs® — HY®" is an isomorphism.
(2) The canonical homomorphism HI* 24 — Had induced by the composition of
Hder — H — H2 is an isomorphism. Equivalently, Z(HY") = Z(H) N Her
in H; d.e., Z(H¥) =2 Z(H) xg HI.
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Proof. Again, these are well known, but let us still include some explanations, for
the convenience of the readers. As for , it is a special case of Lemma As for
, since H" is a subgroup of H, we have Z(H) N H" C Z(H"), essentially by
definition. Conversely, since H is reductive, the homomorphism Z(H) x Hi" — H
of algebraic groups over Q is surjective, by comparing Lie algebras. Therefore,
H = Z(H)-H" and we obtain Z(H%) C Z(H) N HI", as desired. O

In the following constructions, let us assume that the following holds:

Condition 3.4.3. Suppose we have pairs (Hy,Y;) and (Hs,Ys) as in Section
together with a group homomorphism g : H; — Hs inducing a central isogeny
oder : H{er — HY*" and, by Lemma also an isomorphism ¢ : H3d = Had.
Suppose we also have a holomorphic map gy : Y; — Yo equivariant with ¢*d(R) :
H34(R) & H34(R), which necessarily induces an isomorphism from any fixed choice
of a connected component Y7 of Y; to a connected component Y5 of Ya.

Construction 3.4.4. Let T'y C Hi(Q)4 and 'y C Ho(Q)4 be neat arithmetic sub-
groups of H1(Q) and Ha(Q), respectively, such that 0 (Q)(I'4Y) ¢ T34 in H3Y(Q).
Since YT 5 YF, the canonical morphism [, o Sft = Th\Y] = ra\vl —
SEy = [\YS = T340\YS is finite étale surjective, which uniquely algebraizes to a
finite étale surjective morphism [1|r, r, : Sr, — Sr,, by [Bor72] and GAGA [Ser56].

Construction 3.4.5. In Construction [3.4.4], suppose moreover that X1 and %o
are projective cone decompositions for Sp, and Sr,, respectively, such that 31 re-

fines the pullback of ¥5. By comparing the extension properties of S%olrg? and

S, s in [AMRTI0, Ch. II, Thm. 7.5 and by GAGA [Ser56), for 7 = 0

and a?n, the morphiszz [1]%171‘2 v(umquely) extends to a proper surjective morphism
tor,? . qtor,? tor,? > - .

[ ](;1,21),(1‘222) : Slf)izl — SFO;’22 such that S;l 1s the open preimage of S%Q.
Construction 3.4.6. Let g € Hy(A™). Let K1 C H1(A™®) and Ky C Hp(A™>)
be neat open compact subgroups such that o(A®)(K;) C gKag~'. Then we have
a canonical morphism [g]%, ., : S, =S¥, (H1,Y1) — S, = S¥, (Hz,Ya) defined
by right multiplication by g, which uniquely algebraize to a canonical morphism
[g]Kth : SK1 = SK1 (Hl,Yl) — SK2 = SK2 (HQ,YQ), by [BOI‘?Q} and GAGA [Ser56].
If o is an isomorphism, then [g]k, K, and [9]%, k, are surjective.

Construction 3.4.7. In Construction [3.4.6] suppose o(A>) maps hy € H1(A>) to
he € Ho(A®®). For ? = () and an, the morphism [g]}(l,K2 there induces a finite étale
surjective morphism [g}r{Kl,hl),(K2,h29) © Sk, = Skcyhags Which can be identified
with the morphism [1]1?“K1,h1,FK2,h2g : S%Kl_’hl — S%K%hw in C’onstructia.
Consequently, for 7 = 0 and an, the morphism [g]?Kl,K2 in Construction is
also finite étale, because it is a disjoint union of morphisms [g]EKlyhl)y(K27h2g) here.
Construction 3.4.8. In Construction suppose moreover that X1 and o are
cone decompositions for Sk, pn, and Sk, n,q, Tespectively, such that X refines the
pullback of Xp via [g](k, h,),(Ks.hag)- By Construction with 'y =Tk, p, and
Iy =Tk, hyg, we see that, for 7 =0 and an, the morphism [g]zKll,hl),(Kz,th) extends

to a proper surjective morphism [ ]? . gtor? —y glon?
prop J p IN(K1 k1, 51),(K2,hag,S2) © PK1,h1,51 Ka,h29,%2

such that S?Kl’h1 is the open preimage of S?K%hzg.
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Construction 3.4.9. In Construction [3.4.6], suppose moreover that ¥y and o
are cone decompositions for Sk, and Sk,, respectively, such that K refines the
pullback of Ko in the sense that X1, refines the pullback of ¥o p,s as in Con-
struction for each hy € Hi(A>) mapped to he € Ha(A>®) via o(A>). By

applying Construction to all hy € Hi(A>), we see that, for 7 = 0 and an,
the finite morphism [Q]Kl,Kz in Construction extends to a proper morphism

[g]r{Kl 1), (Ko, 5n) - StKOI?El — 8322722 such that S?K1 is the open preimage of S?KQ. For
? =0 and an, when [g]}, ., is surjective, so is [g]zKl,El),(Kz,&)'

Construction 3.4.10. Let (H,Y) be any pair as in Section . Consider the tower
{S?} Kk, indexed by neat open compact subgroups K of H(A>). For g € H(A™)
and open compact subgroups Ky and Ko of H(A*®) such that Ky C gK2g~*, right
multiplication by g on the second factor of Y xH(A>) induces [g]%, x, : S¥, — S%,,
which uniquely algebraizes to [g9]k, K, : Sk, = Sk,, as in Construction (with
(Hy,Y1) = (Ha,Y2) = (H,Y) and o = Idg in Condition . Since oy = Idy, all
morphisms [g]%, x, and hence [g]k, K, as above are finite étale surjective, which

compatibly define canonical right H(A)-actions on {Sk}k, for 7 =0 and an.

Construction 3.4.11. In Construction for each g € H(A™) normalizing
(resp. contained in) a particular K, we have hKg = hgK (resp. hKg = hK), and
hence right multiplication on H(A®) defines an action (resp. trivial action) of K
on the double coset space S3 = H(Q)1\ (YT x H(A®))/K which permutes (resp.
fizes) its connected components S%.p- Therefore, when K’ is a normal subgroup of
K, for? =0 and an, the action of K on 1]} x : Sier — S factors through K/K',
fizes the target Sh., and induces actions of K/K' on the fibers.

Proposition 3.4.12. In the setting of Construction B.A11] let us denote closures
of subgroups of H(A™) by overlines. Note that K - (Z(H)(Q)) = K - (Z(H)(Q))
and KN (Z(H)(Q)) = KN (Z(H)(Q)), for any open compact subgroup K of H(Q).
Suppose K' C K are neat open compact subgroups of H(A*). Then, for 7 =0 and
an, the actions of K/K' in Construction factor through

(34.13)  K/(K'-(Kn(z(H)(Q))) = (K (ZH)(Q)) /(K- (Z(H)(Q)))
and makes [1]}(,7K : S?K/ — S?K an étale torsor under this finite group .

Proof. Since [1] k- i is finite étale, it suffices to prove this proposition in the analytic
case. Let us study the fiber of [1]3, ;c : S% — S¥' over a double coset H(Q) 4 (y, h) K
in S32, where y € Y* and h € H(A*). By definition, any member of this fiber is
a double coset H(Q)4 (v, ')K' in S3%, where y' € YT and i/ € H(A>), such that
y' = vy and b’ = vhk for some v € H(Q); and k € K. Up to replacing (v, h’)
with (y~!y/,7~'h’), we may assume that y' = y and b’ € hK, without changing
H(Q)+ (v, )K’'. In particular, K/K' acts transitively on the fiber. Since every
~ € ZH)(Q) satisfies (y,h'y") = (v'y,v'h') = +'(y, '), right multiplication by
v acts trivially on the fiber. Hence, the action of K/K’ factors through .
If ¥,k € K and H(Q)+(y, hk")K' = H(Q)+(y, hk")K', then y = 7'y and hk' =
' hE"k" | for some ' € H(Q)4 and k" € K'. In this case, v € H(Q)N(hKh™!) =
'k p. Since K is neat, F%gh acts freely on Y. Since ' fixes y, its image in Fé;gh is
trivial, and hence 7' € ker(T'x 5 — I'% ) € Z(H)(Q). Since v/ € hKh™', we have
v =h79'h € K. Thus, k' = h=yhk"k" = K"Ky € k" K'(KN(Z(H)(Q))), and
acts faithfully (and transitively) on the fiber, as desired. a
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Proposition 3.4.14. Suppose Condition [3:4.3] holds, so that we have the construc-
tions following it. Suppose that (g, I1,I%) is one of the following:

(A) (1,T'1,T'3) for some 'y and I'y as in Construction |3.4.4]:
(B) some (g, K1, Ks) as in Construction [3.4.6};
(C) some (g, (K1, h1), (K2, h29)) as in Construction [3.4.7]

We shall refer to these as Cases |(A)] and respectively. Then:

(1) The canonical finite étale morphism [glry,r, : S, — Sr, of smooth quasi-
projective varieties is surjective in Cases and ' and, when o is an
isomorphism, also in Case .

(2) The morphism [g]r,.r, extends to a canonical finite morphism

(3415) [g]lrg]ifll"gz mm_>Sm1n

of normal projective varieties, which is surjective when [g]r, r, is. Hence,
SPI is the normalization of S‘F;“ via Sp, — S, — S}{“in, by Zariski’s main
theorem.

(3) If 31 and ¥4 are as in Constructions(3.4.5}[3.4.8}, and|3.4.9} then the canon-
ical proper morphism [g]f%rl,zl),(rz,zz) is a log étale morphism of fs log
schemes whose underlying schemes are normal projective varieties, which

. . . . * log,e ~ (log,e
is surjective when [g]r,.r, is. Hence, [g ](F1 1), 52) Qsm ngzl

By the arguments in [KKMSD73|, Ch. I, Sec. 3, espe(nallyp 44 Cor. 2], b

the local freeness of leot%; in all degrees, and by the projection formula, zt
)

follows that the canomcal (adjunction) morphism

log, r log,
(3416) (Q Oitor )®7n — R[g]t(;%hZh) (I'2,32),%* ((Qsotgox )®7n)

5,5y F1,3

is an isomorphism (resp. the zero morphism) over the connected components
of SE?YE that are in (resp. not in) the image of [gl(r, =.),(1s,5,), for all
mezZ (wzth negative tensor powers of Qos.e  defined by duality).

519; 2
(4) If the above % is exactly the pullback of o, then [9]2%,21),(1’2,22) is fi-
nite Kummer étale, and S{°"y; is the normalization of S¥'s, via Sp, —
Sr, < S¥'s,, by Zariski’s main theorem again. (The assumption makes
sense because the pullback 31 of a general projective Yo is projective. On the
contrary, the pullback X1 of a general smooth 3o is not necessarily smooth.)
(5) Suppose that one of the following holds:
(A') (9,11, 10) = (1 I'1,T) is as in Case and 0*4(Q)(T34) is a normal
subgroup of T'3%, in which case I :=T3%/(0*(Q)(I'5%));
(B') (g,11,I%) = (1,K1,K3) is as in Case |(B)l, o is an isomorphism,
and o(A*)(Ky) is a normal subgroup of Ky, in which case I =
Ko/ (o(A%)(Kn) - (K2 N (Z(H2)(Q))) (f: (3.4.13)).
In both cases, I is a finite group. Then
(a) The natural action of I'y on Sr, factors through I' and makes the finite
étale surjective morphism [1r, r, : Sry — Sp, an étale torsor under
I. In this case, Sy, /T = Sr,.
(b) The action of T on [1)r,.1, : Sry — Sry (necessarily uniquely) extends
to the finite surjective morphism [, : SP™ — SE™ in ,
and induces SP™ /T = ST™.
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(¢) If 31 and 3o are as in , then the action of I on [1|r, 1, : Sr, — S,
(necessarily uniquely) extends to the finite Kummer étale surjective
morphism [1(% 5\ (1, 5,) * Sfs, = S¥x,, and makes the latter a
Kummer étale torsor under T'. In this case, S¥'s, /T = S{'s, . The

actions of I’ on [1}(F1 $1). (T8 @nd [1 JRm, are compatible.

Proof. Firstly, follows from Constructions [3.4.4] 13.4.6) and [3.4.7, In the lat-
ter two constructions, if Q(A“)(hl) = hg, then [g]% g, : S%, — S%, maps the

__ Qan ~ Qan an __Qan ~
connected component S§' ;=S¥ rig of S L 10 ST, hag = Sty e =
an

shy
i, Hence, it suffices to prove |I| QI) in Case
If ¥; and 3 are as in Construction then [1]E?rl’j‘§1)7(r2,22) : Sf,olr;fll — S%Zr;rzl
ad ad
is locally given by It ﬁn{g' s ry Tgn{gap in the notation of Proposition [3.3.5 §|>,

where {0/} is a refinement of {o,}, for the same rational boundary component
Fof Y/ 5 YJ. Note that ITe — T3'Tg is an isogeny of tori, because the
corresponding homomorphism of cocharacter groups I'#d N U24(Q) — T34 N U24(Q)
is between two arithmetic subgroups of U,%d (Q). By passing to formal completions

and by Artin’s approximation as in Proposition 1. » [ (Dy,521),(Ta,55,) 1S étale

locally of the form F?dTF’{a;/} — ngpr{ga}, which is étale locally some standard
log étale morphisms as in [Kat89, Prop. 3.4]. Hence, [1[[Y" s ) 1, 5, s log étale as
a morphism of fs log schemes. The remaining statements in then follow.

Up to refining both ¥; and X5, suppose moreover that 3; and Yo are not only
projective but also smooth. Since Y; = Y3, we have d = dimc(Y]") = dime(Y3).
By Proposition , we obtain a canonical morphism

SE" 2 Proj (@m0 H'(SE s, (5, )*™))

(3.4.17)

min ~ 3 or log,d m
— Spy :PYOJ(@monO(Strl,zl,(stir )

which is necessarily proper and pulls Smm back to Qsmm Since the ample line

bundle ngm on Sm‘n pulls back to the ample line bundle Qdmm on Smin this

T

proper morph1sm is quasi-affine and hence finite. Since any finite number
of cone decompomtlons admlt a common projective smooth refinement, it follows
from (3.4.16]) that the morphism is independent of the choices of ¥; and
5. Thus, (3.4.17)) gives the desired finite morphism , and the remaining
statements in (2)) are self-explanatory.

Again assuming that ¥; and X5 are projective but not necessarily smooth, if 3y
is exactly the pullback of ¥, then [1]2;?1721)7@2722) is locally given by FTdT,a:f‘{%} —

r5? T%H{J T before, but with the same {o,} on both sides. In this case, since

[ ]Eorrl ;‘1)7(F27E2) has finite fibers, the proper morphism [l]El‘lrl $1),(Iy,5,) 18 quasi-finite

and hence finite. By Artin’s approximation for pullbacks of the finite morphism to
formal completions on the target, [1]21?1 1),(Is,5,) 18 €tale locally on the target of the

form i TF {6} — rs TF (0.}, which is étale locally on the target some standard log
étale morphisms as in [Kat89, Prop. 3.4] associated with Kummer homomorphisms
of monoids as in [II02, 1.4]. Thus, [1]21031’21) (Iy,5,) 18 finite Kummer étale as a
morphism of fs log schemes, and the remaining statements in follow.
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Finally, in the setting of (5]), the statements in are self-explanatory in Case
and follow from Proposition in Case |p| As for and , the action
of I' extends to the minimal and toroidal compactifications and have the desired
properties by taking normalizations and resorting to Zariski’s main theorem, as in
the last sentences of || and . The extended actions of I to the compactifications
are necessarily unique and compatible with each other, because they are determined
by their restrictions to [1]r. 1, : Spy — Sp, by density. O

Remark 3.4.18. A useful special case of Case of Proposition is when

H; is semisimple and simply-connected, so that H; = H{*" = H$°. Then Y; = Yf,

Hl(R)+ =H; (R), Hl(Q)+ = Hl((@), and SK1 = SKl’hl = S(I)ﬁ’ for all hy € Hl(AOO>,

as explained in Remark In this case, we can study Sk, and its compactifica-

tions as in Section and deduce results for Sk, p, for all hy € Hy(A>), including
%, = SK,,1, and their compactifications.

Remark 3.4.19. In Case of Proposition [3.4.14] if we assume that H; is semisim-
ple and simply-connected, as in Remark [3.4.18} that the central isogeny o :
H{er — H$er is an isomorphism; and that K; = o(A®)~!(gK2g~!). Then we ob-
tain an isomorphism [g]k, Kk, : Sk, — Sk, heg Of connected components, which
is the restriction of the open-and-closed immersion [g]k, .k, : Sk, = Sk, from the
connected Sk, into the whole (generally disconnected) Sk, .

By Case in Proposition[3.4.14} in the setting in Construction[3.4.10, we have:

Corollary 3.4.20. The tower {Sk}xk in Construction with its canonical
H(A®)-action given by finite étale surjective morphisms as in Proposition (3.4.14(1)),
admits a tower of minimal compactifications {S™"} k., which are normal projective
varieties, with a canonical right H(A>)-action extending that on {Sk} ki, given by
finite surjective morphisms as in Proposition . It also admits a double
tower of toroidal compactifications {S}?fz}(KZ), which are projective normal vari-
eties, with a canonical right H(A)-action compatible with those on {Sk}x and
{S®iny . given by proper log étale morphisms (resp. finite Kummer étale) as in
Proposition (resp. ), when cone decompositions on the sources refine
(resp. are exactly) the pullbacks of those on the targets.

Corollary 3.4.21. In the setting of Corollary given any neat open compact
subgroup K of H(A), and any normal subgroup Ko of K, the canonical action of
K on the tower {Sk' }k,cr'cr (resp. {Stfgf,zf}KocK'CK) indexed by open subgroups
K’ of K containing Ko (where ¥’ abusively denotes the pullback of X for each level
K') factors through a faithful action of the following quotient group

(3422)  K/(Ko- (KN (ZH)(Q)) = (K - (2(10)(@) /(Ko - (Z(H)(@)).
where overlines denote closures of subgroups of H(A™) as in Proposition .
Proof. Note that
Ko (KN (Z(H)(Q)) = Nkycxrex K- (KN (Z(H)(Q)))
= Nr,cxcx K- (KN (Z(H)(Q))

and
Ko - (Z(H)(Q)) = Ngocrrcr (K- (Z(H)(Q))).
Then the assertions follow from Proposition [3.4.14(5)) and Corollary |3.4.20 ]
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Example 3.4.23. Let K C H(A>?) and K, C H(Q,,) be open compact subgroups.
In Corollary 3.4.21} let Ko = K? and K = KPK,,. Then (3.4.22) becomes

(3.4.24) (KPEp)/ (KP - ((KPE,) N (Z(H)(Q))))-
This is consistent with [Del79, 2.1.9] in the setting of Shimura varieties (which we

shall consider later in Section . In [RC22, Sec. 4.1], this is denoted by IN(p, with
H and Z(H) here denoted by G and Z there, respectively.

Remark 3.4.25. Since Z(H)°/Z,(H) has the same split ranks over Q and R, the
closure Z(H)(Q) of Z(H)(Q) in Z(H)(A*) (and hence in H(A)) is contained in
Zs(H)(A*). Thus, we have surjections K — K/(K N (Z(H)(Q))) - K¢, where
K/(KN(Z(H)(Q))) is as in (with Ky = {1} in the notation there).

3.5. Automorphic vector bundles and their canonical extensions. Let (H,Y)
be any pair as in Section [3.1} and let I" be as in Section so that Sy and its
minimal and toroidal compactifications are defined.

Recall that, by our convention, Repg(P**4¢) and Repg(M€) denote the cate-
gories of finite-dimensional representations of P5*4:¢ and M¢, respectively, over C.
Each W € Repg(P*'9¢) defines a He-equivariant vector bundle on FI** whose an-
alytification pulls back via to YT, naturally descends to a vector bundle on
any S7 we consider, and canonically algebraizes to a vector bundle on Sp, called
the automorphic vector bundle associated with W. Moreover, by Remark
W is equipped with a canonical decreasing filtration Fil*WW by subrepresentations
of P**d¢. By abuse of notation, we shall denote by W all of these vector bundles
(including their analytifications) associated with W in Repg(P*'%:¢), and denote
the filtrations on them by Fil* = Fil* W. The assignment W — (W Fil®) defines
a tensor functor from Repg(P**9:¢) to the category of filtered vector bundles over
Sr. For each (projective) cone decomposition ¥ for Sk, the analytic (W, Fil®) on

at admits a canonical extension (W Fil®) over S?;an, which algebraizes by
GAGA [Ser56] to a vector bundle which we still denote by (W™, Fil®) over Si;,
whose restriction to Sy is the above algebraic (W, Fil®). (See [Har89, Thm. 1.4.1
and 4.2] for the above statements in the context of Shimura varieties, which we
will introduce later in Section The arguments in the proofs there apply here,
because they are over individual connected components and use nothing more than
general properties of locally symmetric varieties.) We shall say that the algebraic
(W, Fil®) over S19%; is the canonical extension of the algebraic (W, Fil*) over
Sr. When the context is clear, we will often suppress Fil® from the notation. For
W € Repe(M¢©), we shall view it as a representation of P**%:¢ via the canonical
homomorphism P$t4:¢ — M¢, and all the above still applies.

Remark 3.5.1. It follows immediately from the characterizing property of canonical
extensions as in [Har89, (4.1.1)] that the formation of canonical extensions as above
is compatible with all morphisms between toroidal compactifications in Proposition
[3-4.143). See [Har89, 4.3.1, 4.3.2, and 4.3.3] for some explicitly stated cases.

Remark 3.5.2. As in Proposition [3.3.5([7) (based on [Mum77, Prop. 3.4]), for W =
Lie N**d in Repg(M) (with adjoint action), we have Lie N*'4 = Q& over Sp, which

extends to (Lie Nstd)ean o log:l o 1

St gror (log OSIRY,) over S19%. when X is smooth.
rs s> ) )

For V' € Repg(G©), the filtered vector bundle (V" Fil*) associated with the
restriction V|psta,e as above admits the additional structure of a canonical integrable
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log connection V : V" — ann@)@si% leole satisfying Griffiths transversality; i.e.,

V(Fil*) (Fil'71)®(9Stor leof’zl. By restriction to Sy, we obtain a canonical integral
rx ’

connection V with regular singularity (still satisfying Griffiths transversality). In

order to emphasize that such constructions are meant to be useful for studying the

de Rham cohomology, we shall denote by (qrV, V,Fil*) and (4qrV°*", V, Fil®) the

associated filtered connections and log connections, respectively.

Remark 3.5.3. By [Har89, (4.2.2)], the above (qrV**", V) above is canonically iso-
morphic to the canonical extension of (qrV, V) introduced by Deligne in [Del70].

3.6. Automorphic line bundles of positive parallel weights. Let us continue
with the setting of Section Let H*¢ be the simply-connected cover of HI', as
in Section Let HAe"¢ abusively denote the image of HA" in He.

Construction 3.6.1. By Lemma we have central isogenies H® — HIer —
Hdere — Had. Let us abusively and temporarily denote (in this subsection) the
induced central isogenies of Levi subgroups by M3¢ — Mder — Mdere _y Njad

Construction 3.6.2. Since H is connected, semisimple, and simply-connected,
it decomposes into a product H® = HjeJHj of its Q-simple factors. Accordingly,
Y+ HjeJYj, and each (Hj,Y;f) is still a pair as in Section . By Lemma
we have a compatible product H> = HjeJ H?d of adjoint quotients.

Construction 3.6.3. For each j € J (as above), denote by M, N;td, etc the
respective pullbacks of the subgroups M, N4 etc of He to Hjc; and abusively
denote by M;‘d the pullback of the (abusively denoted) subgroup M? of H* (as in
C’onstruction to H]a-d. The adjoint action of M on N5t factors through M¢ and
M2 (because ker(M — M¢) C ker(M — M) = Z(H) by definition) and defines
LieN*! in Repc (M) and Repe (M), which pulls back to Lie N5 in Repe(M;)
and RepC(M?d), for each j € J. (We have similar statements with “std” omitted.)

Definition 3.6.4. We say an irreducible W in Repe(M€) or Repe(P59:¢) is of
positive parallel weight if, for each j € J (as above), and for some (and equivalently
every) choice of maximal torus T; of M;, one weight of the pullback W; of W to
Repc(M;) (with respect to T;) is a positive multiple of the weight of det(Lie Nj-td).

Remark 3.6.5. By the theory of highest weights, the condition in Definition [3.6.4
forces W, for all j € J, and hence W to be one-dimensional representations. In

this case, there exist a;,b; € Z>1 such that mej = det(Lie N5'4)®b5 for all j € J.

Proposition 3.6.6. Let W € Repg(M€) be irreducible of positive parallel weight,
as in Definition [3.6.4], which is necessarily one-dimensional, by Remark [3.6.5] Let
$s, 1 S5 — ST be as in Proposition 3.3.5(2). Let W over Sy and W™ over S{%%,
be automorphic line bundles as in Section 3.5 (We shall omit “®” when denoting
tensor powers of line bundles.) Then there exists mg € Z>1 such that (W*")mo =
f; L for some ample line bundle L on S®™. In this case, W™ is semiample, and
there exists (by general theory) some r € Z>1 such that L" is very ample, so that

(W™ s globally generated over SY%, for all positive multiples m of rmg, and

so that the induced morphism ¢, : S — PHO (SR, (W")™) = PHO (SF™, L)
factors through §. and the canonical closed immersion SP™ — PHC(SE", Lmo).
In particular, ¢m,ls, is an immersion as fz ls, is, and W is ample over Sp.




SOME VANISHING RESULTS FOR THE RATIONAL COMPLETED COHOMOLOGY 27

Proof. This is essentially [Lan16, Lem. 3.2], up to some minor changes of notation
and conventions. But let us spell out the details, for the sake of clarity.

By working over connected components, it suffices to prove Proposition [3.6.6
in the special case where I' = T' is a neat arithmetic subgroup of H(Q);. By
Proposition|3.4.14{(3]), we may also replace ¥ with any projective smooth refinement.

By Remark 3.6.5L there exists mg € Z>1 such that Wj®m° & det(Lie N?td)®ci,
for some ¢; € Z>1, which can be viewed as a representation in RepC(M?d), for
each j € J. Let F‘}d denote the image of I'*d in H?d(@)Jr, and let ¥; be any

projective smooth cone decomposition for Spaa = F;?d\Y;F, for each j € J. Consider
— J —

I'i=[les rad ¢ H*4(Q)4 and the cone decompositg)n Y=]lies 3224 for Sp. Let
Y be any (projective) refinement of the pullback of ¥ to Sr. By Propositions m
and and by Remark [3.5.2] we have a commutative diagram

Jeor -
(T,%),(T,%)

tor tor = tor
S Sfi H]eJ Srdd Edd
le %J{ HJGJ E?dJ/
1)min ~
min [ ]F’F min = min
S gm 11
r finite T jeJ Orad>

together with canonical isomorphisms of line bundles

()= = [ o (@jes((SE5 — Si% gaa)"(det(Lie N59) ™))

= @1 (S5 = S )" (O )
Jj T

rad sad
~ d'
- ®‘]EJ((S}‘C:% i—‘oal;i Zmd fzmd SZmn ®(/]) fz 9
where L := (SEin — S?i“)*(®j€J((S@in — SF‘];E)*(Q;%%H)@)CJ)) is ample over SEin
J

because each of QSZ,,H, is ample over S;‘Hé‘, by Proposition 3.3.5@, as desired. O
J

When we apply Proposition [3.6.6| later in Section |5, we will want the ratios —Z?
J
in Remark [3.6.5] to be as small as possible. Let us introduce the following:

Condition 3.6.7. H":¢ is simply-connected.

Since the canonical homomorphism H4e" — H9e":¢ is a central isogeny, our as-
sumption forces HI" to be also simply-connected. Then we have the following:

Proposition 3.6.8. Suppose Condition holds. Then there exists an irre-
ducible Wy € Repc(M®) of positive parallel weight such that, for each j € J, the

pullback Wy ; € Repe(M;) of Wy satisfies W h = det(Lie N5*), where by € Zx,
is the dual Coxeter number for the root system assocmted with any C-simple
factor of the complex semisimple Lie algebra LieH;c (and any choice of Cartan
subalgebra). (Since H; is Q-simple, this h;-/ is well defined, because the C-simple
factors of Lie H; ¢ are all abstractly isomorphic to each other.) For each j € J, this
ratio ﬁ is the smallest among all Z—j such that there exists some W; € Repe(M;)

such that W;ga" = det(Lie N$™)® for some aj,b; € Z>1 (cf. Remark [3.6.5).
Proof. This follows from [Lanl6l Thm. 3.8]. O
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4. GEOMETRIC SEN THEORY FOR TOWERS OF SHIMURA VARIETIES

In this section, we collect some known results about the p-adic geometry of
towers of Shimura varieties, notably the differential equation satisfied by the locally
analytic functions at the infinite level. This is a consequence of some calculation of
the canonical Higgs field for towers of Shimura varieties, which was first discovered
by the second author in the case of modular curves [Pan22] and in general done by
Juan Esteban Rodriguez Camargo [RC22].

4.1. Shimura varieties and their compactifications. Let (G, X) be a Shimura
datum. In particular, G is a connected reductive group over @, and X is a conjugacy
class of homomorphisms

(411) h: RGSC/R Gm7(c — GR

satisfying a list of axioms, which imply that the pair (G, X) satisfies the assump-
tions in Section (See, e.g., [Del79, 2.1.1], [Mil05, Def. 5.5 and Cor. 5.8], or
[Lanl Sec. 2.3]. See also other parts of these references for many standard facts
we review below.) In particular, we have the associated double coset spaces, their
minimal compactifications, their toroidal compactifications, and the canonical alge-
braizations of all of these, as in Sections and and they enjoy the properties
we have shown in Sections We shall change the notation from Sk etc to
Shg c etc in this subsection. By the theory of canonical models, Shgi ¢ admits
a canonical model Shy over a number field E C C, called the reflex field of the
Shimura datum (G, X). We shall call Shx the canonical model of the Shimura vari-
ety associated with (G, X) at level K. For simplicity, we shall also call various base
changes of Shyi and their analytifications Shimura varieties. The precise meaning
of our terminologies should be clear in the context.

By [Pin89, 12.4], for a cofinal system of choices of ¥’s for Shg ¢, the correspond-
ing toroidal compactifications Shtf(’fE’C also admit canonical models Shg?fz over E,
and we shall call these the toroidal compactifications of Shy. Without reviewing
the conditions on ¥’s in [Pin89, 12.4] in detail, let us just note the following:

Remark 4.1.2. Given any projective X for Shg, its pullback ¥’ to any higher level
K' ¢ K (which is, a priori, just for Shg ¢) also qualifies as a projective cone
decomposition for Shg, so that Sh}?fﬁz, is defined.

Each h € X as in (4.1.1) induces a homomorphism h¢ : G, ¢ X Gp,c — Ge,
whose restriction to the first factor defines the so-called Hodge cocharacter

(4.1.3) wn 2 G = Ge

(over C). Essentially by the definition of a Shimura datum, the composition of
with the adjoint action of G¢ on Lie G¢ induces the same decomposition
as in , and the composition of with the canonical homomorphism
Gc — G2 recovers the p®d (defined by yo = ho € XT) in . Hence, we can
define M, N, N*td_ P and P**? as in and the sentences preceding it; and
define Fl := P\G¢ and FI*'! := Hc /P as in .

Remark 4.1.4. The reflex field E is the field of definition of the conjugacy class of
wh, and both F1 and Ftd naturally have models over E because of this.
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Remark 4.1.5. Given a representation W in Repg(P) (resp. Repe (P5t4)), the action
of Lie puy, defines an increasing (resp. decreasing) filtration Fil* on W by subrepre-
sentations of P (resp. P**9). However, the numbering of this filtration might differ
from one defined by Lie 24 in Remark by a shifting, because the composition
of Liep*! with (Lie K2)¢c C (Lie Koo)c = LieM might differ from Lie yy, by a
nonzero homomorphism from C to Lie Z(G¢) = ker(Lie G¢ — Lie G&4).

Remark 4.1.6. Everything in Sections [3.:543.6] including importantly Propositions
and specializes to the setting of Shimura varieties. We shall use the
same notation W, W, etc, without further explanation.

In the remainder of this Section [4 we fix a neat open compact subgroup K =
KPK,, of G(A™), with K C G(A*>?) and K, C G(Q,). Moreover, we fix a pro-
jective smooth cone decomposition ¥ for Shg, and we shall write Sh'" = Sh‘;?’rz,
without emphasizing the choice of 3. By Remark for each open subgroup
K’ C K, the pullback ¥’ to level K’ is projective (but not necessarily smooth),
and we shall similarly write Shi = Sh}?f)z,, without emphasizing ¥’. By Corol-
lary the tower {SthKI/)}K;? indexed by open subgroups K]'D of K, together
with its canonical K-action, extends to a tower {Sh% KZ,)} k> and the transition
morphisms of this latter tower are finite Kummer étale surjective morphisms. Let
K, be the quotient of K, given by (with H there replaced with G here).
By Corollary the canonical actions of K, on the towers {Shxrs; }x; and

{Shi& s/ } k;, factor through faithful actions of K,. (In other words, K, is the image
p
of K, in the automorphism groups of these towers.)

4.2. Hodge—Tate period morphisms. Now let us make the transition to p-adic
geometry. Let C' be the p-adic completion of an algebraic closure of Q,. From now
on, we fix an isomorphism ¢ : C = C, whose restriction to £ C C induces an em-
bedding F — C and hence a p-adic place v of FE. Let E, denote the corresponding
extension of Q,. We shall denote by Shg g, etc (resp. Shk ¢ etc) the base changes
of Shg etc to E, (resp. C). Note that these base changes (and therefore the con-
structions in the remainder of section) depend on ¢. We shall denote by Shx (resp.
Sk) the adic space associated with Shy g, (resp. Shg o) over Spa(E,, Og,) (resp.
Spa(C,O¢)), and similarly denote other analytifications. Then we have compat-
ible towers {Shxrr/ } i and {Sh}?ZK;}K; over Spa(E,, O, ), which base change
to compatible towers {SKpKL}K;J and {SE&KK;}K; over Spa(C,O¢). Note that

{SthK];7C}K; satisfies the requirement as a K,-torsor over Shg ¢ in Construction
, and Shg c — Sh}?fc satisfies the requirement for j in Construction m
By [DLLZ23al, Ex. 2.3.17], each Sh'%} x has a natural fs log structure defined
P

by its boundary OSh:Z K divisor. By comparing étale local descriptions of log

smooth and log étale morphisms in the algebraic setup in [Kat89] with those in

the p-adic analytic setup in [DLLZ23a], we see that the transition morphisms

of the tower {Shih . } K, are finite Kummer étale surjective morphisms. Hence,
p

I'&H KK, Sh2, K, isa I?p—torsor which defines a pro-Kummer étale cover of Sh%" in
Sht;?fpmkét. By base change to Spa(C, O¢), we obtain a I?p—torsor Hm K, 8}?15[%,
p

: 4 tor tor
which defines a pro-Kummer étale cover of Si¢* in Sie vy
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This last IA(;—torsor over Spa(C, O¢) has an underlying topological space

5;?; = lim |S;?£K;,|
K/ CK,
equipped with the inverse limit topology, where |Si2 | denotes the underlying
P

topological space of Stk -, . Concretely, the topology of Si2 has a basis consisting
D

—1 _ . t —1 .
of Tr U) = @K;cx; |<SI?£K{)' — S}?,EK;,?) (U)], with K], an open subgroup of
K, and U an affinoid open subspace of S}?,SK;’, where 7 1 S — \S}?ﬁKd denotes
the natural projection morphism. There is a natural continuous action of K, on

S¥or which factors through the quotient I?;,.

Definition 4.2.1. We define the sheaf (/Q\jg' = @;mr on S}?,f to be the restric-
KP

+ -

. S;?,lpj\okét R
. . tor ._ . "t

logical space of th;cKp SKPKI,?, and define Og := Ogier := Os;g;

o~ . — -~ . —1
OF sends any @K;f |7TKi’vK;’) (U)] as above to OF,, (@K;, TR K (U)), where

K,prokét

tion of the integral completed structure sheaf O to the underlying topo-

[%] . Explicitly,

. —1 . . . . . . tor
1<£1K;; Tx K (U) is viewed as an object in the pro-Kummer étale site Spe7 14

There is a similar description of @3 in terms of the completed structure sheaf
Ostor

vor Both sheaves are Kp-equivariant, and there is a natural morphism of
,proké

ringed sites 7, : (Sg, Os) — (S, Ostor).

Remark 4.2.2. Intuitively, we think of the ringed site (S}?,f,@g) as a “Shimura
variety of infinite level at p”. One caveat is that, while this ad hoc definition will
be enough for our purpose, the definition of the structural sheaf here might not be
the most correct one in general. From the point of view of perfectization in [Bhal
Sec. 4.1], it is unclear whether there should be some derived structure on the sheaf
@5, unless we know that @K;c K, Sier K is perfectoid.

It was first observed by Scholze in [Schl5] that any Hodge-type Shimura va-
riety of finite level at p has a Hodge-Tate period morphism towards the associ-
ated flag variety, which played a fundamental role in his study of the p-adic ge-
ometry of Shimura varieties. (See [PS16| [Lan22] for the analogous statement for
toroidal compactifications.) Using Diao-Lan-Liu-Zhu’s work on (p-adic) logarith-
mic Riemann—Hilbert correspondence and its comparison with Deligne’s (complex)
Riemann-Hilbert correspondence on all Shimura varieties (see [DLLZ23bl Thm.
1.5]), one can define Hodge-Tate period morphism for general Shimura varieties
(cf. [RC22, Thm. 4.2.1]). To state the result, we introduce some notation.

Let F¢ denote the adic space associated with the partial flag variety Flo =
Pc\Ge (cf. (.1.5)). From this quotient expression, with any representation W
of P¢, increasingly filtered as in Remark we can canonically associate an
increasingly filtered Gc-equivariant vector bundle (W, Fils) on Flc. By (p-adic)
analytification, we obtain the associated (increasingly) filtered G(C')-equivariant
vector bundle (Wxy, Fils) on F¢. The assignment W — (Wxy, Fil,) defines a tensor
functor from Rep~(P¢) to the category of increasingly filtered vector bundles on
FL. Such a construction extends naturally to representations of quotient (algebraic)
groups of P, including, in particular, Pg, M¢, and Mg.
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As in Remark with each W € Repg(P5t4€), we also have an associated
(decreasingly) filtered vector bundle (W, Fil®) over Shg ¢, together with its canoni-
cal extension (W Fil®) over Shtf‘(’fc. By using the chosen isomorphism ¢ : C = O,
and by p-adic analytification, we obtain a filtered vector bundle (W*" Fil®) on
Sior. The assignment W — (W Fil®) defines a tensor functor from Repg (PE9)
to the category of decreasingly filtered vector bundles on S§".

Theorem 4.2.3. There is a Kp-equivariant morphism of ringed sites
Wflo'{‘ : (S}?;a@S) - (]:& O]:é)a

called the Hodge—Tate period morphism, such that, for each W € Rep(M€),
there is a K,-equivariant isomorphism of locally free Os-modules

T (Wre) 5 e, (W),

Moreover, wifh is deduced from a K,-equivariant morphism (S5, @;) — (F¢, Oj{-e)
by inverting p.
Remark 4.2.4. To make the isomorphism also equivariant with respect to the action

of local Galois group of E,, one needs to put appropriate Tate twists by the Hodge
cocharacter py, in the isomorphism (cf. [RC22, Thm. 4.2.1] and also Remark {4.1.5)).

Proof of Theorem [4.2.3] This is essentially [RC22, Thm. 4.2.1]. See also [BP21],
Thm. 4.4.40]. Let us still give a sketch here. As explained in [DLLZ23bl Sec.

5.2], any finite-dimensional V' € Repr(Gc), viewed as a representation of K, via

IA(;, — K, C G¢(Qy), defines an (automorphic) Q,-étale local system ¢V on Shg,
which has unipotent geometric monodromy along the boundary (in any toroidal
compactification) and is de Rham by [LZ17, Thm. 1.2]. Therefore, by extending
stV to a Kummer étale Qp-local system 4V over S hg?r, by applying the algebraized
p-adic logarithmic Riemann—Hilbert functor DZIF%,log as in [DLLZ23b| Sec. 4.1], and
by base change from F, to C, we obtain a filtered log connection over Sh'}?fc. By
[DLLZ23bl Thm. 5.3.1], this last filtered log connection is canonically isomorphic
to (arVc™", V, Fil*) ®c, C, where V¢ :=V ®q, .1 C and (qrVc*", V, Fil®) is as
in the last paragraph of Section Moreover, such canonical isomorphisms are
compatible with tensor products and duals. In the following, we shall denote by
(Vean 'V, Fil®) the (p-adic) analytification of (qrVc™", V, Fil®)®c,, C over 2. Let
prokét V. denote the pullback of ¢V to S h}?fmokét. (Its further pullback to Sﬁgfpmkét
is the proketV gror constructed in Construction ) Since ¢V is de Rham and has
unipotent geometric monodromy along the boundary, prokétV on Sh}?fpmkét and

(vean ¥, Fil®) are associated in the sense that there is a natural isomorphism

prokétV. ®q, OBdr,10g = V" ®0 OB4R.log

tor
Shi

over § hﬁ?fprokét, which is compatible with filtrations and log connections on both
sides (see the paragraph preceding [DLLZ23Dbl Sec. 3.5] and the notation for period
sheaves there). For simplicity, let us write X = Sh}?fprokét. Similar to [Schl3al

Prop. 7.9], one defines an increasing Hodge—Tate filtration on pyoxst V. ®q, 19) x using
the relative position of the BXR—lattices M = prokétK®Qij{R and My = (arV ®0

+ V=0 ; L
OBdR,log) in proketY ®q, Bar; i-e.,

Fil_j(prokerV @q, Ox) := (M N Fil?M)/(Fil'M N Fil! M),

tor
ShK
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where both M and M, are equipped with the ker(#)-adic topology, and where
0 : IB%(J{R — Ox denotes the usual # map. Moreover, we have

gr; (prokétY ®q, Ox) = (g’ arV) D00 Ox(—j)-

Since the Hodge filtration Fil® on V°*" is induced (via ¢ : C = C) by the decreasing
filtration on Vg petdies which is defined up to conjugation by G¢ by the action of
Lie pp,, or rather just pp, as in Remark it follows from the above that the
Hodge-Tate filtration on prokstV. ®q, 19) x is associated with the opposite parabolic
subgroup P¢ (up to conjugation). Moreover, the formation of such filtrations are
compatible with the formation of tensor products and duals.

Consequently, the Tannakian G§-torsor G° on (X, Ox) given by the tensor func-
tor (V € Repr(Gc)) — prokétY. ®q, @X admits a P&-reduction, by [Mil90, Prop.
1.7] (based on [SR72, Ch. IV, especially IV.2.2.5]). (Here the torsors are only defined
by the Tannakian formalism, which makes sense over any ringed site.) Since prokstV.
is canonically trivialized on the pro-Kummer étale cover ¥ := lim KICK, Sty K1 SO
is the restriction of G° to Y. By the usual universal property of the algebraic partial
flag variety Flc, the Pg*"-reduction induces a morphism of ringed sites

(Y, Oxly) = (Flg, Op).

Since F£ = Flg Xgpec(c) Spa(C, O¢) (as in [Hub94, Prop. 3.8 and Rem. 4.6]), this
factors through a morphism of ringed sites

(Y,Oxly) = (F&Ox),

whose restriction to the underlying topological space |Y| = S gives the desired

7igh, which is deduced from a morphism (Y, (5}|y) — (F¢,0%,) by inverting p.
All the claimed properties then follow from the construction. O

Remark 4.2.5. In the construction of myr, one can use the associated adjoint
Shimura datum (G2, X*d) instead of G¢. Let K*! denote the image of K in
G24(A%), which is neat as K is. Up to refinement of cone decompositions for
Shg, as in Proposition we can choose smooth projective toroidal compacti-
fications Sh%" of Shx and Sh'%hs of Shaa with normal crossing boundary divisors
as before such that the finite map Shx — Shyaa extends to a proper morphism

between toroidal compactifications Shi" — Sh'2%.. (We shall adopt a similar nota-

tion system for various objects defined by the similarly defined tower over Sh'h,.)

Then we obtain a natural morphism of ringed sites
¢ (8%, 05) = (Sitha, Osna),
where (S, Ogaa) is the analogue of (8% Og) for Sh'e,. The Hodge Tate

ad,p
period mcl){rphisms for both the source and target of ¢ have the same target. We
claim that the Hodge—Tate period morphism for (S, (55) factors through ¢. This
follows from the construction and from the compatibility of the logarithmic p-adic
Riemann—Hilbert functor for local systems with unipotent geometric monodromy

under pull-back, by [DLLZ23bl Thm. 3.2.3(4)].
We will need a “locally analytic” version of the Hodge—Tate period morphism.

Definition 4.2.6. We define the sheaf O? on S as the subsheaf of (55 of I?p—
locally analytic sections. Concretely, for any open subgroup Kz’, C K, and any
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affinoid U C Sjefy,, we know that Os (T @) = 0+(7TK, U))[L] is a p-adic
Banach space representation of K),, and we define o (7TK, Uu )) to be the subspace of
K, -locally analytic vectors of Og(ﬂ' o (U)). This defines a Kp—equivariant subsheaf
O of Os. (See also [RC22], Def. 6.2.;71].)

Note that g, : (Si, Os) — (Ster, Ostor) induces a morphism
T, (Sis, OF) = (SK', Osier),
because all the sections of 05}? are Kp-invariant, and hence Kj-locally analytic.

Theorem 4.2.7. The Hodge—Tate period morphism 7tk in Theorem induces
a K, -equivariant morphism of ringed sites

laT : (8}?;70.1’;) - (]:& OJ:@)

such that, for W € Repo (M), there is a Kp-equivariant isomorphism of locally free
O?-modules

mir (W) 2 mie (W),

Proof. The morphism 75 : (S5, (93) — (FL,Oxp) gives a morphism of sheaves of
rings (wigh)# 1 (7i28)"L(Oxg) — Os. We claim that this morphism factors through
O and therefore defines a morphism e ( tor 0%2) — (F¢,Ox). This is a
purely local question. Suppose that U = 7TKI,3 }(U) is an open subset of Sior with

uc S}?,fK, affinoid and K, C K, an open subgroup, and that V C F/ is an affinoid

containing 7% (U). Note that such U’s form a basis of the topology of St. Since
V is quasi-compact, it is stable under the action of an open subgroup of Kj,, which
we may assume to be K 1’7 up to shrinking it. Then (ﬂﬁ%) gives a continuous map

of p-adic Banach spaces
O]:g(V) — Os(U),
which is K -equivariant. Since F/ is of finite type over C, the action of K, on
O%,(V)/p factors through a finite quotient. Hence, the action of K}, on Ox,(V) is
locally analytic, by [Pan25bl Prop. 2.7].
Now let W € Rep(M°). By Theorem there is a Kp-equivariant isomor-
phism

~

(T7) ™ OVre) @(aigr)-1(00) O Z it (W) @1 0., Os:
P K

We need to show this remains an isomorphism if we replace @5 with 0. Again,
this is a local question, and we shall use the same notation as above. Up to shrinking
U and V if necessary, we may assume that W"|;, is a trivial vector bundle, and
that W, is trivial on a Zariski open subset V of Fle whose associated adic space
contains V. Choose a basis of W (i) and a basis of W, |y, viewed as a basis of
Wr(V). Then the above isomorphism corresponds to a matrix M € GL,,(Os(U)),
where n = dimg (W), and it suffices to show that M € GL, (O%(U)). Note that
the actions of K[’) on the two bases we choose are locally algebraic. Therefore, M
and M~! have entries in the subspace of K)-locally algebraic vectors of @5(1;1),

and hence in O2(U). O
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Remark 4.2.8. Similar to Remark ml. factors through its analogue for the
adjoint Shimura datum as well.

Remark 4.2.9. The ringed site (S§2F, O?) should be thought of as a “toroidal com-
pactification of the locally analytic Shimura variety of infinite level at p”. Even
though this ad hoc definition looks very similar to the one in Definition [4.2.1] we
will see in Theorem [.3.2] below that the issue mentioned in Remark E2.2] will
disappear when we replace Ogs with O%.

4.3. Geometric Sen theory. The goal of this subsection is to describe the differ-
ential equation satisfied by (9}5‘BL in terms of the geometry of F¢ and relate O}Sa to
the construction in the previous section.

Consider the sequence of inclusions of Lie algebras

LieN¢ C LieP¢ C Lie Gg,

where N is the unipotent radical of P, as in Sections [3.1] and The group P¢
acts on each term by the adjoint action. Hence, this sequence of Lie of algebras
defines a sequence of G(C)-equivariant vector bundles

ncplcg’=0rccyg

on F{. Here g := Lie G¢, and the last equality follows as the Pg-action on Lie G¢
can be extended to the adjoint action of G¢. Concretely, for any C-point = of F¥
defining a parabolic subgroup P, of G¢ conjugate to P, with unipotent radical
N, the subspaces nl C p% C g2 = g are given by LieN, C LieP, C LieG¢ = g.
By taking the derivation of the G-action on the flag variety, we see that g acts on
Ox¢. Therefore, g° = Oy ®c g has a nature structure of a Lie algebroid on F¢,
with Lie bracket

fi®h, fo@k] = fili(f2) ®la = fala(f1) @ L1 + fifa ® [l1, 2],

for any f1, fo € Orxp and any l1,ls € g. The kernel of the natural anchor map from
g" to the tangent bundle of F/ is exactly p°.

Since the action of K, on (9‘19a is locally analytic, it induces a C-linear action
of the Lie algebra g on 0. By extending this action 0'%-linearly, we obtain an
action of O% ®c g = wgg(go) on 0. We will focus on restrictions of this action
to 771£T* (n%) and 7'('1}?; (p%). The following result was first established in the case
of modular curves by the second-named author [Pan22] and in general by Juan
Esteban Rodriguez Camargo [RC22].

Theorem 4.3.1. The action of WE’T*(nO) on O is zero.

Proof. This is [RC22, Cor. 6.2.13]. The basic idea is that, by the general result
in geometric Sen theory, the locally analytic vectors O? are annihilated by the
geometric Sen operators of the tower {S42 K{)} K},CK, of Shimura varieties, which
can be computed via the p-adic variations of Hodge structures associated with
automorphic local systems. The main results of [DLLZ23b| identify such p-adic
variations of Hodge structures with the tautological complex variations of Hodge
structures over Shimura varieties, and from this identification, it follows that the
geometric Sen operators are essentially given by the actions of wlf?; (n9). O

Next, we relate O}Sa to the constructions in Section Recall that the tower
{SKPK];}K;,CKF defines a Kp-torsor in Sk pro¢t. Let %la(Kp,Qp) denote the LB
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space of Qp-valued locally analytic functions on the p-adic Lie group I?;. It is a
representation of K, by the left translation action, and can be written as an induc-

tive limit of unitary p-adic Banach space representations €3 ( p,Qp) = hgnn Gn-
This can be seen by taking a normal uniform pro-p subgroup Ky of finite index
in K, which exists by [DASMS99, Cor. 8. 34] and by considering €'*(K, ») as the

direct limit of Kp -analytic functions on K By applying Construction to
each 6, and by taklng direct limit, we obtaln a pro-Kummer étale local bybtem

prokétcgla(-[?;?v @p) = 11_II>1 prokétﬁ

on 8", which is independent of the choice of €,,. Accordingly, consider

prokar 6" (K, @) @a, Oser

K ,prokét '

= lim (proker 60 Bg, Osger
n

K ,prokét )

where the completed tensor product means p-adically completed tensor product.
Denote by ng, : St orokét 85" the natural projection morphism of sites.

Theorem 4.3.2. There is a natural quasi-isomorphism
la/ 77 ~
Rnk,, « (prokét(g *(Kp, Qp)®q, Osggrpmket) = 7TK *(O $)
of sheaves of Ogter-modules on Sier.

Proof. This is [RC22, (6.23)]. Essentially, one needs to show that the left-hand side
is concentrated in degree zero. The key point is that H* of the left-hand side can be
calculated via an explicit log Higgs complex involving geometric Sen operators. [J

Corollary 4.3.3. Let W € Reps(M€) be one-dimensional and of positive parallel
weight, as in Definition and Remark [3.6.5] Consider the associated W"

over Shi@fc, as in Remark |4.1.6), with analytification £ over Si*. Then we have
RU(Sr, mek (£7) € D2Y(0),

where d = dimc(X).
Proof. Since Spt = @K,C K, |Ser i, |, we can apply [Stal Tag 0EXJ| and write
71'1;: (L~1') as the colimit of the pullback sheaves of 7TK,) 77}? (L), for K, C K,
open. Hence, RI'(S{r, ?:(L_l)) is the colimit of RF(S}?;K,,NII%, ﬂﬁ*(ﬁ_l)),
by [Stal Tag 09YP]; and it suffices to show that, for any K,

RU(Si ke, iy Wi, (L71) € D24(C).

In fact, we may assume that K, = K, because WII? (£~1) is independent of the

level K, by Remark [3.5.1] By Theorem and by applying the projection
formulas twice, we obtain

RU(SE", g, me (L71)) = RT(S, 72, (0%) @0 £L71)
= RE(SK Rt prokan 6" (K )80, s, ) e £7)

=~ RT (S;?,rprokét 3 prokétw@\)(@p 77;(,) L~ ' ) :

Thus, this corollary follows, by applying Corollary with X¢ = Sh'', Lo =
W U = Shk ¢, and V = €, where the condition (2.1.9) in Theorem and
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Corollary [2:2.5] are satisfied because of Proposition [3.6.6} and by taking direct limit
over n, which is applicable because S" is proper over C. O

The following summarizes what we have learned so far from studying both the
complex and p-adic geometry of Shimura varieties:

Theorem 4.3.4. Let 7T1£T be as in Theorem and let
(4.3.5) 0% := Rrijr ,(02)

in D*(Oxy), the bounded derived category of sheaves of Ox¢-modules on F{. The
Lie algebra g acts naturally on O™ when the latter is viewed as an object in the
bounded derived category of sheaves of abelian groups on FL, which is compatible
with the Oxg-module structure; i.e., we have l- (fs) =1(f)s+ f(l-s), for alll € g,
f € Ox¢, and s € O™, This action extends Ox;-linearly to an action of g° on O™,
Moreover, we have the following:

(1) The action of n° on O% (defined by restricting that of g°) is zero.

(2) Let W € Rep(M€) be one-dimensional and of positive parallel weight,
as in Definition and Remark with associated G(C)-equivariant
line bundle Lry := Wxp over FL. Then we have

H<YFt,0" ., L7y) = 0.

From now on, we will drop the superscript “L” in the notation of derived tensor
product of O'* and vector bundles on F.

Proof. Part follows from (4.3.5) and Theorem Also, by (4.3.5) and the
projection formula, we have RT'(F¢, 0" ®o,, L7,;) = RI' (S, wﬁfk(ﬁ}})) Based
on this, Part follows from Theorem and Corollary O

4.4. Horizontal action. Finally, we discuss the induced action of the Levi quo-
tient m® = p°/n® on O, Note that p° annihilates Oz, because it is the kernel of
the anchor map of the Lie algebroid g°. Hence, the restriction of the Lie bracket of
g¥ to p¥ is Ox¢-bilinear. Equivalently, p° is the G(C)-equivariant bundle associated
with the Po-representation Lie Pe, and this Lie bracket on p® agrees with the one
coming from the Lie bracket on Lie P (viewed as a map A% LiePc — LieP¢). Let
U(m°) be the universal enveloping algebra of m® over Oxy. Equivalently, U(m?)
is the G(C)-equivariant bundle associated with the universal enveloping algebra
U(m) € Repe(M¢), where m := Lie M¢. The action of m® on O' extends natu-
rally to U(m®). In particular, we get an action on O' of the center

Z(U(m)) = Um)Me ¢ HY(Fe,U(m?)).

of U(m). On the other hand, since the Lie algebra g acts on O, the center of
the universal enveloping algebra Z(U(g)) also acts on O'. To describe the relation
between these two actions, we recall the Harish-Chandra homomorphism. (We
also take this opportunity to explain our choices of conventions.) Fix a Cartan
subalgebra b of Lie G¢ inside of LiePc¢, and let Wy denote the Weyl group of g
with respect to h. We choose compatible positive roots of g and m, and denote by
p and py, the usual half-sums of positive roots of g and m, respectively. There is an
isomorphism of C-algebras

(4.4.1) v: Z(U(g) = Uh)Ye,
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called the Harish-Chandra homomorphism, where the action of Wy on U(h) is
centered at 0. It has the property that:

for any irreducible representation V' € Rep-(G¢) of highest weight A,
the center Z(U(g)) acts on V via Z(U(g)) - U(h)WVe — U(h) 2 ¢,
Similarly, there is the Harish-Chandra isomorphism of C-algebras

Yo 2 Z(U(m)) S UH)W",

where Wy, denotes the Weyl group of m with respect to h, viewed as a subgroup
of Wy. Consider the representation detn of Mc, whose weight we shall denote
by Adetn- Since detn is one-dimensional, by the theory of highest weights, all
rational multiples of Agetn, including %/\detn, are Wy-invariant. Let T_ 1

U(h) — U(h) denotes the translation by —%)\det n; 1.e., the induced map le/\d :
2 etn
SpecU(h) — SpecU(h) is the translation by *%)\detn when restricted to points

defined by h*. Then there is an injection ™ : Z(U(g)) — Z(U(m)) which makes
the following diagram commute:

(4.4.2)

Adetn *

m

(4.4.3) Z(U(g)) —L—— Z(U(m))

Lk

U(h)Wo — 2, 17()Wa

Theorem 4.4.4. The action of Z(U(g)) on O factors through Z(U(m)) via v™.

Proof. This result was previously obtained by Juan Esteban Rodriguez Camargo,
and probably well known to experts. We may choose the positive roots such that
all the roots in n are positive. In this case, we have %)\dctn =p— Pm.

The first step is to produce a map Z(U(g)) — Z(U(m)) compatible with both
actions on O'%. Consider the quotient of U(g) by its right ideal nU(g). Let p :=
LieP¢o. By the Poincaré-Birkhoff-Witt theorem, the natural homomorphism of
algebras U(m) 2 U(p)/nU(p) — U(g)/nU(g) is injective. We shall view U(m) as a
subalgebra of U(g)/nU(g) via this injection.

Lemma 4.4.5. The image of the composition of Pc-equivariant maps

Z(U(g)) = U(g) = U(g)/nU(g)
lies in U(m). The induced map Z(U(g)) — U(m)Mc = Z(U(m)) agrees with y™.
Proof of Lemma [£:4.5 For the first part, it suffices to show that
Z(U(g)) € U(m) +nU(g)-

Consider the action of the Hodge cocharacter up as in (4.1.3) which gives (via
t: C 5 C) a weight decomposition g = n**d & m @ n (compatible with 1’
as explained in Section , with m being the subspace of weight 0. Using this
decomposition, we can see that the weight-0 part of U(g) is contained in U(m) +
nU(g). The desired claim then follows as Z(U(g)) is fixed by pp.

For the second part, we need to recall the construction of the Harish-Chandra

isomorphism . Our choice of the positive roots defines a Borel subalgebra b of g.
Let u := [b, b] be its unipotent radical. Then Harish-Chandra showed that

Z(U(g)) CU(h) +ulU(g).
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Moreover, the right-hand side is a direct sum and induces a map Z(U(g)) — U(h)
which gives T_ ,0~. Similarly, the choice of positive roots defines a Borel subalgebra
bm = bNm of m with unipotent radical uy, := [by, by] = uNm. We have

Z(U(m)) C U(h) + umU(m),
which induces T_,, o vm in a similar way. By putting these together, we obtain
Z(U(g)) € Z(U(m)) +nU(g) C U(h) + unU(m) +nU(g) C U(bh) +ul(g),
which induces 7' : Z(U(g)) — Z(U(m)) in the following commutative diagram:

Z(Ufg)) S . Z(Ufm))
U(h) ———U()

Since p = %)\det n + pm, this induced map +' indeed agrees with ™, as desired. [

Back to the proof of Theorem Let U(g°) := Ox ®c U(g). We can define
a natural C-algebra structure on it, which extends the algebra structures of Oz,
and U(g), and satisfies the usual relation

Lf = fl+1U(f),
for I € g and f € Oz,. Since n® C g% is a Lie ideal and annihilates Oz, we see
that
U(g”)n°U(g°) = n°U(g") = nU(g)

is an ideal of U(g®). It is Gg-equivariant, and under the dictionary between
G(C)-equivariant vector bundles over F¢ and representations of P¢, the inclusion
nU(g) C U(g") corresponds to nU(g) C U(g).

From the universal property of universal enveloping algebras, we obtain a natural
morphism U (p°) — U(g?), which is nothing but the morphism of G(C')-equivariant
bundles associated with the natural map U(p) C U(g) of Pc-representations. By

Lemma [4.4.5] the image of
Z(U(g)) = OFe ®c Z(U(g)) = OFe ®c U(g) — U(g°)/n°U(g)
is contained in the image of the injective map
Z(U(m)) = U(m®) = U(p°)/n°U(p°) C U(g®)/n°U(g),

and the induced map Z(U(g)) — Z(U(m)) agrees with y™. This proves the theorem
because, by Theorem [4.3.4{(1)), the natural action of U(g") on O (extending that
of g°) factors through the quotient U(g®)/n°U(g). O

5. TRANSLATION FUNCTORS

In this section, we explain how to deduce a vanishing result from Theorem
by using translation functors to “untwist £x,”. The argument is pretty standard
and goes back to the first paper of Beilinson-Bernstein on localizations [BB81].

We shall proceed with the same setting as in Section [d] In particular, we shall
continue to identity algebraic objects over C with algebraic objects over C' via the
chosen isomorphism ¢ : C = C.
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5.1. Sufficiently regular weights. Recall that we have fixed a Cartan subalgebra
b of g = Lie G¢ inside of p = Lie P, and denoted by Wy and W, the Weyl groups
of g and m, respectively, with respect to . Moreover, we have the Harish-Chandra
isomorphism « : Z(U(g)) = U(h)We with respect to the natural action of W,
(centered at 0 € h), as in (£.4.1). Based on v, a character Z(U(g)) — C (ie., a
C-homomorphism) will be identified with a Wg-orbit [A] in the space h* of weights
A: b — C. Similarly, based on the Harish-Chandra isomorphism 7y, : Z(U(m)) =
U(h)W=, a character Z(U(m)) — C will be identified with a W ,-orbit [\, in h*.
For simplicity, let us introduce the following:

Definition 5.1.1. We say a root of g is a shorter root if it is shorter than some
other root in the same C-simple factor of g.

Remark 5.1.2. Shorter roots only exist on C-simple factors of g of type B or C.

Definition 5.1.3. We say that a C-simple factor of Lie G, or rather of its (semisim-
ple) derived subalgebra [Lie G¢, Lie G¢| 2 Lie G 2 Lie G&** 2 Lie G2 (see Lemma
and the paragraph preceding it), is compact (resp. noncompact) if the pull-
back of LieN to it is zero (resp. nonzero). Accordingly, we say that a C-simple
factor of G or G2 is compact (resp. noncompact) if its Lie algebra is a com-
pact (resp. noncompact) factor of Lie G¢c. With any choice of + : C = C, we will
say that the corresponding C-simple factor of g = Lie G¢, its derived subalgebra

gl = [g, 0] = Lie G¥ = Lie G, G, or G& is t-compact (resp. t-noncompact).

Remark 5.1.4. By the definition of N in Section a C-simple factor of Lie G,
Lie G = Lie G%d, o, or G%d is compact if and only if it acts trivially on Flc.
However, since F1 has a natural model over E C C (see Remark , the notions
of t-compact and (-noncompact factors of g depend on the embedding £ — C
induced by ¢ in general. We will take advantage of this flexibility in the following.

Definition 5.1.5. Let ¢ : C = C be any isomorphism.
(1) We say a character Z(U(m)) — C or its kernel is u} -sufficiently regular if,
for every weight A’ in the corresponding W ,-orbit [A]y, and every root « in
n, with its coroot denoted by o as usual, we have

{=1,-2}, if «is a shorter root, as in Definition [5.1.1
{-1}, otherwise.

()\/ - %)\dctnaav) g {

(2) Similarly, we say a character Z(U(g)) — C or its kernel is u} -sufficiently
regular if, for every weight A’ in the corresponding Wy-orbit [A] and every
root « in n (or, equivalently, in all ;-noncompact C-simple factors of g—see

Remark below), we have
V,a¥) ¢ {{—1, —2}, if a is a shorter root, as in Definition [5.1.1}

{-1}, otherwise.
(3) We say a character Z(U(Lie G)) — C or its kernel is pp,-sufficiently reqular
if its C-linear extension Z(U (Lie G))®oC = Z(U(g)) — C'is i} -sufficiently
regular for some isomorphism ¢/ : C = C.
Remark 5.1.6. It will follow from our explicit descriptions in Sections and

that every root « in an t-noncompact C-simple factor of g (see Definition [5.1.3)) is
in the Wg-orbit of some root of some noncompact factor of n, because each nonzero
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factor of n contains both the longest and shortest roots. Note that, once we consider
such Wg-orbits, the signs in Definition [5.1.5 are no longer important, and this is
why we did not use negative signs in the condition (|1.1.1}) in the introduction.

Example 5.1.7. Definition and in some cases of type Aq:

(1) (Modular curves.) (G,X) = (GLy, H*), where HT = C\ R is the union of
the upper and lower Poincaré half-planes. In this case, Wy, is trivial, and
a character X of Z(U(m)) = U(m) is pj,-sufficiently reqular if and only if
Nwnsiz 0y 7 0, where sla(C) = [gly(C), gly(C)] is the derived subalgebra.
A character [N of Z(U(gly(Q))) is un-sufficiently regular if and only if
Az (s12(@))) 8 not the character xo of the trivial representation of sl(Q).

(2) (Shimura curves.) Let F be a finite totally real field extension of Q, and
D/F a quaternion algebra split at exactly one place vo|oo. Fix any iso-
morphism D @ F,, = Ma(R), and consider the Shimura datum (G,X) =
(Respg D, H*), where (Resp;g D*)(R) = [Ljoe (D ®F Fu)* acts on HE
via the isomorphism (D®Fp F,,)* = GLa(R) induced by the above fived one.
In this case, § = @r.roc(D Qp, C) = ®r.rc 9l,(C)7, where each factor
gl5(C)7 is a copy of gly(C) indexed by T, containing its derived subalgebra
sly(C)T. Via any 1 : C = C, the embeddings F — F,, =R — C induce an
embedding 7o : F — C (depending on v); and a character X' of Z(U(m)) is
i, -sufficiently reqular if and only if N|wasi, ()70 # 0. A character [\ of
Z(U(Lie G)) is pp-sufficiently reqular if and only if its C-linear extension
AN ®oC: Z(U(LieG))®qC = @r.roc Z(U(gly(C)7)) — C is not xo®qC
when restricted to Z(U(sl2(C)7)) in at least one factor Z(U(gly(C)7)).
(This last notion makes no use of any isomorphism ¢« : C = C, and hence
there is no 1o associated with the distinguished place vgloo of F'.)

(3) (Hilbert modular varieties.) Let F be a finite totally real field extension of
Q. Consider the Shimura datum (G,X) = (Resp/qg GLa,r,[1,. ;g HE).
As in , 0 2 ®rroo0lb(C); and we have sly(C)™ C gly(C)T, for
each 7. A character X of Z(U(m)) is p} -sufficiently regular if and only
if Nlmnsty(oy)r # 0 for all 7, and hence this notion is independent of the
choice of 1. A character [N of Z(U(Lie G)) is un-sufficiently reqular if and
only if [\ ®q C : Z(U(LieG)) ®g C = ®@r.r—c Z(U(gly(C)7)) — C is not
Xo ®q C when restricted to Z(U (slo(C)7)) in every factor Z(U(gly,(C)7)).

Definition 5.1.8. The non-uj}, -sufficiently reqular locus of Spec Z(U(m)) (resp.
Spec Z(U(g))) is the (necessarily reduced) Zariski closure of the closed points cor-
responding to non-p; -sufficiently regular kernels of characters as in Deﬁnition
We denote by Z, € Z(U(m)) (resp. Z* C Z(U(g))) the (necessarily radical) ideal
defining this locus. Equivalently, it is the intersection of all the non-uj -sufficiently
regular kernels of characters Z(U(m)) — C (resp. Z(U(g)) — C). Similarly, we
define the ideal Z of Z(U(Lie G)) as the intersection of the kernel of all the non-
up-sufficiently regular characters.

Remark 5.1.9. Let us choose positive roots of g, with usual half-sum of positive
roots p. Then Z(U(g)) acts on any irreducible V) € Repq(G°) of highest weight A
via the infinitesimal character [A+ p]. Since (p, ") = 1 for all positive roots « of g,
it follows that, if A is sufficiently regular (via =1 : C = C) in the sense of [Lanl6
Thm. 4.10], then [A + p] is p}-sufficient regular in the sense of Definition .
The converse is true in most cases, except for the following two issues:
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(1) On t-noncompact factors of types B and C, the condition in [Lan16l, Thm.
4.10] does not distinguish between shorter and other (longer) roots, while
the condition in Definition does. Nevertheless, the statement and
proof in [LanT6l Thm. 4.10] can be improved to take care of this difference.

(2) We have the flexibility in choosing + : C = C and hence permuting the C-
simple factors of g, which provides additional flexibility when Lie G¢ admits
nontrivial compact factors (see Definition and Remark .

Proposition 5.1.10. Consider the finite homomorphism~™ : Z(U(g)) — Z(U(m))
m .

(1) It = (v™)"Y(ZL). Equivalently, f : Z(U(g)) — C is u-sufficiently reg-
ular if and only if every extension f' : Z(U(m)) — C of f via 4™ is
uy,-sufficiently reqular.

(2) Every homomorphism Z(U(g)) — C can be extended to a pj-sufficiently
regular character Z(U(m)) — C via v™.

(3) T is the radical ideal of Z(U(LieG)) NS, I¥, where ' runs through all
isomorphisms i/ : C = C and the sum is a finite sum.

Proof. As for , just note that the shift by —%)\detn in Definition cancels
the corresponding shift in the construction of v™. We omit the details here. As
for , it suffices to show that, given a Wy-orbit [A] in h*, we can find a Wy,-orbit
[AJm C [A] such that, for every X € [A] and every root « in n, we have

(V,a") ¢ {-1,-2}, if a is a shorter root;
’ {=1}, otherwise.

We may assume that (N, ") € Q, for all roots a in g and X € [A], by choosing a
Q-basis e; = 1, €3, - , e, of the Q-vector space spanned by all (A, ") in C, and by
considering the projection of [A] onto its ej-component. Let us choose the positive
roots of g such that the roots in n are positive, and choose A’ € [A] in the dominant
Weyl chamber. Hence, (A, aV) > 0, for every positive root «. Since roots in n are
W-invariant, (w(X'),a¥) > 0, for all w € Wy, and roots « in n. Thus, we can take
[Am = Wy (X). Finally, for the last part, let L C C be a sufficiently large finite
extension of E over which all C-simple factors are defined. Then it follows that Z*
only depends on ¢|f, : L — C. Then our claim follows from Definition O

We now explain where the sufficient regularity condition comes from and how
we are going to use it. For technical reasons, let us assume that the following holds:

Condition 5.1.11. G9° is simply-connected, and G = G¢.

In this case, G 5 Gder 5 Gder¢| and so Condition holds, with H there
replaced with G here. Let W, € Repg(M€) be any one-dimensional representation
as in Proposition and let Ay denote the weight of W;. Concretely, in the
notation of [Lanl6l, Sec. 3.3] (via t : C = C), we have the following pullbacks of g
on individual ¢-noncompact C-simple factors of G (see Definition :

Type A: (1,...,1;0,...,0) (mod (1,...,1;1,...,1)).
Types B and D®: (1;0,...,0).

Type C: (1,1,...,1).

Type DH: (%, %, . %)

Types Eg and E7: (0,...,0, %) and (1,0,...,0, %)
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In [Lanl6, Sec. 3.3], it was also shown (by working case-by-case on all possible
C-simple factors of G¥) that (A\o,a") = —1 for every root a in n unless « is a
shorter root as in Definition in which case (Ag,«¥) = —2. This explains the
appearance of —2 in the definition of uj-sufficiently regular weights.

Still assuming Condition [5.1.11} consider the finite-dimensional irreducible rep-
resentation V € Rep(Ge) of extremal weight Ag; i.e., Ag is in the Wy-orbit of the
highest weight of V;;. We shall also denote by V{ the induced g-representation.

Proposition 5.1.12. Let Ao and Vy be as above. Then a character of Z(U(m))
is pp-sufficiently regular as in Definition if and only if the corresponding
W-orbit [Nm satisfies that, for all weights N, of Vy other than Ao, we have

(5.1.13) (Nm — $Adetn — Ao + A0) N Wo([Alm — 2 Adetn) = 0.

Equivalently, (Id —w)(X — %/\det n) # Xo — Ay for allw € Wy, all X € [N]w, and all
weights N\ # Ao of V.

The proof of Proposition [5.1.12] will be given in Sections [5.3] and

5.2. Vanishing results. Recall that, in Theorem we defined O'* € D*(Ozy),
with natural actions of Z(U(m)) and g. Let d = dim¢ (F¥¢) = dim(Shg) = dime/(X).

Theorem 5.2.1. Assume that Condition [5.1.11] and Proposition [5.1.12| hold. Then
H<4(Ft,0%) is annihilated by (I.)", for some n > 0.

Corollary 5.2.2. Under the same assumptions, H<%(F{,O%) is annihilated by
(Z4H)™, for some n > 0.

Proof. Combine Theorem with Proposition [5.1.10| and Theorem {4.4.4 O

The proof of Theorem|[5.2.T|uses an action of Z(U(m))®¢Z(U(g)). For simplicity,
let us drop the subscript C' in the remainder of this subsection. In Section [4.4
we constructed an action of Z(U(m)) on 0%, which is Oz-linear and commutes
with the U(g)-action. Let W be a finite-dimensional representation of P, with
associated g-equivariant vector bundle Wz, over F{, as in Section We define
an action of Z(U(m)) ® Z(U(g)) on Wry ®0,, O with:

e Z(U(m)) acting only on O'?; and

e Z(U(g)) acting diagonally on the tensor product.
The upshot is that, for any map W — W’ of Pc-representations, the induced map
Wre @05, O = Wh, @0,, O™ is equivariant with respect to this action.

If W is a representation of M, then n® annihilates Wx,, and we obtain a
diagonal action of m® = p9/n® on Wry ®0,, O, and this gives an action of
Z(U(m)) ¢ H°(F¢,U(m")), as explained in Section Accordingly, we define
an action of Z(U(m)) ® Z(U(m)) on Wr¢ ®0,, O, where the first (resp. second)
Z(U(m)) acts only on O'% (resp. diagonally). It follows from the proof of Theorem
that the previous Z(U(m)) ® Z(U(g))-action factors through this via

Idey™: Z(U(m)) @ Z(U(g)) — Z(U(m)) ® Z(U(m)).

When W = C' is the trivial representation, the action of Z(U(m))® Z(U(m)) factors
through the diagonal quotient Z(U(m)). For general W, by [BG80, Thm. 2.5],
which generalizes an earlier work of Kostant’s, the action of Z(U(m))® Z(U(m)) on
Wri®0,, 0" is zero when restricted to the ideal 75 C Z(U(m))®Z(U(m)) defined

~

as follows. Under the Harish-Chandra isomorphism vy : Z(U(m)) = U(h)Vm,
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elements in Z(U(m))®Z(U(m)) can be regarded as Wy, X W, -invariant polynomial
functions on h* x h*. Then jMA, consists of functions @ such that:

e Q(x+ i, x) =0 for any weight p of W and x € h*.
Denote by Jw C Z(U(m)) @ Z(U(g)) the ideal (Id®y™)~1(J%). Recall that we
introduced the representation V; € Reps(Ge) of extremal weight A\ in the para-

graph preceding Proposition Let Wy be the one-dimensional representation
of M¢ of (highest) weight Ag, as before.

Lemma 5.2.3. Suppose W is any nontrivial representation of M¢c appearing as a

subquotient of Vo ®@c Wy (viewed as a representation of Pc). Then the composition

of Z(U(m)) *55 Z(U(m)) @ Z(U(g)) — (Z(Um) @ Z(U(9))) /(Jw + ) factors

through Z(U(m))/(ZL)™, for some n > 0.

Proof. Recall that I, was introduced in Definition [5.1.8] as the ideal defining the
non-pp-sufficiently regular locus of Spec Z(U(m)). By Hilbert’s Nullstellensatz,
it suffices to prove the assertion at the level of maximal ideals. Via the Harish-
Chandra isomorphism, a closed point of Spec((Z(U(m)) ® Z(U(g)))/(Jw + Jc))
corresponds to a Wy-orbit [A]y, and a Wy-orbit [x] in h* satisfying:

o N +pu— %)\dem € [x], for some A" € [Al and weight p of W; and

o )\ — %)\detn € [x], for some X € [A.

Hence,

([Alm = %)‘detn +p) N WE(P‘]W - %Adet n) # 0,
for some weight p of W. By our assumption, p = —Xg + Aj, for some weight A{ of
Vo. Thus, by Proposition [5.1.12] [A]y is not pp-sufficiently regular. a

Proof of Theorem [5.2.1 Consider the Pc-equivariant surjection
Vo — W,

with kernel W’. Let Lz, (resp. W%,) be the line bundle (resp. vector bundle) on
F ¢ associated with Wy (resp. W’) in Repq(Pc¢), as in Section Then we have a
g-equivariant exact sequence of the corresponding vector bundles on F/

0= Wy — Oxi@c Vo — L — 0.
By taking the tensor product with 0 ®¢ ., E}}, we obtain an exact triangle
0% @0, L7E @00 Wi = 0% @0, L7 00 Vo — 0 15
equivariant with respect to the Z(U(m)) ® Z(U(g))-action introduced before. By
Proposition Remark and Theorem we have
HYFL, 0" ®0,, L7} @c Vo) = HYFLO" ®0,, L) ®c Vo = 0.

Hence, for i < d, the cohomology of the above exact triangle gives a short exact
sequence

0— HY(FL,0%) = HTYFL,0" ®0,, L7} @0, W)

Note that L7 ®0,, W', is filtered by equivariant vector bundles on F/ associated
with nontrivial irreducible P¢-subquotients W of Vo @ Wy'. Therefore, its cohomol-
ogy HHY(FL, 0% ®0,, L7} ®0,, W,) is filtered by Z(U(m)) ® Z(U(g))-modules
annihilated by Jy, for some such W. Since Jo annihilates H(F¢, O'*), the above
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short exact sequence implies that H*(F¢, O') is filtered by Z(U(m)) ® Z(U(g))-
modules annihilated by Jw + Jc. Thus, by Lemma the Z(U(m))-action on
H(Ft,0"%) factors through Z(U(m))/(Z4)", for some n > 0, as desired. O

Remark 5.2.4. The proof shows that, to make the exponent of Z} in Theorem [5.2.1
explicit, it suffices to understand the exponent of 7}, in Lemma [5.2.3

5.3. Justification of the key observation. In order to prove Proposition
we need to show that a weight A : h — C satisfies A — w(\) = \g — A[, for some
1 # w € Wy and weight A, of Vj other than Ay, if and only if there exists some
root a of n such that (\,a¥) € {-1,—2} or {—1} depending on whether « is
a shorter root as in Definition [5.1.1] or not. Since the roots in n are chosen to
be negative in [Lanl6], to reduce the number of negative signs, we shall switch
from n to the opposite algebra n®*d, and consider the equivalent condition that
there exists some root a of n**d such that (A, o) € {1,2} or {1} depending on
whether « is a shorter root as in Definition [5.I.1] or not. Since G is reductive
and g = LieG(C), we have g = 3 @ g, where 3 = Z(g) is the center of g,
and g% = [g, g] = @ye gu, Where the g,’s are its C-simple factors (cf. Definition
[5.1.3). Accordingly, we have decompositions m 2 3® (Byer My,), b = 3B (Doer ho),
Wo = ey Waor Wan Z ], cx Wi, etc. (We shall use similar subscripts “v” for
other similar decompositions, without explicitly introducing them.) In particular,
we have mNgd® = @,y b, and hNgd® = @, oy b,,. Based on these decompositions,
let us write Algaer = (Au)ver, Aolmagier = (Ao,w)ver, and Ajlmngder = (A, )ver-
Since Vj is irreducible, A\g # A (as weights of m & 3 & (Byer my)) if and only if
Ao,w 7# Ao, (as weights of m,,) for some v € Y. So it suffices to prove the following:

Proposition 5.3.1. In the above, for each v € T, a weight A\, : h, — C satisfies
Ao = wW(Ay) = Xow — Apu, for some 1 # w € Wy, and weight X, of Vo|m, other
than \o.v, if and only if there exists some root o of n*9 such that (A, V) € {1,2}
or {1} depending on whether « is a shorter root as in Definition or not.

On each C-simple factor m,, of mNgd®" as above, the weights o0 of Voo := Volm,

are integral in the sense that it paired integrally with the coroots of m,,. Moreover,
when we view them as subsets of the corresponding real vector spaces spanned by
all integral weights, they lie in the convex hull of the W -orbit of A\g .. Given the
explicit description of Ao, there is a very short list of all weights Ay ,,’s of Vg .

On classical factors, given our explicit knowledge of Wy, as combinations of sign
changes and permutations, we can easily verify by case-by-case arguments, which
we shall explain based on the types of g, in the following Sections As
for the exceptional factors, since there are only two possible cases, we shall resort
to brute force computation, and we shall explain our methods in Section

5.3.1. Type A,,. In this case, by using the same notation system as in [LanI6l Sec.
3.3.1], we have the following:
o Mo =wp, =(1,...,1;0,...,0) (mod (1,...,1;1,...,1)), where the semi-
colon “” occurs between the r,-th and (r,, + 1)-th entries;
e W, =5, (the permutation group on n + 1 elements); and
® A\o,u — Ap,, can be any vector with entries in {0, £1}, with +1’s only occur-
ring before “;” and the —1’s only occurring after “;”, and with the number
of +1’s and —1’s being nonzero and equal to each other. (See, e.g., the ex-

plicit descriptions on representations of sl,,11(C) in [FH91l §§15.2-15.3].)
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Hence, A\, — w(A\y) = Xo,w — Ag» Where Ay, = (Ay 15+ -+, Ay nt1), exactly when all
the following hold:
L4 ()\Uaei - ew(i)) = )\v,i - )\v,w(i) S {Oa 1}7 for 1 < ) < Tvs
o (Ao, ei —ew@)) = Aui — Avw(y € {0, -1}, for r, <@ <n+1; and
e the numbers of +1’s and —1’s in the above are nonzero and equal to each
other.

Assuming that all of these hold, we would like to show that (A,,a") =1 for some
root a of nsutd. Note that the roots of nf)td are e;, —e;,, forall 1 <i; <r, <is <
n+1, and there are no shorter roots. Hence, it suffices to verify the claim that there
exist some 1 <4y <r, <iy <n+1such that A\, ;; — Api, = (Au, e, —€,) = 1.

Let i¢ be any integer such that 1 <ig < 7, and Ay 5, — Ay w(ie) = 1, which exists
by assumption. Consider its orbit under the action of powers of w (as elements
of S,). Let Ny denote the cardinality of this orbit. For any integer N such that
0 < N < Ny, we define the integer-valued function

N
F(N) = Z()‘U,wﬂ'(io) - /\v,wj+1(io)) = /\U,io - /\U,wN+1(1ig)'

j=0
By the choice of iy, we have F(0) = 1. Since w™°(iy) = i, we have F(No — 1) = 0.
Note that F(N)—F(N—1) € {0,1} when 1 < w" (ig) < r,, and F(N)-F(N—-1) €
{0,—1} when r, < w™(ig) < n+ 1. In particular, when the variable N increases
by 1 from N — 1, the value of F' can either increase by 1, stay the same, or decrease
by 1. The value can increase only when 1 < w® (i) < r,, and can decrease only
when 7, < w¥ (i9) < n+ 1. Hence, we may assume that there exists some N; such
that 1 < w™ (ig) < 7, and F(N;) > F(N), for all 0 < N < Np. In particular,
F(Ny) > F(0) = 1. Since F(Ny — 1) = 0 < F(Ny), the value of F has to decrease
by 1 at some point; i.e., there exists some Ny > N such that 7, < w™™2(ip) < n+1,
Av,wNZ(io) — )‘U,wN2+1(io) = —1, and F(NQ) = F(Nl) —1. If 1 S wN2+1(i0) S Ty,
we set iy := w™2T1(4y) and iy := w2 (ip). Otherwise, and we set iy := w™ (i)
and iy := w™N2*1(ip). In both cases, we have 1 < i; < r, < is < n+ 1 and
Avyis — Avip = (Au, €y —€;,) = 1, justifying the above claim.

Conversely, suppose o = ¢; — ¢, for some 1 <¢ <7, < j <n+1,is aroot of
ntd with coroot oV = e; —e;; and suppose (Ay,@") = Ay i—Ayp; = 1. Let w € Wy,
be the simple reflection with respect to a. Then A, — w(A,) = (A, V) = a =
ei — €5 = Xow — Ay if We take Ay, = w(Ao) in this case.

We shall write A, = (Ay1,. .., Av,n) in the remaining classical cases.

5.3.2. Type B,,. In this case, by using the same notation system as in [LanI6l Sec.
3.3.2], we have the following:
® N\ =w = (1;0,...,0);
e Wy, =S, x {£1}", and we shall denote by sgn(w, i) the sign of w € Wy,
at the i-th factor of {£1}"; and
® A\o,u — A, is either (2;0,...,0) or (1;0,...,0) or (1;0,...,0,£1,0,...,0).
(See, e.g., the explicit description on the so-called standard representation
of $02,+1(C) in [FHI1l §18.1 and §19.4].)

Hence, A\, —w(Ay) = Aow — A, exactly when one of the following three cases holds:
(1) e Ay1—sgn(w,1) A, 1) = 2; and
o Ay —sgn(w,i) Ay i) =0, for all 1 <i <n.
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(2)
3)

Av,1 —sgn(w, 1) Ay 1) = 1; and

Av,i = sgn(w, i) Ay iy = 0, for all 1 < <n.

/\'u,l - sgn(w, 1) )\v,w(l) =1;

Avip — SEN(W, 10) Ay w(ie) = £1, for exactly one 1 < ip < n; and
Av,i = sgn(w, i) Ay, w(iy = 0, for all i # 1, 4.

Assuming that one of the above cases holds, we would like to show that (\,,a") €
{1,2} or {1} depending on whether « is a shorter root or not. Note that the roots
of nffd are e; and e; + e;, for all 1 < i < n, and e; is the only shorter root.

In case (|I)), consider the orbit of 1 under the action of powers of w (as elements
of S;,). Let N denote the cardinality of this orbit. For all 1 < j < Njp, since
wj(l) 7& 1, we have )\U}wj(l) — sgn(w,wj(l)))\v’wﬁl(l) = O, or rather )\U,wj(l) =

sgn(w, w’ (1)) Ay, ypi+1(1)- Since we cannot have A1 — Ay1 = 2, we must have
Au1 = sgn(w, 1) Ay (1) = Ao — [lo<jcn, s8n(w, w? (1)) Adv1 = Ap1 + A1 = 2, in
which case sgn(w,w’(1)) = —1 for an odd number of exponents 0 < j < Ny. If we

consider the root a = e; of n'd, with coroot oV = 2ey, then (A, o) = 2X, 1 = 2.
In cases (2) and (3), if w(1) = 1, in which case sgn(w, 1) = =1 and 2,1 = 1, and
if we consider the root a = e; of n*d, with coroot a¥ = 2ey, then (\,,a") = 2\, 1 =
1. Otherwise, if w(1) # 1, and if we consider the root o = e; —sgn(w, 1) €1y of nstd,
with coroot oV = e; —sgn(w, 1) e, (1), then (A, a¥) = Xy 1 —sgn(w, 1) A, 1) = 1.
In all three cases, we have (\,,a") € {1,2} or {1} depending on whether « is a
shorter root or not.

Conversely, suppose « is a root of ntd

e Suppose a = e, with a¥ = 2e;. Let w € Wy, denote the simple reflection
with respect to a. Then A, —w(Xy,) = (A, V). If (Ay, ) = (A, 2e1) =
2, then A, —w(A,) = (2;0,...,0), and we are in case (1)) above. If (A, ") =
(Av,2e1) =1, then A, —w(A,) = (1;0,...,0), and we are in case (2) above.

e Suppose a = e te¢; for some 1 < ¢ < n and some sign &, with oV = e; Le;.
Suppose (Ay,a¥) = 1. Let w € Wy, denote the simple reflection with
respect to . Then A\, —w(A\,) = A\, a¥)a=a=e;+e; =Ny — )\671,, if
we take \j , = w(Ag,,) in this case, and we are in case (3) above.

These show that, if (A,,a¥) € {1,2} or {1} depending on whether « is a shorter
root or not, then we are in one of the three cases , (12), and above, for some
w € Wy, and weight X ,, of Vj,, other than Ag .

5.3.3. Type C,,. In this case, by using the same notation system as in [LanI6l Sec.
3.3.3], we have the following:

o Mo =w,=(1,1,...,1);

e W, =S, x {£1}", and we shall denote by sgn(w, i) the sign of w € Wy,
at the i-th factor of {£1}"; and

® \o,u — Ap, IS any nonzero vector with entries in {0,1,2}, with an even
(and possibly zero) number of occurrences of 1’s. (See, e.g., the explicit
descriptions on representations of sp,,, (C) in [FH91) §§17.2-17.3].)

Hence, A, —w(Ay) = Xo,w — Ay, exactly when both of the following holds:

® Ay —sgn(w,i) Ay wey € {0,1,2}, with an even number of occurrences of
1’s as ¢ runs over all integers from 1 to n; and
e there exists some integer g such that A, ;, —sgn(w,i0) Ay w(i) 7 0-
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Note that the roots of nffd are e;, + e;,, for all 1 < iy,i5 < n (including the case
where i1 = i2 and e;, + ¢;, = 2¢;,), and the shorter roots are those with i; # is.
The corresponding coroots are e;, + e;, when i1 # i3, and e;, when i; = is.
Assuming that both of the above hold, we claim that either (A, e;, +e€;,) € {1, 2},
for some 1 < 41,495 < m such that iy # ia; or (Ay,€;,) = 1, for some 1 <14y < n. Let
ip be any integer such that 1 <y <n and Ay i, —sgn(w, o) Ay,w(io) € {1, 2}
Firstly, suppose w(ip) # ig9. Consider its orbit under the action of powers
of w (as elements of S,,). Let Ny denote the cardinality of this orbit. Since
w(ig) # io, we have Ny > 1. Moreover, w/*1(ig) # w'(ig), for all j € Z. If
sgn(w, w’ (ig)) = 1, for all 0 < j < Ny, then Av,wi (i) — Sg0(w, w (ig)) Ao it (ig) =
Avwi(io) — Avwiti(io) € 10,1,2}, for all 0 < j < Np; and (as integers) 0 =
Z;-V:(jo_l()\v’wj(io) = Aowiti(io)) = Avjip — Avw(ie) > 0, which is a contradiction.
Hence, there exists some 0 < jo < Ny such that sgn(w,w’(ig)) =1, for all 0 < j <

Jo; but sgn(w, w? (ig)) = —1. In this case, A wio (i) —sgn(w, w’ (ip)) Apwio+1 (i) =
Av,wjo(io) + )‘U,w10+1(i0) € {Oa 1,2} If )\U,’wJO(iO) + )‘v,wjo"'l(io) € {172}7 then we
can verify the claim by setting i1 = w’(ip) and ip = wtl(iy). Otherwise,
Av,wio(ig) T Avwio+i(y) = 0, or rather A, yio+130) = —Ay wio(i,), and we can-

not have jo = 0. Let j; be the largest integer such that 0 < ji < jo and
Av,wjl(io) — sgn(wmﬂl (ZO)) )\v,wj1+1(i0)‘ = )\U’wjl(io) — )\U’wj1+l(i0) € {1,2} (i.e., it
is nonzero). Then X, (o) —Sg0(w, w? (i0)) Ay witi (io) = Av,wi(ie) = Mo,wit! (ig) = 0

or rather Av7wj(i0) = )\vaj+1(i0), for all 71 < J < Jjo. Therefore, >‘1),1UJl+1(1'0) ==

Av,wio (i) = ~Avwiott (i) A Ay it (ig) = Av,wit +1(i) = Avwii (ig) T Av,wiot(ig) €
{1,2}. Thus, we can verify the claim by setting i; = w1 (i) and iy = w01 (ig).
Secondly, suppose w(ig) = ip. Then we must have sgn(w, ip) = —1 and 2\, ;, €

{1,2}. If 2X, ;, = 2, then we can verify the claim by setting i; = is = ig. Otherwise,

2)y iy = 1. Since the number of occurrences of 1’s in Ao, — Ag ,, is even, we know

there exists some i such that A, ;; —sgn(w,ig) Ay w(iy) = 1. If w(ip) = ip, then we

must have 2X, ;; =1, and hence Ay ;, + A, ;7 = 1, in which case we can verify the

claim by setting i; = ip and i2 = 4. If w(i) # 4, then we can replace 49 with ij,

and resort to the previous paragraph. Now the claim has been verified in all cases.
Conversely, suppose « is a root of nstd.

e Suppose o = 2¢;, with oY = e;, for some 1 < i < n. Let w € Wy,
denote the simple reflection with respect to a. Suppose (A, a¥) = 1. Then
Ao —w(Ay) = (A, @ )a = a = 2e; = Ao — A, if we take Aj , = w(Aow)-

e Suppose a = ¢;+¢; forsome 1 < i < j <n, with " = e;+e;. Let w € Wy,
denote the simple reflection with respect to a. Suppose (A, ") € {1,2}.
Then A, — w(Ay) = (A, @¥)a is either e; + e; or 2e; + 2¢;, both of which
can oceur as Ao, — A, for some Ay . (See the above.)

5.3.4. Type DE. In this case, by using the same notation system as in [Lan16}, Sec.
3.3.4, case of type DE], we have the following:

o Mo =w; = (1;0,...,0);

e Wy, =S5, x {£1}™7, where + indicates an even number of —1’s, and we
shall denote by sgn(w, ) the sign of w € Wy, at the i-th factor of {£1}™7;
and

® Mo — Ay, is either (2;0,...,0) or (1;0,...,0,£1,0,...,0). (See, e.g., the
explicit description on the so-called standard representation of s0s,(C) in
[FHOT) §18.1 and §19.2].)
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Hence, A\, —w(Ay) = Ao — A, exactly when one of the following three cases holds:

(1)
(2)

Au,1 —sgn(w, 1) Ay, 1) = 2; and

Av,i = sgn(w, i) Ay (i) = 0, for all 1 <i < n.

Av,1 — sgn(w, 1) )‘v,w(l) =1

Avsio = 8g0(W, 10) Ay, w(ie) = E1, for exactly one 1 < ig < n; and
Au,i — sgn(w, i) Ay (i) = 0, for all i # 1, 4.

Assuming that one of the above cases holds, we would like to show that (A, ") =1
for some root « of nffd. Note that the roots of nffd are e; e, forall 1 <i<n
and both signs 4, and there are no shorter roots.

In case (1)), consider the orbit of 1 under the action of powers of w (as elements
of S,). Let Ny denote the cardinality of this orbit. For all 1 < j < Ny, since
wj(l) # 1, we have )\U_’wj(l) — sgn(w,wj(l)))\vywjﬂ(l) = 0, or rather Av’wj(l) =
sgn(w, w? (1)) Ay ypit1(1)- Since we cannot have Ay,1 — A1 = 2, we must have
/\v,l - sgn(w, 1) /\U,w(l) = /\U,l - HO§j<N1 Sgn(wij(l)) )‘v,l = /\U,l + /\v,l = 2a
in which case sgn(w,w’(1)) = —1 for an odd number of exponents 0 < j < Nj.
Consider all the orbits of the action of powers of w on {1,2,...,n}. Since the total
number of i’s in the orbit of 1 such that sgn(w,:) = —1 is odd, and since the total
number of ¢’s in {1,2,...,n} such that sgn(w,i) = —1 is even, there must exist
some orbit not containing 1 such that the total number of i’s in that orbit such
that sgn(w, i) = —1is also odd. Let ig be any element of this latter orbit, and let Ny
be the cardinality of this orbit. Then A, i (,) — sgn(w, w (ig)) Av,wit (i) = 0, or
rather Ay, i (i9) = Sg0(w, w7 (i0)) Ay, wi(ig)» for all 0 < j < Ny. In this case, Ay 4, =
[To<;<n, sen(w, w7 (ig)) Av,ig = —Av,io, Which implies that A, ;, = 0. If we consider
the root o = e1 — e;, of ¥4, with coroot e; — e;,, then (A, ") = Ay 1 — Apiy = 1.

In case , firstly, suppose w(1) = 1, in which case sgn(w,1) = —1 and 2\, 1 =
1. By assumption, we have A, ;, — sgn(w,ig) Ay (i) = £1, for exactly one 1 <
19 < n, for some sign +. Consider the orbit of iy under the action of powers
of w. Let Ny denote the cardinality of this orbit. For all 1 < j < Ny, since
w (ig) # ip, we have v wi (ig) — sgn(w, w (ig)) Av,witi(ig) = 0, or rather Ay, i) =
sgn(w, w (ig)) Av,witl(ig)- Since we cannot have A, i, — Ay i, = £1, we must have
)\'u,io - Sgn(waiO) )‘v,w(io) = )\v,io - H0§j<N0 Sgn(wa wj (7/0)) )\’U,io = )\’U7io + )\'u,io -
+1, in which case sgn(w, w’ (ig)) = —1 for an odd number of exponents 0 < j < Ng.
Thus, Ay;1 £ Ay, = 1. Secondly, suppose w(1) # 1. Then A, 1 —sgn(w, 1) Ay 1) =
1 is also of the form A, 1 £ A, ;, for some 1 < iy = w(1) < n and some sign +. In
both cases, if we consider the root o« = e; * e;,, where the sign £ is the same as
above, with coroot a¥ = e1 & €;,, then (Ay, @) = Ay1 £ Ay iy = 1.

Conversely, suppose a = e; + e; is a root of n$'d, for some 1 < i < n and some
sign . Suppose (A,,a¥) = 1. Let w € Wy, denote the simple reflection with
respect to a. Then A, —w(A,) = Ay, @Y)a=a=e1te; = Aoy — Ao, if we take
Ao = w(Ao,y) in this case; and we are in case above. (By combining this with
the above arguments, we see that case is actually part of case )

5.3.5. Type DE. In this case, by using the same notation system as in [Lan16l Sec.
3.3.4, case of type D], up to a change of coordinates, we have the following:

4 )\O,U = Wn = (%a%a7%)7
e Wy, =8, x {£1}™7 (with the same meaning as before); and
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® Aoy — Ap, is any vector with entries in {0,1}, with a positive and even
number of occurrences of 1’s. (See, e.g., the explicit description on the
so-called half-spin representations of 504, (C) in [FHI1] §20.1].)

Then A\, —w(Ay) = Aow — Ap,,, exactly when both of the following holds:

® Ay —sgn(w, i) Ay (i) € {0,1}, with an even number of occurrences of 1’s
as ¢ runs over all integers from 1 to n; and
e there exists some 4o such that A, ;, —sgn(w,io) Ay, w(i) 7 0-

Note that the roots of nffd are of the form e;, + e;,, with associated coroots of the
form e;, + e;,, for 1 <43 < g < n. There are no shorter roots.

Assuming that both of the above hold, we claim that (\,,e;, +€;,) = 1, for some
1 < i1,i < n such that i; # i5. Let iy be any integer such that 1 < iy < n and
)‘v,io — sgn(w, io) /\v,w(io) =1.

Firstly, suppose w(ig) # ig. Consider its orbit under the action of powers of w (as
elements of S,,). Let Ny denote the cardinality of this orbit. Since w(ig) # ig, we
have Ny > 1. Moreover, w1 (ig) # w? (ig), for all j € Z. If sgn(w, w? (ig)) = 1, for
all 0 < j < No, then Ay, wi(ip) —Sgn(w, w’ (i0)) Ay wi+i (i0) = Av,wi (io) — Av,wi+i(io) €
{0,1}, for all 0 < j < Np; and (as integers) 0 = Z;V;)(;l()\v}wj(io) = Avwiti(in)) =
Avip = Av,w(ip) > 0, which is a contradiction. Hence, there exists some 0 < jo < Np
such that sgn(w,w’ (ig)) = 1, for all 0 < j < jo; but sgn(w, w? (ip)) = —1. In this
case, )‘U,wJO(iO) - sgn(w,wﬁf’(io)) Av,ijJrl(io) = Av,u;jll(ig) + )‘v,w10+1(ig) € {03 1} It
Avwio (i) + Avwio+i(ip) = 1, then we can verify the claim by setting i3 = w?® (i)
and iy = wj°+1(i0). Otherwise, )\U7wj0 (i0) +)\U,wj0+1(i0) = 0, or rather )\Uywj0+1(i0) =
—Av,wio(ip), and we cannot have jo = 0. Let ji; be the largest integer such that
0 <1 < Jjoand A, wir (i9) = SER(W, W (i0)) Ay wit+1(ig) = Avwit (i) — Avwit+1(ig) =
1 (i.e., it is nonzero). Then Av’wj(ig) — sgn(w,wj(io)))\vywjﬂ(io) = Av)wj(io) —
)\U’wj+1(i0) = O, or rather /\U’wj(io) = )\v’ijrl(Z'o), for all jl < ] < jo. There-
fore, )‘v,wjl+1(i0) == )‘v,wjo(io) = _Av,wjo‘*'l(ig)? and A’u,uﬂl (i0) — Av,wjl‘*'l('io) =
Ap,wit (ig) T Av,wiot1(io) = 1. Thus, we can verify the claim by setting i; = w’! (o)
and iz = wj°+1(i0).

Secondly, suppose w(ip) = 9. Then we must have sgn(w,ig) = —1 and 2\, ;, =
1. Since the number of occurrences of 1’s in Ao, — Ay, is even, we know there
exists some 4j such that A, ; —sgn(w,ig) Ay w(iy) = 1. If w(ip) = ip, then we must
have 2\, ;; = 1, and hence A, i, + A, i, = 1, in which case we can verify the claim
by setting i; = ip and ix = (. If w(if) # iy, then we can replace ig with ¢f,, and
resort to the previous paragraph. Now the claim has been verified in all cases.

Conversely, suppose a = e; + e;, for some 1 < ¢ < j < n, is a root of n$td with
a¥ =e;+e;. Let w € Wy, denote the simple reflection with respect to . Suppose
(Av,@¥) = 1. Then A\, — w(Ay) = (Ay, ") = o = €; + e;, which can occur as
Ao,u — Ap,,, for some weight Aj ,, of Vo, other than g .. (See the above.)

5.4. Computations in exceptional cases. In this subsection, we shall finish the
proof of Proposition [5.1. or rather Proposition by explaining our com-
putations in the remaining cases of types Eg and E;. Since there are no shorter
roots in these two cases, we just need to verify that a weight A\, : h, — C satisfies
Ao = w(Ay) = Ao,u — A, for some 1 # w € Wy, and some weight \j ,, of Vg ., other
than Ao, if and only if there exists some root o of nf'd such that (\,,a") = 1.
Unlike the classical cases in Section [5.3] where the Weyl groups can be explicitly
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described as signed or unsigned permutations, the Weyl groups of Lie algebras of
types Eg and E7 do not have such handy descriptions.

5.4.1. General description of the methods. Let us start with the “if” part, which is
easier and can be done without using computers. We shall resort to the following
lemma, and verify the two conditions in it:

Lemma 5.4.1. For each v € Y, the condition (\,,a") =1 for some root a of nstd

implies the condition that A, —w(\y) = Xo.w — Ny, for some weight Xy ,, of Vo,
other than Ao ., provided that the following two conditions hold:

std
S

such that cg = Xo,» — Ag,, for some

(1) Wy, acts transitively on the roots of n
(2) There exists at least one Toot oy of n$'d
weight \g ,, of Vo, other than Ao .

Proof. Suppose (\,,a") = 1 for some root a of n*d. By (1)), there exists some

wo € Wi, such that oo = wo (). Note that wo(Ao,w) = Ao, because A, is Wiy, -
invariant; and (wg ' (\y), o) = (A, wo(ag)) = (A, aY) = 1, because the pairing is
W-invariant. Let ag = Ao, — /\{)”v be as in , and let w; € Wy, be the simple

reflection with respect to ag. Let w := wowiwg ' and Aj,, := wo(Aj,). Then
Ao — w(hy) = wolwy (A) = wi(wy ' (M) = wol(wy ' (M), o) = wo(ao) =
wo(Xo,v — Ay ) = Xo,w — Aj 4 Vverifying the condition, as desired. O

As for the “only if” part, we shall use computers, and our method can be de-
scribed as follows, which works on any computer algebra system that performs
Gaussian elimination and allows the creation of multiple loops:

Method 5.4.2. Fiz anyv e Y.
(1) Filter the Weyl group Wy, by an increasing sequence

Wo,0={1} CWg, 1 C-- C Wy, m=Wg,

with explicitly known coset representatives Wﬁu for Wy, i/Wg, i1, forj=
1,...,m. Then we can create loops running through all elements of Wy
by forming products of the form

w:wm.wm_l.....wl’

with w; running through all elements of Wﬁv, forj=1,...,m.

(2) For each w € Wy, in the above loops in , compute the rank R, of the
matriz A, of Id —w. Create a loop running over all weights X, of Vo.u
other than Ao -

(3) For each Xy, in the above loop in (2)), construct the augmented matriz
Ay, for the system of linear equations (Id —w)(Ay) = Xo,o — Ag,,, (with
variables given by the entries of A,) by adding a column given by Ao ., 7)‘670'
Compute the rank Ry, y, = of Aw%,v by performing Gaussian elimination.

If R, # Rw”\é,v’ move on to the next step of the loop for )\6’7). Otherwise,

create a loop running over all roots o of nstd.

(4) For each a in the above loop in , construct an augmented matrizc Aw,A{),U,a
by adding to Aw)\&,u (or its row echelon form obtained after performing
Gaussian elimination in ) one more row for the additional equation
(M, @Y) = 1, and compute the rank Rw,A67U,a of Aw)%wa by performing
Gaussian elimination. If va%,v»a #+ va\é,v’ move on to the next step of
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the loop for a. Otherwise, Ry x; o = Ruw x,  , and we stop the loop for a
here. In the latter case, the condition (Id —w)(\,) = Xo.w — A, implies the
condition (A, ") = 1, for these particular w, X, and a.

The wverification succeeds for a particular pair of w € Wy, and weight Xy ,, of Vo,
other than o, if either Ry, x; =~ # Ru, or if Ry n, = Ry and we can find at least

one root o of 0¥ such that Ry xy .o = R x, - The whole verification succeeds if
the verification succeeds for all pairs of w and )\67@.

Remark 5.4.3. The loops in can run through at most #Wg,  possibilities of w.
For each w, there is one Gaussian elimination for the matrix A,,. The loop in
can run through at most dimc(Vp,,) — 1 possibilities of \j . For each pair of w
and A{,, there is one Gaussian elimination for the matrix A, A, - The loop in

0,v?
(3) can run through at most d,, = dim¢(n,) = dime (n$') = dime(g,) — dime (p.,)

possibilities of a, but this last loop is only needed when R, Ny = R,,, and even
when it is needed, it does not need to run through all the d,, possibilities. For each
triple of w, )\6’”, and «, there is one Gaussian elimination for the matrix A,, Y
Hence, the total number of Gaussian eliminations is bounded by (#Wg, )+ (#Wg,)-
(dime (Vo) — 1) + (#Wy, ) - (dime (Vo,u) — 1) - dyy = (#Wg,, ) - [1 + (dime (Vo) — 1) -
(d, + 1)]. Since the computations for distinct pairs (w, Aj ,,) are unrelated to each
other, they can be performed in a parallel manner. '

5.4.2. Type Eg. In this case, we shall follow the same notation system as in [Lanl6,
Sec. 3.3.5]. We shall assume that ag ¢ ®np,, so that Ao, = we. (By using an
automorphism that swaps simple roots as in [Lanl@, Sec. 5.1.5], the case where
aq & Py, can be deduced from the case where ag & Py, )

Let s1,s2,...,5¢ € Wy, denote the simple reflections associated with the six
positive roots ai, g, ..., as, respectively. We filter the Weyl group W, by sub-
groups

{1} C Wy, 4, = (s1) C Wy, a, = (s1,82) C Wy, a, = (51,52,83)
CWg,.a, = (s1,52,83,84) C Wy, D, = (51,52,53, 54, 85)
CWQU;EG = <817827837S4785786> == Wgu7

where the notation (---) means the subgroup generated by the elements listed
within the angular brackets. Between successive filtered pieces, we choose coset
representatives as follows:

Wot = {1,s1} for Wy, a,/{1}
Wi2/™ = (1,5, 518081} for W, a,/Wg, A,

As/A> .

Wi = {1, 53, 525352, 5152835251 } for Wy, a, /Wy, a3

Was/hs — for W Wo AL
an 0% = {1, 54, 535483, $25354832, 1525354535251} for Wy A, /Wy, a,;

Wor/ M = {21377 for We, p,/Wa, a,:
where {+1}%% means reflections in the first five coordinates of the form (x;) —
(£z;) with an even number of —’s, as in Section (There are 2°~! = 16 such

reflections in total.) As for the representatives ng/DE’ for Wy, 5/ Wg,.Ds, We
choose them to be the 27 Weyl elements in the third column of Table [T which
define distinct cosets modulo Wy, p,, because Wy p, fixes we when it only acts
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on the first five coordinates by evenly signed permutations, and the first column
of Table [1| shows that distinct w € ng/ D5 define distinct wewg. Using these

representatives, we can express all elements of Wy, as

E¢/Ds , ,)Ds/Aa As/As As/As  As/Ay Ax

7

where w’ S W;U, for 7 = EG/D5, D5/A4, A4/A3, AS/AQ, A2/A1, A;. Since
Xo,u = we is a minuscule weight (i.e., |(Ag,u,@)| <1 for all roots « of g,,), by the
theory of highest weights, all weights of the irreducible g,-representation V5, of
highest weight \g,, are extremal and hence lie in the same W -orbit. Since Ao,
is fixed by Wy, p,, we can express each weight of V4 ,, as

w=w - w

wEG/DSW&
for some (uniquely determined) wFs/Ps € WE/P: and we have recorded all such
weights in the first column of Table[l] These allow us to efficiently carry out Method
and verify the “only if” part. Note that

#Wq, = (#Wge 70) - (#Wer™) - (#Wy,.a,) = 27+ 16.- 5! = 51840,

v

dime (Vo) —1 =27 -1 = 26, and d, = 16. As explained in Remark [5.4.3] the
total number of Gaussian eliminations needed is bounded by

(#W,,) - [1 + (dime(Vo,w) — 1) - (dy + 1)] = 51840 - [1 4 26 - 17] = 22965120.

Assume that we can compute at least 10000 Gaussian eliminations per second.
This is not unreasonable, given that computations for distinct (w,\j,) can be
performed in a parallel manner, and that the matrices all have small sizes and
entries. Then the total amount of time needed is bounded by 38.2752 minutes.
Our actual computations took less than one minute on a personal computer with
an 8-core CPU.

As for the “if” part, we shall apply Lemma[5.4.1] by verifying the two conditions
and (2) there. As for (1), the roots of ns*d (cf. [Lanl6l (3.82)]) is

{(£3, 3, 3, 1, +1, +§)T (transposed) with an odd number of +’s},

which admits a transitive action of Wy, = Wy, p, & S5 x {£1}>T (acting on the
first five coordinates). As for , by taking A, = (3,3.4,4.1, ﬁ)T (see the
second row of Table , we have Ao, — A, = (f%, f%, f%, f%, 757 @)T, which
is a root of n$'d (cf. [Lan16l (3.82)]). Thus, the “if” part has also been verified.

v

5.4.3. Type E;. In this case, we shall follow the same notation system as in [Lan16,
Sec. 3.3.6], so that a; & @y, and A, = w1.

Let s1,52,...,57 € Wy, denote the simple reflections associated with the seven
positive roots a1, v, ..., ar, respectively. We filter the Weyl group Wy, by sub-
groups

{1} C Wy, a, = (52) € Wy, a, = (2,83) C Wy, a5 = (52,53,54)
C Wy, A, = (52,83,54,55) C Wy, D, = (52,53, 54, S5, S6)
C Wy, Es = (82,53, 54, S5, 56, 57) C Wy, B, = (51,52, 53, 54, S5, 56, 57) = Wy, .
Note that, for ? = Ay, Ag, Az, Ay, D5, Eg, the subgroup Wy, - is as in Section [5.4.2]
except that the indices of the generators are shifted by one. Between successive
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TABLE 1. {wwﬁ}wew‘gfj/% in the case of type Eg

Eg/D
(wwG)T(transposed) l(w) | we ng 5
2
(0,0,0,0,0, ==) 0 1
11 1 1 1 _
<?,?,?’§71§y21\/§>1 1 w1 = se6
(5;5757—57—§1ﬂ) 2 w2 = S5wq
(ll,ll,li) 3 W3 = saw
22727255 3 = szwaz
(i,lll,l L) 4 wy; = Saw,
5: 7513050 2‘2\{5 4; = S2w3
(%a%v—%v_%’%’ﬂ) 4 Wary = S4W3
(,llll,li) 5 ws. = s1w.
22327255 5p = S1w4;
111 11 _
RN S A0 S G IS I
(—iaévév—é’i’ﬁ) 6 W6y = S4Wsp = S1Wsyp
(l,l,llli) 6 w = s3w
277255 611 3Ws[;
(-2:3-3:3: 3 5.5) 7 Wrp = $3Wep = S1W6py
(l 1 1 _ 1 _ 1 #) 7 w = srw,
2° T2 T2 T2 T2 /3 11 T S5Wery
(-2 211171 0 8 ws, = saw
2' 72322735 8 = S2w7y
11 1 1 17 . -
(7§a§77§77§v7§1m) 8 Wy = SsWrp = S1Wrp
1
(1’0’0’0’0’_ﬁ) 8 W8y = S6WTyp
111 71
3 -3 -3 7355 |9 woy = S5W8p = S2Wayy
i _ _
(0,1,0,0,0, = —=) 9 worp = S6Wsp = S1Wsqg
1 1 11 1 1
(=2,—2:—%-3~2:5,5) | 10 W1iop = S3Wor
(0,0,1,0,07*%) 10 w10y = SeW9; = S2Wgpy
( %,—%7_%’_%*%’ﬁ) 11 Wilp = $4W10g
1
(0’0’0’1’0’_ﬁ) 11 W1lyp = S6W10p = S3W10py
(0,0,0,0,1,*%1) 12 wizp = S6Wilg
(0,0,0,0, -1, ——=) 12 wigqp = S5Wilpy
1
(0,0,0,-1,0, = == 13 w13 = S5Wi2p = S4Wi2qy
(0,0,—1,0,0, 7%) 14 w14 = s3W13
(0,-1,0,0,0, — =) 15 | wis = sawig
il
(=1,0,0,0,0, - —=) 16 wig = S1W15

filtered pieces, we choose coset representatives as follows:

WAL = {1, 55} for Wy, ., /{1};

As/Aq )
Wy = {1, s3, 525352} for Wy, a,/ Wy, as;
WhalAr for W Wa. Au:

gv = {1, 54, 835453, 5253545352} for Wy A, /Wy, a,;

Ad/Az .
Wi = {1, 55, 545554, 5354555452, S2535485545352} for Wy, a, /Wy, a.;

Wg)f/Aél = {i1}5’+ for ngvDS/ng)7A47

where {4:1}%% means reflections in the middle five coordinates of the form (z;) —
(£x;) with an even number of —’s, as in Section (There are 2°~! = 16 such

reflections in total.) As for the representatives ng/Ds for Wq, 5s/Wg, D5, We
choose them to be the 27 Weyl elements in the third column of Table [2} which define
distinct cosets modulo Wy, p,, because Wy, p, fixes wr; when it only acts on the
middle five coordinates by evenly signed permutations, and the first column of Table

shows that distinct w € W],?f/ s define distinct wag. As for the representatives

W;:Z/EG for Wy, E./Wg, Be, We choose them to be the 56 Weyl elements in the third
column of Table [3| which define distinct cosets modulo Wy g, because Wy, gy =

(82, 83, S4, S5, S6, 57) fixes w1 when (w1, @) =0 for all 2 < i <7, and because the

Eg/Ds

first column of Table|3|shows that distinct w € Wy define distinct wwg. Using

v
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these representatives, we can express all elements of W, as

w = wE7/E6 . wEG/Ds _st/A4 ,wA4/A3 ,,wAS/Az . wAZ/Al . wAl7

where w? € ngﬂ for 7 = E7/E6, E(;/])g’,7 D5/A47 A4/A3, A3/A2, AQ/Al, Al. Since
Ao,» = w1 is a minuscule weight (cf. Section [5.4.2)) fixed by Wy, g, we can express
each weight of the irreducible g,-representation Vj , of highest weight g, as

Wb/ Fogy,
for some (uniquely determined) w®™7/®s ¢ W?f/ 5. and we have recorded all such

weights in the first column of Table[3] These allow us to efficiently carry out Method
and verify the “only if” part. Note that

#W, = (wE/Ee) . (#W,, 5,) = 56 - 51840 = 2903040,

dime (Vo) —1 = 56 — 1 = 55, and d,, = 27. As explained in Remark the
total number of Gaussian eliminations needed is bounded by

(#W.) - [1 + (dime (Vo) — 1) - (dy + 1)] = 2903040 - [1 4 55 - 28] = 4473584640

Assuming as in Section that we can compute at least 10000 Gaussian elimi-
nations per second, the total amount of time needed is bounded by 5.17776 days.
Our actual computations took less than 3 hours on a personal computer with an

8-core CPU.

TABLE 2. {ww7} Bg/Ds 10 the case of type Er

weW ¢

Eg/D
(wW7)T(transposcd) l(w) | we ng 5
0:0,00:0.0, V57 K
2202020202 3) ! w1 = 87
110101 Za1m M
(§7§v§1§17§!7§5%> 2 w2 = Sewi
11111 _1™1 _
(575751—§,§a—§7ﬁ) 3 w3 = S4wW2
(ll,lll,li) 4 W4, = Sq3W
2:2'72:2°2° "2 3 41 3w3
11011 114
(jy§»§x*§;*§;§;%) 4 W4y = S5W3
N T LI R
(doai1 11 5 ws, = sgw
22D 511 = S3W4yp
(3:-3:23 733 73) 6 Wep = S5Wsy = S2Wspy
111 71110 _
(3:2:—2>~3:2>3 3) 6 Wéyp = S4Wsyy
1711 1110
(3,335,373 ﬁ) 7 W7y = S4Wep = S2Wepy
1011 1 21 M —
(v =2~ 23 5) | 7 Wy = S6Weyg
(l 1 _ 11 1 1 L) 8 wg; = S3W
2:72°72:3:3°2° /3 81 3W7y
1.1 1 1 217 M
(35,33~ 3 — 3 ﬁ) 8 Weyp = S6Wrp = S2Wryy
(1,1,0,0,0,0,0) 8 weyp = sTwry
1 101 _1 _1 1
(=3 -2 3 -3 "3 5) | 9 Wor T S6Wsy = S3Wsyy
(11,0, 11,0,01,0,02 ) . 9 W9y = STW8p = S2Wsqyy
(3=5:—3, 72,373, 5) | 10 | wiop = sawy,
(1,0,0,1,0,0,0) 10 wiopp = STW9 = S3Woyp
(L, -1 L1 1 11 1,11 w11, = S5wW1Q
2°T2 T2 T2 T2 5 I I
(1,0,0,0,1,0,0) 11 wilyp = S7TW10p = S4W10py
(1,0,0,0,0,1,0) 12 wizy = S7Twily
(1,0,0,0,0,-1,0) 12 wizp = S6Wilpy
(1,0,0,0,-1,0,0) 13 w1z = SeW12; = S5W12y;
(1,0,0,-1,0,0,0) 14 wi4 = S4w13
(1,0,-1,0,0,0,0) 15 w15 = S3Wi14
1,-1,0,0,0,0,0) 16 wie = S2W15
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TABLE 3. {ww }wewgg/Eﬁ in the case of type E;

E;/E
(wwl)T(transposed) l(w) | we WQZ 6
T
(1,0,0,0,0,0, 1) 0 1
(0,1,0,0,0,0, —5) 1 wy = s1
(0,0,1,0,0,0, %) 2 wo = sowi
1
(0,0,0,1,0,0, ?) 3 w3 = s3wg
(0,0,0,0,1,0, ) 4| wa=sqws
(0,0,0,0,0,1,%) 5 wp; = S5wa
1
(0,07070707*173) 5 wWsyp = SeW4
(01, 0;0,10,:1,10, %) 6 we; = sgws;
(5’57575’5’_15’()) 6 Weyp = STW5y
(0,0,0,-1,0,0, J5) 7 wy = s4wey
11011 11
<§,§,§,§»*§v?0> r Wi = S5Wery
(0,0,-1,0,0,0, 1) 8 ws; = szwr,
111
(2a2727—§7§11§,0) 8 wgp = S4WTpp
(0,-1,0,0,0,0, ) 9 wo, = spwg,
(3,3:73:3:3:32:0) 9 wory = S3Wsyy
R0 SETLES S L P 9 wor = sgw
20272720 T2 T2 orr — f6Weyp
(51,0,0,0,0,0, L 10| wiop = s1wy,
1111 1%
(57255220 10| wioy = s7wo = saway
(5’1571_??:51’_5’0) 10 W10y = $3Woryg
(—5,5,5,?,5,5,0) 11 w11y = S7TW107 = S1W10pp
3,-3,4.%3,-4,-1.09 11 W1l = S6W101p = S2W10yry
(llfiflifio) 11 w = sqw
32T T T 11y = S4Wiopqg
(157??5»;?*?,0) 12 w1z = SeW1ly = S1Wilyg
(3:—=%+53:—%3+3,—3,0) 12 Wiz = S4W1lyp = S2Wllypp
S AT SR Sh U st 12 | wiay, =
202072272 T3 2 12ppp = $5Wilyy
(3:=3,-3:3,3,73,0) 13 Wwisyp = $3Wizyg
(3:—%,%:—3,—%:73,0) 13 W13y = S5Wi2pp T S2Wi2ppy
(;%,%7—%7%,%,1—%,0) 14 w4y = S3W1z; = S1W1yy
(5’_57_5’?_5’5’0) 14 Wi = $5W13yp = $3Wi3ypy
(_l 11 _ 1 _ 1 1 0) 14 w =
PREMEAE A AR lapp = S1Wisypy
(-3,-3.%.2.%.-3,0 15 w1 = sawi4;
(1210200 1) 15 | wis = sgw
(271 PR-EE R A ) 15;] = S4Wi4y;
11 11° 11 15 Wispp = $1Widy = S3Wi14
Tt A Tt T
CrIoTEIrEe |G | e i D eavin
%’12’%’2'1 %‘%’ 161 5 151 2 15111
(720373 79230 |10 | wien = siwisy
(3:-3,-2,72,73,732,0) | 16 W16y = $6Wisyg
(-3.-%.3.-2.3.3.0 17 w17y = S4Wi6y
1171 _1°1° 1
(_§a§7_§7_§7_§1_§a0> 17 W17y = S6W16yy
(1,0,0,0,0,0, - =) 17 | wirpy = s7wie
3 11 111
1 _1 _1 l\/i 1 —
( Ty 27%,2,2,0) 18 wigy = S3WiTy
1 171
(=3,=3,3, 73,723,730 | 18 Wisyy = S2WiTyy
1
(0,1,0,0,0,0, ——=) 18 wigp = S1W17
V2 11 111
(354 h 10 |19 | gy = sewnsy = sswisyy
(0,0,1,0,0,0, = =) 19 | wig = s7wisy = s2wis
vz ini it 111
1
(0,0,0,1,0,0, =—5) 20 wa0p = S7TW19; = S3W1gy;
(=3:=% ~%>~3:3,—3,0) | 20 W20py = $4W19y
(0,0,0,0,1,0, - =2) 21 | wai; = sawaoq
1 1 1 1 1 1
(=373, =3, 75, 73:5:0) | 2L w21y = $5W20qy
(0,0,0,0,0, =1, ——=) 22 wa2y = Sgwaly
1
(0,0,0,0,0,1, = =5) 22 wagqp = STW21py
(0,0,0,0, 1,0, = =) 23 | woz; = szwaz; = sewazy;
1
(0,0,0,-1,0,0, =) 24 wagqy = S4w23y
1
(0,0,-1,0,0,0, - =) 25 was; = s3wa4;
(0,-1,0,0,0,0, - 75) 26 wag; = s2was;
(=1,0,0,0,0,0, — ==) 27 | war; = s1waey

As for the “if” part, we shall apply Lemma[5.4.1] by verifying the two conditions
and (2) there. The roots of n$td (cf. (3.92)]) is a union of three subsets

{e1te;:5=2,3,4,5,6}
U{(3, 3. £5, £3, £1, 1, g)T (transposed) with an even number of 1’s}

u{(0,0,0,0,0,0,v2)"},
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each of which admits a transitive action of Wy, p, = S5 x {1}> (acting on the
middle five coordinates). In order to verify , it suffices to show that some ele-
ments of Wy, bring, for example, e;+es (in the first subset) and (0,0, 0,0,0, 0, v/2)”
(in the third subset) to (1,11 1 11 Q)T (in the second subset), respectively.

2121222212072 >
. . 1 1111 1 V2\T
For the former, the reflection with respect to the root (—5,—3,3,5, 5,5, %) of

m, (cf. [Lanl6, (3.90)]) brings e + ez to (3,3,3,3, 3. 5. g)T For the latter,
the reflection with respect to the root (—%, —%, —%,—%, —%, —%, g)T of m,, (cf.
[Lani6l, (3.90)] again) brings (0,0,0,0,0,0,v/2)7 to (%,%,%,%,%,%,?)T. As for
, by taking Ay, = (0,1,0,0,0,0, %)T (see the second row of Table , we have
Aow — )\6”” = e1 — e, which is a root of nffd. Thus, the “if” part has also been

verified.

6. VANISHING RESULTS FOR COMPLETED COHOMOLOGY

6.1. Completed cohomology. The p-adically completed cohomology for locally
symmetric spaces was introduced by Emerton to serve as a p-adic analogue of spaces
of automorphic forms. We refer to [Emeldl [CE12] for more details. In this paper,
we will only consider the case of Shimura varieties.

Definition 6.1.1. Let (G, X) be a Shimura datum. Fix a tame level, i.e., an open
compact subgroup K? of G(A*P). The (i-th) completed cohomology at tame level
K? is defined as o .
A = Yim i H(SB c, o0 Z/p"),
n K,
where K, runs through all open compact subgroups of G(Qy) such that KPK), is
neat. (See Section for the notation here.)

The completed cohomology H' is p-adically complete and admits a natural ad-
missible representation of G(Q,). In particular, H' @7 Q is an admissible p-adic
Banach space representation of G(Q,). We denote by H!2 the subspace of G(Qp)-
locally analytic vectors, which is a G(Q))-invariant dense subspace, by [ST03, Thm.
7.1]. The Lie algebra Lie Gg, of G(Q,) acts naturally on it by derivation. We put
f]}; =H Z@ZPC, the p-adically completed tensor product, and denote by ffélla its
subspace of G(Qp)-locally analytic vectors. Equivalently,

ggla — Hi,la@@pc’
the completed tensor product for LB-spaces, as in [Emel7, Prop. 1.1.32]. Note

that, after fixing an isomorphism ¢ : C = C, by [RC22, Thm. 6.2.6] and the very
construction of O = RFIP%T’*(O}S) in l) we have g-equivariant isomorphisms

(6.1.2) Hp™ = HY(Sigs, 0%) = H(F(,0™).

Here we freely use the notation introduced in Section ) As explained in Section
there is a natural action of Z(U(m)) on O and hence (by (6.1.2))) also on
H é’,la, extending the natural action of Z(U(g)). Recall that, in Definitions and
we introduced the notion of yj,-sufficiently regular infinitesimal characters and
ideals 7 € Z(U(g)) and T, C Z(U(m)).

Theorem 6.1.3. Let d = dimg(X) and ¢ : C = C an isomorphism. Then (I')"
and (ZL)"™ annihilate Héd’la, for some n > 0. In particular, if [N : Z(U(g)) — C
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(resp. Am : Z(U(m)) — C) is p}-sufficiently regular, then the [A]- (resp. [Alm-)

isotypic part ﬁé?}}f (resp. ffé‘[ig\lfm) of ﬁéd’la is zero.

Recall that, in Definitions and we also introduce the notion of pp,-
sufficiently regular infinitesimal characters and ideal Z of Z(U(Lie G)). Note that
Z(U(LieG)) € Z(U(Lie Gg,)) acts naturally on H"!#.

Corollary 6.1.4. The ideal I™ annihilates H<dla for some n > 0. In particular,

if [A\]: Z(U(Lie G)) — Qp is un-sufficiently regular, then H;\]d"la =0.

Proof. By Proposition 1) we can find isomorphisms ¢, --- ,¢; : C 5 C such
that the radical ideal of )., 7" contains Z. By Theorem there exists N > 0
such that (Z“)N annihilates ﬁéd’la, for all ¢+ = 1,---,1. Hence, a power of Z
annihilates it as well. (]

Remark 6.1.5. When Condition |5.1.11| holds, Theorem follows from Theorem
and Corollary which we have already proved in Section In the next
subsection, we will explain how to reduce the general case to this special case.

Remark 6.1.6. Let K, be an open compact subgroups of G(Q,,) such that KPK), is
neat. Suppose that V' is a finite-dimensional representation of G¢ over C. Denote
by V¢ the corresponding C-local system on Shy, K,,C- Our main result implies that,
if Vo has pp-sufficiently regular infinitesimal weights for an isomorphism C = C,
then
H<d(s %?PKP,(D&) =0.

This vanishing result was previously obtained by the first-named author [Lanl6,
Thm. 4.10] by a different method. To see the implication, by using an isomorphism
t:C 5 C over E, we may assume that V is defined over a finite extension L of
Qp and V¢ has pj-sufficiently regular infinitesimal character. By the comparison
theorems for various étale cohomology, it suffices to prove the analogue for the étale
local system ¢ Vg, on Shgrg, c. By [Emel4, Thm. 0.5], there is a spectral sequence

By = Bxtl o (VY B = HE (V).

where V}” denotes the dual of Vz,, and Hétﬂ(etﬁ) = ligK H?+j(SthKp,c, VL)
P

ét
Note that there is a natural smooth action of K, on Hy'” (¢, V), and Hi (6 Vi) r =
Hi 7 (Shiwr,,cv 6 Vi) By considering the action of the center Z(U(Lie Gg,)), we
see that our vanishing result gives E;Kd = 0 (see, e.g., the proof of [Mill4, Thm.
1.1]), and hence H;d(SthKmC,étﬁ) =0.

A similar argument as in Remark works for more general pro-étale Z,-local
systems arising from a locally analytic representation of K, (not necessarily of
finite rank). Let Sh'2} Kk, be a toroidal compactification of Shrk,, as before, and

. . tor . ’ o=
consider the tower 1&1 KiCK, Sy K defining a pro-Kummer-étale Kp-torsor over
Sty K, as in the beginning of Section (So, implicitly, we fix an isomorphism
t: C 5 C.) Recall that, in Construction for each p-adic unitary Banach
space representation V' of K, we defined a pro-Kummer-étale sheaf proxstV =
prokétzs;?;;Kp functorial in V. (For simplicity, we shall similarly omit the subscript

“Stor i, in the notation for the similarly constructed sheaves below.) When V is
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a general p-adic Banach space representation, one can choose a l?p—invariant open
bounded lattice of V' and apply the same construction. Then it is standard that
the resulting pro-Kummer-étale sheaf is independent of the choice of the lattice.

Corollary 6.1.7. Suppose that 'V is a locally analytic (p-adic) Banach space repre-
sentation of K. The center Z(U(Lie Gq,)) acts naturally on' V', proxetV., and their

cohomology. The ideal ™ annihilates H;ﬁkét(S}%Kp, prokét V'), for some n > 0. In

particular, H;‘ékét (S}?{,Kp, prokétY) = 0 if V' has a pp-sufficiently regular infinites-
imal character.

Proof. One may shrink K, and assume that I?p is uniform pro-p. (See the discussion
after Lemma below.) For r € (1/p,1) N p@, we can consider the space
o c %la(l?p, Q,) of r-analytic functions on I?;, which is dual to the distribution
algebra D<T(I?p, Qp) considered in [ST03]. See also [CD14], Def. IV.1], where it was
denoted by LA™ Via the left translation action, C(") is a locally analytic unitary

Banach space representation of f(;. We have the following;:

Lemma 6.1.8. There is a natural isomorphism

okt (K i proken C70) & (H1B, CO)Fr € (1, 6% (K, Q)% = AP,

Therefore, I™ annihilates H;rgkét (S}?,ﬁKP, pmkétC(’")), for some n > 0.

Proof of Lemma [6.1.8 For each n > 0, the E—representation V, = Ce/pn
defines an étale sheaf 4V}, on Shgrk, c. The same argument as in [Eme06}, (2.1.10)]
gives a spectral sequence

By = H'(K,, H’ ®z, Vi) = H™ (Shiok, .0, Vo).
A result of Schneider—Teitelbaum’s implies that H>0(IA(;,, HI @)ZPC(T)) =0, as H' is
admissible (see [Pan22, Thm. 2.2.3]). A standard argument using the open mapping

theorem (see [Pan22, Prop. 2.3.3]) shows that H>0(I?;, f[j@)ZpC(T)"’) is annihilated
by p¥, for some N > 0, and hence

pNH>0([7p’ Hi ®z, Vn) =0,

for all n > 0. Up to enlarging N if necessary, we see that pV kills the kernel and
cokernel of the natural map

(H' @z, V,)5» — HY, (Shirk,.c0eVa)-
Moreover, pV kills the cokernel of (H’ ®z, VnH)f{:’ — (HY ®z, Vn)f{f’ (by con-
sidering the exact sequence 00— W XLﬂ} Vi1 — Vi, = 0), and so it also kills
R'lim, (H ®z, V,,)%». Therefore, we have
(H? &g, C"))Kr = (1i£n(1{fj ®z, Vo)) @z, Qp = (Rliyrln(flj ®z, Vn)*?) @2z, Qp.
Thus, we see that (fﬂ@)zp C'(r))l?f’ = (Rlimn Hgt(Sthch, etﬁ)) ®z, Qp. Finally,

by Huber’s comparison theorem [Hub96, Thm. 3.8.1], by Proposition [2.2.1{(1)), and
by the construction of ,oxetC (") we see that

(Rlim H}, (Shirx,,c:ecVa) ©2, Qo = Hirorer (Si i, prokee C).

The lemma now follows. O
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Back to the proof of Corollary [6.1.7] for a general Banach locally analytic rep-
resentation V', we shall proceed by induction on ¢. For any such V', there exists
some 7 such that, for any v € V', the orbit map o, : g € R’; — g(v) is a function in
C’(T)@@pv. The map V' — C(T)®QPV sending v to o, is a closed embedding, and is

K p-equivariant with respect to the diagonal action of I?p on C (T)®va. We shall
denote the cokernel by N, and consider the long exact sequence (for simplicity, we
shall drop all the S K, and the subscripts “prokét”)

= Hi_l(prokétﬂ) — Hi (prokét@) — Hi(prokétc(r) éé@p V) —

By our choice of r, there is an isomorphism C(T')@)QPV =C (7')<§>QPV, where IA(; acts
on every term except the last V' (cf. [Pan26, Sec. 2.1.1]). Hence,

Hi (prokét O(T) @Qp V) = HZ (prokétc(r) )@Qp 1%

is annihilated by Z", for n > 0. Note that Z" also annihilates Hi’l(prokétﬁ), by
the induction hypothesis. The proof of Corollary is now complete. O

Remark 6.1.9. Fix an isomorphism ¢ : C = C and an infinitesimal character [A] :
Z(U(g)) — C, not necessarily p-sufficiently regular. By Proposition there
always exists a pf -sufficiently regular character [\ : Z(U(m)) — C extending [A]
via v™ such that

F<dla
HC,[A’?m =0.

Intuitively, in view of the relationship between the Z(U(m))-action and the ¢|g-
arithmetic Sen operator on H, éd’la, fixing [A] determines all possible Hodge-Tate—
Sen weights appearing in the [A]-isotypic part, and this result says that at least one
possible Hodge—Tate-Sen weight is missing in H g"f;\l]a.

6.2. Proof of Theorem [6.1.3} The basic idea is quite simple. We will relate the
completed cohomology for (G, X) to the completed cohomology of another Shimura
datum (Gq, X)) with G{¢* being the simply-connected cover of G, in which case
we can apply the result in Section [5.2} Firstly, we need to understand the relation-
ship between the usual completed cohomology and a connected version of it. As
before, we shall fix an isomorphism ¢ : C = C.

Same setup as in Section [6.1] and, in particular, Definition [6.1.1} Fix K}, such
that K = K?K, is neat, and fix a connected component X* of X. Consider the
neutral component Sh’c == T \XT of Shig'c, as in , which forms a tower
as K varies.

Definition 6.2.1. Let K = KPK), be a neat level. We define the (i-th) completed

o,an

cohomology of the neutral component Shy” ¢ as
H'(Shie) = limlimy H' (Sh35 o, Z/p"),
n K,
equipped with the projective limit topology.
In general, G(Q,) no longer acts on ﬁi(Sh(ZfE), but a subgroup of G (Q,)

still does. More precisely, let G5 be the simply-connected cover of G9¢*, and let
0: G5 — G9°r denote the central isogeny, as in Section Denote by

op = 0(Qp) : G*(Q,) — G (Qy)
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the induced map between Q,,-points. By [Del79, 2.1.3], im(g,) acts trivially on the
set of connected components of Shimura varieties. It follows that there is a natural
action of im(g,) on H?(Sh}%™). Thus, an open subgroup of K, N G (Q,) acts on
H'(Sh%™), by the following well-known fact.

Proposition 6.2.2. Let ¢ : G; — G2 be a homomorphism of p-adic Lie groups
such that d¢ : Lie(Gy1) — Lie(G2) is an isomorphism. Then there exist open sub-
groups Hy C Gy and Hy C Go such that ¢(Hy) = Ha and ¢|g, : Hi — Hy is an
isomorphism of p-adic Lie groups.

Proof. See [Schlll Prop. 18.17]. O

As explained in Section by Corollary [3.4.21} the action of K, on the tower
lim K)CK, Shiy i, ¢ factors through the quotient K, given by (3.4.24) (with H there
replaced with G here). Let K} C K denote the stabilizer of the neutral component
lim KiCK, Sh;ﬁr}(;’c of lim KK, Shis i, ¢ Our discussion above shows that there

is a natural homomorphism of p-adic Lie groups
K,Nim(o,) — K.

Lemma 6.2.3. This homomorphism is locally an isomorphism. FEquivalently, it
induces Lie(K,) = Lic(Gﬁinr).

Proof. It suffices to prove this for sufficiently small K” and K,. In particular, by
[Del79, Cor. 2.0.13], we may shrink K = K?K, and assume that

(6.2.4) Ik =I'"xZ

for some neat congruence subgroup I of G4°*(Q) and some congruence subgroup
= of Z°(Q), where Z° denotes the neutral component of the center Z of G. Clearly,
T — 1"}‘? induces IV & F‘}g. Note that subgroups of the form K;M;, where K;
is an open compact subgroup of GI*(Q,) and M; is an open compact subgroup
of Z(Q,), form a system of open neighborhoods of 1 € G(Q,). Moreover, for
sufficiently small K; and My, the above induces

FKlMl = FK N (KIMI) = (F/ ﬂKl) X (Eﬂ Ml)

Hence, T, nr, — T3, induces I N Ky = T . Consequently, K is nothing
but the closure of I in G4¢*(Q,,), which is, in particular, a subgroup of G7(Q,).

On the other hand, since the kernel of the natural map K, — K, is contained
in Z(Qj), the induced homomorphism K, Nim(g,) — K, C G4er(Q,) is injective,
and hence is an isomorphism in an open neighborhood of 1 € Gder(Qp). (]

Remark 6.2.5. It follows from the proof of Lemma that, if ' = IV x 2 for
some neat congruence subgroup I/ of G4¢'(Q) and some congruence subgroup = of

7°(Q), as in (6.2.4)), then we have
H'(Shi/) =1

=

lim H*(I" N KST\XT, Z/p"),

er

3
< |

where ngr runs through open compact subgroups of Gder((@p).



SOME VANISHING RESULTS FOR THE RATIONAL COMPLETED COHOMOLOGY 61

Proposition 6.2.6. Let {g;}:cr be any set of representatives of G(Q)L\G(A>®)/K
There is a natural K,-equivariant isomorphism

1~ ‘]LK ‘]7 1 o,an
H @Ind Kf; ,IH(ShgiKgi,l),

i€l

dglK‘;gll Hl(Shj7 Ko~ 1) denote the continuous induction, i.e., continuous
i

functzons I glegfl — Hl(ShZ‘K{fl) such that f(gh) = g - f(h), for all g €
9iK,9; Yand h e g; pgl , and such that K, acts on it via (1- f)(h) = f(hgilg; ),
for alll € K, with image [ in I?;,.

where In

Proof. For an open subgroup K, C K, we denote by mr; : Sh}‘?pK]/ﬂC — Shi ¢
the natural projection map. Then {wl}z (Shi(":‘é )}k, ck, forms a projective system.
Since K, acts transitively on the set of connected components of l&nﬂ'[_(i (Shz'c)
and K is its stabilizer at @1 Sh;ﬁr}({w@ we see that there is a natural K,-equivariant
isomorphism

liny 7 (c} (SB3°8), 2/p") = Indyes (lim H(Sh3e, o0 7/0"))
K7 K7

sending s € lim , (7TK, (Shi'c,Z/p") to the function f : h € K, — r(h-s),
where 7 : lim H" (7TK, (Sh'¢), Z/p") — ngl(Sh;{ir}(, ¢ Z/p™) is the restriction

map induced by the natural inclusion Sh Kp’}(, c C Ty (Sh;("}i:1 ).

In general, the Hecke action of g; 1nduces an 1somorphlsm between Sh;’an e
and the connected component I'¢ 5, \X* of Shi¢' - and identifies the completed coho-

mology of the tower {7TK, (T, g, \XT )}K;CKP with the induction of the completed
P

o,an

cohomology of Sh from g;Kpg; L to gif(:,g; 1. Then the proposition fol-

Ko—l.C
lows by writing the completed cohomology H' as the direct sum over i € I of the
completed cohomology of the towers {771_(} (T, \ X))} iy, - O

Denote by H {(Shige)e = H'(Shy ¢)®z,C, the p-adically completed tensor

product, and by H (Shi'e )la its subspace of im(p,)-locally analytic vectors. The
derived subalgebra gder = Lle(GdCer) naturally acts on it, and induces an action
of Z(U(g%)) on }NP(Shi(aé)lg The natural restriction map H3™ — }NP(Shi(aé)g
is Ky-equivariant and hence Z(U(g%°"))-equivariant. Recall that there is a natural
action of Z(U(m)) on HZ'™. This algebra Z(U(m)) has a subalgebra Z(U(mNgde")).

Proposition 6.2.7. The action of Z(U(g%")) on ﬁi(Shiéaé)lg naturally extends
to an action of Z(U(m N g%)) such that the restriction map H2™ — ﬂl(Sh;(aE)lg
is Z(U(m N g9ev))-equivariant.

Proof. The construction of the Z(U(m))-action works verbatim here. One can
define a g4¢*-equivariant object 0'®° € D*(Oz,) similar to O'®, which is annihilated
by n° and whose cohomology computes H i(Sh;(’aE )lab In fact, O'*° is nothing but
the pushforward along myr of the restriction of (9 to the neutral component (see
Section I for the notation). The equivariance of Z(U(mﬁgder)) is tautological. [
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In view of the definition of uj,-sufficiently regular infinitesimal characters in Def-
inition [5.1.8] we see that the ideals 7* C Z(U(g)) and Z, C Z(U(m)) are generated
by T4 .= Tt N Z(U(g%")) and T3 := It N Z(U(m N g@r)), respectively.

We will prove the following connected version of Theorem [6.1.3

Theorem 6.2.8. (Z-9°7)" and (Z5%")" annihilate fI<d(Sh§<"E)1§, for some n > 0.

Remark 6.2.9. By Proposition [5.1.10] it suffices to show that (Z5%")™ annihilates
H=(Sh3f )@, for some n > 0.

Lemma 6.2.10. Theorems [6.2.8 and [6.1.3] imply each other.

Proof. Tt follows from the proof of Proposition [6.2.6] that the isomorphism there is
Z(U(m N gder))-equivariant. O

By Remark Theorem and Corollary imply the following:
Corollary 6.2.11. Theorem holds when Condition [5.1.11] holds.
In order to prove Theorem [6.2.8]in general, we may shrink the level if necessary:

Lemma 6.2.12. Let 'y be a subgroup of Tk of finite index N, and K’ an open
subgroup of K. Then (L NT1)\XT is a finite cover of T g/ \XY", and the kernel of
the natural map H (Dx \XF,Z/p") — H (T NT1)\XF,Z/p") is N!-torsion.

Proof. There is a natural injection of sets of cosets I'xs /(T'xsNI'1) — Tk /Ty Thus,
the degree of the covering map (I'xs NT'1)\X"T — T'g/\XT is bounded by N and
hence divides N!. Our claim follows as the kernel of the induced map of cohomology
groups is annihilated by the degree by the standard argument using the trace map
(or restriction-corestriction sequence). O

Corollary 6.2.13. The natural map ﬁi(Sh;{’ig)c — ﬁi(Sh}??C)c is ingective, for
any open subgroup Ky = K{ K1, of K, by taking Ty =Tk, and K' = KPK),, where
KI'J varies over open subgroups of K.

Let us now begin the proof of Theorem[6.2.8] By Corollary[6.2.13] we may shrink
K and assume as in Remark [6.2.5] that

! )
FK:F X =,

for some neat congruence subgroup IV of G4°"(Q) and some congruence subgroup =
of Z°(Q) (by [Del79, Cor. 2.0.13]). As in the proof of Lemma[6.2.3] for sufficiently
small open compact subgroups K; of G47(Q,) and M; of Z(Q,), the canonical
homomorphism I'x — I'3d induces

/ ~ d
F ﬁKl %F?{pKlMl'

Recall that g : G5 — G9°* denotes the simply-connected cover of GI°*. By Lemma
G*¢ and G have the same adjoint quotient G*4. By [Mil05, Cor. 5.8],
(Gder X+) is a connected Shimura datum, as in [Mil05, Prop. 4.8]. It follows that
(G®¢,X") is a connected Shimura datum as well.

I:emma 6.2.14. We can extend (GSC,)S“‘)~ to a Shimura datum (G,X) such that
Gder = G*¢ and G = G€. In this case, (G, X) satisfies Condition |5.1.11}
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Proof. By [Mil13, Prop. 8.5, we can extend (G*, X*) to a Shimura datum (Go, Xo)
with Grder = G*¢ such that the image of any ho Resc/r Gim,c — Go r (parameter-
ized by X, as in Section in (Go/Gde)g is anisotropic modulo the image of its
weight cocharacter deﬁned over Q. Let T be the smallest subtorus of Go/Gge* such
that Tg contains this image of hg in (Go/Gd®")g. Let G be the preimage of T in
Go, and replace Xo with the G(R)-orbit of hg. Then Z4(G) is trivial, and G =5 G¢,
as desired. (This is essentially the same argument as in the proof of [Mill3] Cor.
8.6], but there is a minor mistake there which missed the quotient by the image of
a weight cocharacter defined over Q.) O

By [De179~7 Cor. 2.0.13], we can find a neat open compact subgroup K¢ =
K9P K¢ of G(A™) such that o(A>)(K* N G*(A*>)) C K, and

_ sc,/ =/
FKSC — F X = 3

for some neat congruence subgroup I'*®’ of G*°(Q) and congruence subgroup =’ of
Z(G)°(Q). Note that o(Q)|rse is injective by the neatness, and

Q(Q)(FSC,/) C FI,
which has finite index, say N, by a result of Borel’s [Bor19, Thm. 8.9]. This gives

a natural finite covering map Shy%' - — Shi’¢, which canonically algebraizes to a

finite étale map Shj.c — Sh, as in Construction Suppose that ngr is a
torsionfree open compact subgroup of G**(Q,). Then g, K der is injective, and its

image is an open compact subgroup of G4*(Q,). Hence, the natural map of cosets
(I 1 2p(K5))/0(@)(I* N EG) = T'/o(@)(1*)

is injective. The same argument as in the proof of Lemma [6.2.12] shows that the
natural map

H' (T 0 0p (Ky™))\XF,Z/p") — H' ((T° 0 K )\X*, Z/p")
is injective modulo N!-torsion. Therefore, by Remark the induced map
(6.2.15) (Sho’an)c — HZ(Sh(;(f?C)

is injective. Since G§ is simply-connected as the notion of simply-connectedness
does not depend on the base field (see [CGP10l Cor. A.4.11]), the desired vanishing
result for H i(Shi(’??’ C)lg is known by Corollary Thus, in order to prove
Theorem [6.2.8] it suffices to prove the following.

Lemma 6.2.16. The map Hl(Sh%aé)la — Hl(Sh;(ffC) 2 canonically induced by

(6.2.15) is Z(U(m N g9¢*))-equivariant.

Proof. We will see that, in view of the construction of the Z(U(m N g°r))-action,
this is a question about the compatibility of Hodge—Tate period morphisms for G
and G. More precisely, using the notation in Section with compatible choices
of toroidal compactifications made there, consider the topological space

o,tor ,__ o,tor tor
Sp = ISKrrc; | C Siv
K P

N
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o,tor tor o
where Sp, K denotes the neutral component of Sy, . One can define a Kp-

equivariant sheaf of C-algebras O% as in Definition from the pro-Kummer-

étale Kp-torsor lim Ky S;}’ff}%’. It inherits a Hodge Tate period morphism

o,tor | o,tor la
o ¢ (Si ., O&) — FU

from S§25. With compatible choices of toroidal compactifications, by Proposition
[3:4:14) we have a natural map

lim  ShY, e, = lim o Shif,
K;C«’CKE.C KéCKp
equivariant for the open compact subgroup K;*° of G*(Q,). We can similarly
define the ringed site (S}){tfrp, OL..), with a g4®-equivariant map of ringed sites

¢ : (S;(fgl;v Osac o) (SO tor O )
induced by the above natural map, and with its Hodge-Tate period morphism
ﬂlsfﬁg,mr ) (S;(tff,,,(’)glco) — FY.

Note that both 7" and w3 """ have the same target, because it only depends
on the shared adjoint Shlmura datum (G2d,X2d) = (Gad X2d)| by Lemma
and Remark Since the Z(U(m N gd¢r))-action is extracted from the action
of Or¢ ®¢c g4, where Oz acts via the Hodge Tate period morphism (see Section
, it remains to prove the following:

Lemma 6.2.17. For sufficiently small K,, one can compatibly choose toroidal

t 0.t
compactifications such that Typ " = Thp. © ¢.

Proof of Lemma [6.2.17. Consider (Gad,Xad) = (Gad Xad), the adjoint Shimura
datum associated with both (G,X) and (G,X). Up to shrinking K, and hence
K3 ad jf necessary, choose a neat level K24 = K ad’pK ad guch that the natural map
(G,X) — (G4 X2d) induces a morphism of Shlmura varieties Shx — Shyaa, and
such that this morphism can be extended to some morphism of smooth toroidal
compactifications with normal crossing boundary divisors Si* — St Jeaa, Up to re-
finement of cone decompositions for Shg, as in Proposition [3.4.14] One can define
(Sad’o’tor Osado) and wad’o’tor (St Osado) — F¢, and similarly for SO

Kad,p Kad,p» Kad
There are natural morphlsms

(St 02 0) L (Setr, 0l2,) — (Siderter Ola, L),
whose composition~ is the~can(3nica1 morphism induced by the canonical map of
Shimura data (G,X) — (G2, X2d) = (Gad X2d), By Remark |4 both 7 bc7°7t°r

and w1 factor through (Shy”, O%,,.), and Lemma [6.2.17 follows. O

The proofs of Lemma [6.2.16] and hence of Theorem [6.2.8| are now complete. O
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